dz

. /4x3—3x2+6x—27
’ x4 + 922

Since the denominator factors as x?(x? +9), we get that the partial fraction decompo-
sition has the form

4333—3£U2+633—27_A B Cx+D
x* 4+ 922 o a2 x24+9 7

Multiplying by the lowest common denominator (z* 4 922), we get

42° — 3% + 61 — 27 = Azx(2® +9) + B(z* + 9) + (Cx + D). (*)
Letting x = 0, it is clear that —27 = 9B, so B = —3. Now (*) becomes

42 — 32* + 61 — 27 = Azx(2® +9) — 3(2* +9) + (Cx + D)2?
which we can now multiply out, and equate coefficients.

43 — 32 + 60 — 27 = Ax® + 9Ax — 322 — 27 + C2® + Dx?
= (A+C)z* + (D — 3)2* + 9Az — 27

So, A+ C = 4, D -3 = -3, 9A = 6. We then get D = 0,A = 2/3, and
C=4—A=4-2/3=10/3. The partial fraction decomposition is, therefore,

4o’ — 32® + 62 —27 2 3 N 10z
xt 4 922 3 22 3(2249)

Integrating, we get
49(;3—3:62—1—6:6—27 10z
odr— [ —<d dx
/ x* + 922 / ! / $+/ 3(z2 +9)
5 2x
= de — = [ 27%d d
3/;1:”7 2/ x+3/x2+9$

2
:§ln|x\+§+§ln(:c2+9)+0
= 1111(‘7¢"2)—i—§+11n ((z>+9)°) +C

3 r 3

3

1
=3I (*(z* +9)°) + —+C




dz

5 /x3+6:c2+3:c—|—16
' 3 + 4x

The first thing that we must notice is that the degree of the numerator is not smaller
than the degree of the denominator, so we must perform polynomial long division
before we can do a partial fraction decomposition. Performing the long division, we
get
23+ 62° + 32 + 16 622 — x + 16
=14+ —"
x3 4+ 4x x3 + 4o
Factoring the denominator, we see that the partial fraction decomposition has the form

6w2—x+16_A+Bx+C’
»+4r x2+4

So,
62> —x+ 16 = A(z* +4) + (Bx + C)x.

Letting x = 0: 16 = 4A, so A = 4. Substituting this in, and multiplying out the
right-hand side, we get 622 —x +16 = 42>+ 16+ Bx? +Cx. Thus, C = —1 and B = 2.
The integral then becomes

3 2 _
/x + 6x +3I+16dx:/dx+/édx+/2x ldx
3+ 4x x 2+ 4

4 2x 1
= d —d ——dr— | —— d
/ x—i—/m x+/x2+4x /x2+4x

1 (T
=z +4In|z|+1n(2* +4) —§tan 1<§> +C
=z +In(2%(2® +4)) — %tan1 (g) +C

/ bx? + 11x + 17
a3 4+ 52?2 + 4z + 20

In order to factor the denominator, we use ‘factor by grouping’.
2?4+ 52 + 42+ 20 = 2%(x +5) + 4(x + 5) = (v + 5)(2* + 4)
So, the partial fraction decomposition has the form

5x2 4+ 11z + 17 B A +B£E+C
a3 +5r2+4r+20 x+5  a2+4

So,
502 + 11z + 17 = A(2® +4) + (Bx + O)(z + 5)

2



Multiplying out grouping like terms:
502 + 11z + 17 = (A + B)a* + (C + 5B)x + (5C + 4A)

This give us the following system of equations:

A+B=5 (1)
C+5B=11 (2)
5C +4A = 17 (3)

Solving this system gives us A =3, B =2, and C' = 1. So,
52 + 11z + 17 3 2041
dx = d d
/fﬂ6ﬁ+4x+m ! /x+5 ”+/xhulx
2x 1
:31n|m+5|+/9€2+4 dx+/x2+4 dx

1
=3In|zr + 5|+ In(2? +4) + §tan_1 (—)

5

X
4. ——d
/ (@ +42

Again, the first thing that we need to notice is that the degree of the numerator is not
less than the degree of the denominator. After long division we get

x° 823 + 16z
—_— = — .
(2% 4 4)? (22 +4)?
We now find the partial fraction decomposition, which will have the form

83:3+16$_Ax+B+ Cx+ D
(2 +4)? o244 (22 +4)%

Multiplying by (z* + 4)?, and grouping like terms:
82° + 162 = Ar® + Ba® + (4A+ C)x +4B + D,
which gives us the system of equations:
A=28, B =0, 4A+ C =16, 4B+ D =0
Solving this system gives us A =8, B=0, C' = —16, and D = 0. So,

8x3 + 16z 8 —16x

(2 4+4)2 :c2—|—4+ (22 4+ 4)%’

3



and
x® 8z 16x

(:E2+4)2:x_:r2+4+(x2+4)2

/ x° dr — +/ 16z d
CRE @ e ™

:%f—/ du+/—du

1
—§x2—4ln|u|——+0

1
= 5:102 —4In(2z® +4) —

x dx —

+C

24+ 4

Where the substitution v = 2 + 4, du = 2x dz was used for both the integrals.

Alternate Solution:

Another (simpler) approach to this problem is to note that it can also be done simply
via u-substitution. If we use the substitution v = 2% + 4, du = 2z dz, and note that

2% = u — 4, then we get:

1 _ 2
__/(u 4) i

2 u?

