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Abstract

Let p be a rational prime, let K be a finitely ramified extension of Q,,
let K be an algebraic closure of K, and let 'y = Gal(K/K). We provide
an interpretation within p-adic Hodge theory of the Néron component groups
attached to semi-stable abelian K-varieties. Let Ax be a semi-stable abelian
K-variety and let m € Z>;. We construct a finite flat Ox-group scheme with
generic fiber isomorphic to Crys,(Ax[n]), the maximal Z,[I'kx]-submodule of
Ag[p™] that is equal to the quotient of two Z,-lattices in a crystalline Q,[I'x]-
module with Hodge-Tate weights in [0,1]. From this construction, we deduce
that the p-Sylow subgroup of the Néron component group of Ak is isomorphic
to the torsion submodule of R' Crys, (T, Ak ), where T,Af is the p-adic Tate
module of A, and where R!Crys, is defined as in the work of Minhyong
Kim Kim and Susan Marshall. This formula was proved by Kim and Marshall
under the assumptions that p > 2 and K/Q, is unramified; we remove these
restrictions. We also provide another proof of the result due to Breuil and
Coleman-Iovita that Ay has good reduction if and only if T)Ax ®z, Q, is

crystalline.



Chapter 0

Introduction

Abelian varieties form a special but fundamental class of geometric objects.
They are the proper algebraic groups. Their geometry is highly constrained
(e.g., in any reasonable cohomology theory, their cohomology is determined in
degree one), yet they can be employed, through the Jacobian and Albanese
constructions, in the study of cycles on more general classes of varieties. They
also give rise to delicate arithmetic structures. These are the focus of the present
dissertation.

Let F'/Q be a number field and let Ap be an abelian F-variety. It is a difficult
result that Ap admits a canonical smooth &p-model, its Néron model Nér(Ap),
which, additionally, has the structure of a commutative & p-group scheme. The
formation of Néron models is sensitive to the arithmetic of O at places of
bad reduction, i.e., at places where the reduction of Nér(Ar) is not proper.
Suppose v is a finite place of ' where A has bad reduction. Then the reduction
Nér(Ar),(y) may not be connected, and its identity component Nér(AF)z(U) may
has nontrivial unipotent radical. Let F’/F be a finite extension, let Nér(Ap)
be the Néron model of Ag let v' be a place of I’ over v. There is a canonical
morphism

Nér(Ap) X g Opr — Nér(Ap/)

extending the natural base change morphism on generic fibers, but it is often not
the case that Nér(Ag/) is isomorphic to the base change Nér(Ar) X g, Op:. For
instance, the number of connected components of the reduction Nér(Ap:), (.
may be larger than that of Nér(Ar),(,), and it may be that the identity com-

ponent Nér(Ap)7 .y has trivial unipotent radical even if Nér(Ar);, ) does not.



Each of these two phenomena will feature in our work.

We will focus on the behavior of Néron models at places over a fixed arbitrary
rational prime p. Let K/Q, be a finitely ramified extension over Q,, let Ax
be an abelian K-variety, and write A for the Néron model of Ax. Write k for
the residue field of O, fix an embedding K C K into an algebraic closure and
let T = Gal(K/K). Assume that Ax has semi-stable reduction, i.e., that
the identity component A9 of the reduction A, has trivial unipotent radical.
We prove a formula for the p-primary part @4, .[p™] of the finite abelian
group of connected components ® 4, . of A,. This formula is proved via an
in-depth study of the Hodge-theoretic properties of the (dual of) the p-adic
étale cohomology of A with torsion coefficients. We will return to this. For
now, we motivate the formula for ® 4, ,[p°]. For this, we digress on earlier work
of Ogg-Néron-Shafarevich, Serre-Tate, Grothendieck, Fontaine, Coleman-Iovita,
and Kim-Marshall.

Let I be a prime distinct for p. The [-primary subgroup ®4, .[[*°] has a
description in terms I-adic étale cohomology due to Grothendieck. He obtained

the following result.

Proposition 1 ([I9] 11.3.8).
Let [ be a prime distinct from p. Writing Ti Ak for the l-adic Tate module of
Ak, and I C 'k for the inertia subgroup, there is a canonical isomorphism of

unramified Zp[I ik ]-modules
¢AK,N[ZOO} = (Hgts(FKv I}AK))torsy

where (—)tors gives the mazximal torsion submodule.

The formula requires an understanding of the maximal unramified Z,[I' k|-
submodules of the finite torsiorﬂ Zy|T k]-modules Ak [I™]. Loosely speaking, the
formula breaks down in the case [ = p because maximal unramified submodules
tend to be too small in that case. A related phenomenon is that all finite flat
O'k-group schemes of [-power order are étale. The following idea originates in
the work [3I] of Kim and Marshall: to ‘repair’ Grothendieck’s formula in the case
[ = p, one should replace the condition of unramifiedness with something more

general that is appropriate for understanding finite torsion Z,[I" x ]-modules (i.e.,

Hn this introduction, we make the following definition: a given a topological group I' and
a topological ring R, a finite torsion R[['|-module is a finitely generated torsion R-module
given the discrete topology equipped with a continuous R-linear action of T'.



objects of the category Rep,,.(I'x) to be defined in Situation[0.1.2) arising from
finite flat Ok -groups of p-power order.

The sought-for condition on representations of I'x- on Q,,-vector spaces was
introduced in the 1983 paper [15] of Fontaine. However, it was not known to be
“appropriate” in the above sense until Kisin’s 2006 paper [33]. The condition
is that of crystallinity. Roughly, a finite-dimensional Qp-representation V' of
[k is crystalline when it can be recovered from V ®q, Berys, where Berys is a
certain field, the field of “crystalline p-adic periods” (defined in below).
Every crystalline representation has an associated invariant, its multi-set of
Hodge-Tate weights (a collection of integers with multiplicities). When a Q,-
representation is crystalline with Hodge-Tate weights in the interval [0,7], we
say that the representation is r-crystalline.

The condition of being r-crystalline has sufficient functorial properties that
we may form, for any Z,[['x]-module M of finite-type over Z,, a maximal r-
crystalline submodule Crys,.(M). When M is torsion-free, it may be that, as r
grows, Crys, (M) stabilizes to a proper submodule of M. It is a recent, perhaps
surprising, result that if M is finite torsion then Crys, (M) = M for r > 0 (see
[I7], Theorem 3.3.2). In this sense, the crystalline condition carries complete
information about all finite torsion Z,[I' x|-modules.

Returning to the problem of understanding component groups, recall that we
sought a condition weaker than unramifiedness that is sufficient to understand
Zy|T k]-modules arising from finite flat &x-groups. With the fact that a Z,[I'k |-
module is unramified if and only if it is 0-crystalline, the following result show

that 1-crystallinity is the appropriate condition.

Proposition 2 (Tate [52]; Raynaud (see [4]); Kisin [33]; Kim [32]. More precise
references are given in Remark .

Let M be a finite torsion Z, | k]-module. Then M is the generic fiber of a finite
flat O -group if and only if M is 1-crystalline.

The proofs of this result are inexplicit, in a way, proceeding via Raynaud’s
embedding theorem (see Remark and abstract p-adic Hodge theory. In
particular, in the case where M = Crys, (A [p™]) with Ax as above, one knows
that M is the generic fiber of a finite flat Ox-group Hp=, but the above result
and its proof do not reveal any apparent relationship between H,~ and the
geometry of the abelian variety Ag. Despite this complication, in 2001 Kim
and Marshall were able to use this result in the case where p > 2 and K/Q, is
unramified to construct a finite flat &'k -group with generic fiber Crys, (Ax[p™]).



Via this description, they were able to prove the following result, which we prove

for general finitely ramified K and arbitrary p.

Theorem 3 (Theorem [£.3.7% [39] for p > 2 and K/Q,, unramified).
Suppose Ak has semi-stable reduction. Then there is an isomorphism of un-

ramified Zy[I' k' |-modules
(I)Akﬁ[poo] = (Rl Crysl (TpAK))tors-

Note that Crysy(—) (say, on Z,[I'x]-modules that are torsion, to avoid tech-
nicalities) is the functor of inertial invariants, since being 0-crystalline is equiv-
alent to being unramified.