1/u — 8u + 16

— | ——— du

2 u2

1 8 16
= — 1——4+—|d

2/( u+u2) N

1
zi(u—81n|u|—16 >—|—C’

1 16
—1x2+2 41n(z® + 4) — 8 +C
2 2+ 4

L2 —4In(z® +4) — s + D
= —x n(x

2 24+ 4



The partial fraction decomposition that ate 129
/ 202 +3x -7 y
(@—32@+a+l)

The partial fraction decomposition has the form

202 4+3x—7 A B Cx+ D

(x —3)2(x2+ 2 +1) x—3+(x—3)2+:v2+x+1'

Multiplying by the lowest common denominator (z — 3)%(z* + = + 1),
202 + 30 —T=A(x - 3)(2* + 2+ 1)+ B(z* + 2 + 1) + (Cz + D)(x — 3)%.

Letting x =3: 1849 - 7= B(9+4+ 3+ 1), so B = 20/13. Substituting this in,
202 +3r —T=A(x —3)(2* +z+ 1)+ (20/13)(2*> + = + 1) + (Cz + D)(x — 3)?. Multiplying
out the right-hand side,

207 + 31 — 7 =A(x® + 2° + x — 32 — 3z — 3) + (20/13)2?
+(20/13)z + (20/13) + (Cx + D)(2* — 62 + 9)
=Az® + Az® + Az — 3Az® — 3Ax — 3A + (20/13)2* + (20/13)x
+(20/13) + Cx® — 6Cx* + 9Cx + D2* — 6Dx + 9D
=(A+ C)z* + (20/13 — 2A — 6C + D)z* + (20/13 — 2A + 9C — 6D)z
+(20/13 49D — 3A)

So, by equating coefficients,

A+C=0
20/13 — 24 — 6C + D = 2

A~ I~/
[\
S— N N N

20/13 — 2A +9C — 6D = 3 3
20/13 + 9D — 34 = —7 4
Clearly, by equation (1), —A = C. We can use (4) to solve for D in terms of A.
20
9D = 3A — Zl—l 3
9D =3A —371—3
3D =A-— 3 (5)



Solving for 3D will work just fine for us, as we can easily substitute this expression into (3).
Doing this, and substituting C' = — A, we get:

20 37
— 924 —A)—2(A—- ) =
13 +9(=A) —2( 13) 3
74 20
—2A—9A —2A+ — =3 - —
) +13 3 13
TV
13 13
_ 55
169

Thus, C' = —55/169, and using (5):

Now we can (finally) integrate:

/ 202 + 31 — 7 de :/ 55 dr + / 20 d — / dHx + 142 I

(x —3)% (22 + 2+ 1) 169(x — 3) 13(x — 3)2 169(z2 + 2 + 1)
55 dz 20 dz 1 55T
169 m—3+ﬁ (:L‘—S)Q_@/x?—l—m—l—l

1 / 142
- | —— dx
169 | 22 +x+1

55 20\ [ 1
22 e —3 = (2 [ ———
169 17 =3l (13) (x—3>
1 [ (55/2)du
169 u

142/ 1 ;
_—— _— x
169 ) (v+31)2+3

55 20 1
— = )= —Inu
13(z—3)) 169

dx

=2 -3 —
769 n|x — 3

:%ln|m—3|—%—@1n(ﬂc2+:ﬂ+l)
B ( 284 )tanl <2x—|— 1>
169v/3 V3
1 (x —3)»

n
169

- 13(50— 3) <%) tan ™ (meﬁ 1>

22 4+ax+1



Here are some additional problems to practice:

S5r — 12
1. /mdx
x4+ 34
2 /(:c—6)(:c+2) d

/ 37— 11z e
(x4 1)(x —2)(z —3)

/ 4x% + 54x + 134
(x —1)(z+5)(x+3)

6x — 11
T
/kx—n2x

—1922 + 50z — 25
6. d
/ x2(3x — 5) v
r+ 16
7. d
/ x2+2r — 8 v
11t + 2
8. dt
/ 2t2 — 5t — 3
9 / 522 — 10z — 8 p
) x
3 — Az
10 /4x2—5x—15d
) x
3 — 422 — bz
2 _ _
1 /21’ 25x — 33 I
@+ D2z —5)
212 — 12x + 4
12. /—a:3 1 dx

13.

14.

15.

16.

17.

18

19

20

21

22

23

24

/
/
[ #ras
IErs
[ @
-/
-/
-/
-/
-/
-/
-/

9t 4+ 1723 + 322
x5 + 324

—8xr+3

522 + 30x + 43
(x +3)3

X

20 + Tx
x2—|—6x+9

x? +3x—i—1
x4—|—5x2—|—4

1)3
22% 4+ 10z
—— dx
(2 +1)?
(
—x
4x

202+ 4+ 1
dx

22+ 1)3

:v2+
2
2343 —2
72

dx

x4+ 222+ 3

— dx

28— a3 41
— dx
x* 4 922

223 — 522 + 462 + 98
(22 + 2 — 12)2

X

—2x* — 313 —3x2+3x+1

x2(x +1)3

dx

dz



Some answers to the above problems.

1.

11.

13.

16.

18.

20.

22.

23.

3In|z|+2Injz — 4|+ C
dnjz+ 1| —=5ln|z —2|+Injz - 3|+ C
d
6ln|lz -1+ ——+C
r—1
3In|jz —2| —2In|x +4|+C
2In|z| —Injz = 2|+ 4ln|z + 2|+ C

1
S5ln|x+1|—— —3Injz — 5|+ C
r+1

2 3

5ln|x|—;+ﬁ—@+4ln|x+3|+0

1, 1 oy 1,
—§1n(:v +4)+§tan <§>+§1n(:v +1)+C

In(z?* +1) —

1
2 +z+2mnjz|+2n|jz - 1|+ C

2

1, 11 798 x

S 0r— — — ZIn(z®+9 ——t'*@j C

37~ - gy ot H9) 4+ S tanT (5 ) 4+
6 5

21 d+— 2 4¢

nletdl+t -3t