Replacing Fontaine-Laffaille’s result with Kisin’s generalization, the proof
by Kim and Marshall extends immediately to the case where p > 2 and the
ramification index e of K/Q, satisfies ex < p—1. This ramification restriction
is essential to their approach, which relies on the following result of Raynaud,

which fails dramatically without the ramification assumption.

Proposition 4 ([46] 3.3.3 and 3.3.6).

Suppose ex < p — 1. Then every finite torsion Z,[I'k]-module arises as the
generic fiber of at most one finite flat Ok -group, up to isomorphism. Let G, H
be finite flat Ok -groups.

(i) Every morphism G — Hy prolongs uniquely to a morphism w: G — H.
Moreover, the kernel and cokernel of m formed in the category of group

schemes over Ok are finite flat over Ok .
(i) The category of finite flat Ok -groups is an abelian category.

Using Fontaine-Laffaille theory, Kim and Marshall choose a finite flat -
group H,m with generic fiber isomorphic to Crys; (Ax[p™]), and used Raynaud’s
result to produce an embedding of the identity component H,.. into the Néron
model A. They then used Raynaud’s result to deduce that this embedding
gives an isomorphism of Hy,m with the finite flat &'x-group that we will denote
*9L [p™]. Their work is in terms of finite parts of quasi-finite flat &'x-groups,

which allows them to deduce from results of [19] that, for m > 1,

Crys;(T,Ax @ Z/p™Z)
P ) ~ .
ArcnlP”] Crys (T, Ak) ® Z/p™Z ®)




We take a different path. Rather than choosing Hp= by Kisin’s result and
showing that it has some relationship to A, we construct a finite flat &g -group
with generic fiber Crys, (Ax[p™]) directly from the Néron model A of Ax. For
this, we will use a semi-abelian K-variety, the generic fiber of the Raynaud
extension A attached to Ag, that uniformizes Ax in the category of rigid an-
alytic spaces over K. From this space and the monodromy pairing that can
be constructed from it, we will construct a certain log finite flat &k -group,
after defining this notion in Definition and developing some related foun-
dations. An isomorphism as in can then be constructed using results on the

monodromy pairing proved in [19].

Theorem 6 (Theorem [4.2.23)).

Fiz a uniformizer w of Ok. Let Ax be a semi-stable abelian K -variety, and
let n € Z>2, be a power of p. Let (2L [p™], Nym) denote the the log finite flat
Ok -group of Proposition|2.5.10, There is an isomorphism of Zy[T k]|-modules

AK[pm] X 21 [pmé ker Np'm)K(—l) ~ Crysl(AK[pm])_
Moreover, Crys; (A [p™]) is the generic fiber of the finite flat Ok -group
*‘Qzlv[pm] = Q'zlz [p™] X g1 [pm)es ker Npm (—1). (7)

where the Tate twist is as in Proposition |2.2.25

To show that *2L [p™] actually has the claimed generic fiber is nontrivial.

The proof relies in an essential way on the following recent technical result.

Proposition 8 ([43] 1.2; others in special cases, e.g. r =1 p > 2 case by [§]
3.4.3. See the introduction to [43] for a detailed history of this result.).

Form > 1, choose a system of p™-th roots @™ of the uniformizer w satisfying
(@Mt = M) | and let K5 denote the subfield of K generated by all of the
@™, Let Ty = Gal(K/Kg). Let Rep,.,(I's) denote the category of finite
torsion I z-modules, and let Reps (U'x) denote the category of finite torsion
r-crystalline Z,|I i |-modules.

Suppose ex (r — 1) < p— 1. Then the restriction functor
Res : Repgoys” (T') — Repiors(T's)

1s fully faithful.



From Theorem [f] it is straightforward to prove the following result.

Corollary 9 ([I0] 4.7; also [7] 5.3.4 when p > 2 (see also [7] 5.3.5 for more on
the history of this result)).

With assumptions as in Theorem [0, we have
Crys; (TpAx) ~ Tpg;(,

where ZK is the Raynaud extension (see Proposition m

We note that this can be proved using the equivalent result Corollary 4.6
of Coleman and Iovita’s paper [I0]. Their approach is markedly different from
ours, at least in that it relies on computation of p-adic integrals of de Rham
cohomology classes. We have not attempted compare their results with ours.
Their Corollary 4.6 is used in [I0] to prove the following theorem.

Theorem 10 (Corollary proved in [I0] Theorem 1, and [7] 4.7).
An abelian K -variety Ax has good reduction over Ok if and only if its p-adic

Tate module T, A is a 1-crystalline Z,y[I ik |-module.
Using Theorem [6] and Corollary [9] we have the expression

"2L "k Crysi (T,Ax ® Z/p™Z)
ZlK[pm] T Crysy(T,Ak) QZ/pmZ

for the right-hand side of (5]). From the construction of * 2L [p™]x and results
about the monodromy pairing that can be found in [I9], it is straightforward to

deduce that there is an isomorphism

*Q} [Pk
Ag[p™]

TTL]

= (I)AK,K[p

so we have (5]) without assuming any bound on e . From there, we may reuse the
homological algebra calculations of Grothendieck, re-purposed by Kim-Marshall
in [31], to obtain Theorem

We hope we have made our debt to Kim and Marshall apparent. The idea
of studying derived functors of Crys; originates in their work [31], as does their
definition of these derived functors in the spirit of Jannsen’s definition of contin-
uous étale cohomology. Marshall’s thesis [39], was an invaluable resource to us

in study of these derived functors and the general categories of (e.g., non-finite
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type torsion) r-crystalline Z,[I'x]-modules that must be used in their construc-
tion. We would like to point out three ways in which the work of Kim-Marshall
goes beyond (with their ramification restrictions in place) the present work.
First, in their setting (p > 2 and K/Q, is unramified), Kim and Marshall give
a description of Crys,(Ag[p™]) for all r = 1,...,p — 2 (it turns out that, in
this range, the module is independent of r). We present results about Crys,,
but we would like to better understand their work for more general r and its
relation to Proposition [8] As for Marshall’s thesis, it develops the homological
algebra of the functors Crys, far beyond what we do here. In particular, it
constructs, for any finite torsion Z,[I'x|-module M, a spectral sequence from
the functors Crys, that abuts to H(I'g, M). Secondly, Marshall’s thesis gives
some calculations with non-semi-stable Jacobians of Fermat curves, with an eye
toward understanding Néron component groups in this case. The component
groups of non-semi-stable abelian K-varieties have a very mysterious structure.
We are very interested by this case, which at present seems to be outside of the

reach of our techniques.
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0.1 Conventions

Following [9] and [I6], we make the following definition.

Definition 0.1.1 (p-adic field).
Let p be any rational prime. A p-adic field is a field of characteristic zero that
is complete with respect to a fived discrete valuation that has a perfect residue

field of characteristic p > 0.

A p-adic field K is, therefore, a finitely ramified extension of Q,,, but it may
be that K has infinite degree.

Every action of a topological group on a module will be continuous with
respect to a topology on the module, which will most often be a p-adic topology

or, in the case of a finite Z,-module, the discrete topology.

Situation 0.1.2.

We establish the following notational situation.

(i) K is a p-adic field with absolute value denoted simply by | —|; K is equipped
with an embedding K C K into an algebraic closure which is equipped with
the unique absolute value | — | extending that of K; Tk = Gal(K/K) ;

(i) v K = Q is the valuation on K satisfying v (K*) = Z; we also write

v, = vl for any subfield L C K containing K;

(iti) K is the residue field of Ok ; k is equipped with an embedding k C K into an

algebraic closure; w € Ok is a fized uniformizer of O; Ty := Gal(k/k);

(iv) C is an algebraically closed complete extension of K and Oc¢ is its ring of

integers; ﬁg = limgy.r O¢ i the tilt of Oc;

(v) @ e ﬁ’é is defined recursively by setting @) := w and choosing, for m €
Zs1, (any) element @™ € C* of order p™ satisfying ((™)P = &(m=1);

(vi) Kz = U, K(@™) CK and Tz := Gal(K/Kz) C Tk

(vii) For T and any one of the groups Tk, Ty, 'z, let Rep,,,s(T'r) denote the
abelian category of finite abelian groups of p-power order having the dis-
crete topology and equipped with a continuous action of I', where each T' is

equipped with its natural profinite topology.

12



Chapter 1

Semi-abelian varieties,

models and 1-motives

In this chapter we give fundamental definitions and results around semi-abelian
varieties. We discuss Néron models and torsion in Néron models. Néron mod-
els with bad reduction have quasi-finite but non-finite torsion. To fix this, we
pass from the Néron model to the Raynaud extension, which is a semi-abelian
scheme with the same generic fiber, but which has finite torsion. We discuss uni-
formization of abelian varieties over p-adic fields, log 1-motives, the monodromy
pairing, and Raynaud decomposition of log 1-motives. Raynaud decomposition
allows us to define log finite flat 0'x-groups that play a crucial role in our main
results.

There are several very good references for the material in this chapter. The
most recent of these is the dissertation-turned-book [35] of Lan, which extended
the work on compactifications of integral models of Siegal modular varieties
to construct compactifications of smooth integral models for general PEL-type
Shimura varieties. The work of Faltings-Chai builds on Mumford’s foundational
work [4I] on degeneration of abelian varieties into tori. Faltings-Chai allow de-
generation into semi-abelian schemes, introducing certain important categories
of degeneration data. Before Mumford’s work, Raynaud had announced in [45]
uniformization by semi-abelian varieties for general abelian varieties over p-adic
fields, building on the earlier work of Tate on uniformization of elliptic curves.
Around the time of the announcement of Raynaud’s work, Grothendieck wrote
Exposés VII, VIII, and IX in SGA 7 Volume 1. The first two of these develop

13



the theory of biextensions, which had recently been introduced by Mumford.
Exposé IX is a monumental work that studies torsion in Néron models and its
finer structure in relation to the Weil pairing and more general pairings arising
from biextensions, and also defines and studies the monodromy pairing and its
relation to Néron component groups. It also develops Raynaud’s uniformization
results.

Our preference has been to use [35] whenever possible because it is very
thorough, well-referenced and readily available on the author’s website. For
issues relating to torsion and Néron component groups, we use [19]. For issues
relating to Néron models, we use the book [6]. In the final sections, we will
make essential use of the results of [3] on log finite flat group &k-groups.

Aside from the exposition, nothing in this chapter is original.

1.1 Algebro-geometric preliminaries

We record some definitions and results from algebraic geometry that will be

used later.

Proposition 1.1.1 ([51, Tag 01KM]; [51, Tag 01RH]; |[51, Tag 056D]).
Let S be a scheme, let X, X' be S-schemes and let f,g : X — X' be two S-

morphisms.

(i) The category Schg contains an equalizer E(f,g) of f and g. The scheme
E(f,g) is a locally closed subscheme of X which is closed if X' is separated

over S

(1i) Suppose that there exists an open subscheme U of X such that fly = glu.
If the scheme theoretic closure of U in X 1is all of X, then f = g.

(iii) If X is reduced and U is an open subscheme of X that is topologically

dense in X, then the scheme theoretic closure of U in X is all of X.

Proposition 1.1.2.
Let F be a field and let F®°P be a separable closure.

(i) Let'Y be a smooth F-scheme. Then Y (F*P) is dense inY .
(i1) Let X be a geometrically reduced scheme locally of finite type over F.

(a) The scheme X contains a dense open subscheme smooth over F'.

14
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(b) The set X (F™P) is dense in X.
(c) Let f,g: X — X' be two morphisms of F-schemes and suppose that

X' is separated. Then f = g if and only if f and g agree as maps of
sets X (F®P) — X' (FS°P).

Proof. Claim (i) is |[51, Tag 056U]. Claim (ii)(a) is |[51, Tag 056V]. To prove
(ii)(b), apply (ii)(a) to X to get a dense open subscheme Y of X. Applying
(i) to Y, we we obtain (ii)(b), since ¥ has the subspace topology induced from
X. To prove (iii)(c), suppose that f and g agree on F®°P-points, i.e., that the
equalizer E(f, g) satisfies E(f, g)(F*P) D X (F*=°P). By (ii)(b), E(f,g) is dense
in X. By Proposition (i), E(f, g) is closed, hence equal to X. O

Proposition 1.1.3 ([6] 6.1/6; cf also |[51, Tag 0247]).
Let S be a scheme and let m : S — S be a faithfully flat and quasi-compact

morphism of schemes.

(i) The functor m* from Schg to the category of S’-schemes with descent data
18 fully faithful.

(i) If S and S’ are affine, then the essential image of ™ consists exactly of
the isomorphism classes of those S’-schemes with descent data (X', ¢) such
that X' can be covered by ¢-stable open subschemes that are quasi-affine

over S'.

Remark 1.1.4. Let K be as in Situation 0.1.2l We are most interested in the
case of Proposition m (ii) where S is the spectrum of K or Ok, 7 is a finite
étale surjection S’ — S corresponding to a ring map K — K’ or Ok — Ok:.
This is the situation of Galois descent ([6], 6.2/B), where S’ — S is naturally
equipped with the action a finite group I' which is equal to Gal(K'/K) or equal
to the Galois group Gal(xk’/k) of the residue field &’ of Ok/. A descent datum
relative to 7 on an S’-scheme X’ is the same as an action of T on X' — 5.

Definition 1.1.5 (F-variety).
Let F be a field. An F-variety is an integral scheme X equipped with a sepa-
rated and finite type morphism X — Spec F.

1.2 Some commutative group schemes

Throughout this dissertation, we will assume familiarity with the basic theory

of group schemes. We informally review some of the essential concepts now.
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Let S be a scheme and write h(_y for the Yoneda embedding sending an
S-scheme to its functor of points on Schg. Let X be an S-scheme. By a Yoneda
point of X, we mean an element of X(Z) for some (possibly unnamed) S-
scheme Z. An S-group scheme is a representable sheaf of groups on the fppf site
Schg tppe. If such a functor is represented by a group G, then fully faithfulness
of h implies that to give a homomorphism of group schemes H — G is the same
as to give, for each S-scheme Z a homomorphism of groups H(Z) — G(Z)
functorial in Z. We will conflate an S-group scheme G with the corresponding
sheaf h¢, regarding Yoneda points of G as local sections of hg. Following others,
we will sometimes write g € G to mean that g is a local section of G.

The group schemes we will study are all commutative, so will sometimes not

mention this condition. We make the following definitions.

Definition 1.2.1 (CGpg).
Let S be a scheme.

(i) Define CGpg to be the category of commutative S-group schemes.

(i) A short exact sequence of objects of CGpg is a cochain complex
[H — H — H"|

of objects of CGpg placed in degrees —1, 0 and 1 that gives rise to a short
exact sequence

0—H — H-—H"—0

when regarded as a complex of objects of Shay(Schg fppt)-

We will be interested in both algebraic tori and commutative groups arising
via Cartier duality (to be defined later) from finite étale S-groups. Such groups
belong to a general class, the groups of multiplicative type, which we define now

for uniformity and because it is a natural setting for Proposition [1.4.11

Definition 1.2.2 (twisted constant; multiplicative type; X*; character group;
split; torus; see [35], 3.1.1).
Let S be a scheme.

There is a natural functor C from abstract groups to S-group schemes taking
an abstract group M to the associated constant S-group scheme C(M). If an
S-group scheme H is isomorphic to C(M), then we say H is modeled on M.

Let TCg be the full subcategory of CGpg consisting of those S-groups Y that

are locally on S¢ modeled on a finitely generated abelian group. Such a group

16



18 said to be a twisted constant S-group. Given Y in TCg, define
X*(Y) := Hom(Y, Gy s).

An S-group H of finite type is of multiplicative type if the S-group
X*(H) :=Hom(H,G,,s)

is twisted constant. Let Multg denote the full subcategory of CGpg consisting
of the groups of multiplicative type. We call X*(H) the character group of
H. We say that H is split if X*(H) is constant. We say that H is a torus if
X*(H) s locally on Sg modeled on a free abelian group.

One has the following result generalizing the well-known duality of tori.

Proposition 1.2.3 ([35] 3.1.1.6).
The natural functor X* : Multg — TCg given by passage to character groups
is an equivalence of categories. The natural functor X* : TCg — Multg is a

quasi-inverse.

Remark 1.2.4. With the assumption that S is locally Noetherian and normal,
one knows that every group of multiplicative type (in our sense) is iso-trivial,
meaning that it is split by a finite étale surjection onto S; see [35] 3.1.1.3 and
3.2.5.6.

The groups defined in Definition [[.2:2) are all affine. We will use such groups
to study abelian varieties, which are non-affine except in the case of the trivial
group. We will do this via , which says that any smooth connected affine group
over a perfect field F' can be decomposed in terms of a proper F-group, a group

of multiplicative type, and a unipotent group.

Definition 1.2.5 (abelian variety; abelian scheme; semi-abelian variety;
semi-abelian scheme).
Let F be a field and let S be a scheme.

(i) An abelian F-variety is a smooth proper connected F-variety with the

structure of an F-group scheme.

(i) A semi-abelian F-variety is a smooth commutative F-group variety that

is an extension of an abelian F-variety by an F-torus

(iii) An abelian S-scheme is an S-group scheme B that is proper, flat, and

finitely presented over S such that each fiber By is an abelian k(s)-variety.
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(iv) A semi-abelian S-scheme is a separated smooth commutative S-group

G such that each fiber G5 is a semi-abelian k(s)-variety.

Remark 1.2.6. By definition, an abelian F-variety has a F-rational smooth point

(the identity section), so it is geometrically integral ([51, Tag 0CDW]).
Remark 1.2.7. Let G be a semi-abelian S-scheme. Even though every fiber

of G is an extension of an abelian variety by a torus, it is not necessarily the
case that G is an extension of an abelian S-scheme by an S-torus. Indeed, any
abelian variety over a p-adic field having bad semi-stable reduction gives rise to
a Néron model that is semi-abelian with abelian generic fiber and non-proper

special fiber.

To develop duality for abelian schemes, one needs to define Picard functors.
We will not address issues of representability, but we provide some fundamental

definitions for completeness.

Definition 1.2.8 (rigidification; rigidified line bundle).

Let Z be any scheme and let B be an abelian Z-scheme with identity section
ez. Let Ly be a line bundle on By. A rigidification of Ly is a trivialization
rz: 0z = ey L. Arigidified line bundle on By is a pair (Lz,rz) where Ly

s a line bundle on Bz and rz is a rigidification of L.

Proposition 1.2.9 (duality for abelian schemes, [35] 1.3.2.3 and 1.3.2.8).

Let S be a scheme and let B be an abelian S-scheme with identity section e. Let
Pic?(B/S) be the functor on S-schemes sending T/S to the set of isomorphism
classes of rigidified line bundles (Ly,rr) on Br such that Ly is algebraically
equivalent to zero in each fiber of Br — T. Then ES(B/S) is representable

by an abelian S-scheme BP. Moreover, there is a canonical isomorphism B =
(BP)P.

By the Proposition, B (T) = Eg (T) for every S-scheme T. In particular,
idg € BP(BP) corresponds to a rigidified line bundle on B xg BP.

Definition 1.2.10 (Poincaré bundle).

For any abelian S-scheme B, the universal line bundle (Pg,r5) on B xg B
corresponding to idgp € BP(BP) is called the “Poincare” bundle. By Propo-
sition Pg has the following universal property: for every S-scheme T
and every rigidified line bundle (Ly,r) on By that is algebraically equivalent
to zero in every fiber of By — T, there is a unique morphism of S-schemes
7 : By — B xg BP such that n*(Pg,rg) = (Lp,7).

18


http://stacks.math.columbia.edu/tag/0CDW

We will need a duality for (certain) semi-abelian S-schemes G that extends
the duality theory for abelian schemes. The existence of such a duality requires
that S be normal. This hypothesis is used in the construction of G, to show
that G contains a certain quasi-finite flat S-group, and to show that the quotient
of G by this group is representable (by the scheme that is defined to be GP).

Normality is also used again to verify uniqueness of GP.

Proposition 1.2.11 (duality for semi-abelian schemes, [35], 3.4.3.2 (1.)).

Let S be a normal, locally Noetherian integral scheme with generic pointn. Let G
be a semi-abelian S-scheme such that the generic fiber Gy, is an abelian variety.
Then there is a unique semi-abelian S-scheme GP such that (GP), = (G,)”
Moreover, the Poincaré biextension over G, X, GnD extends uniquely to a G, s-

biextension over G xg GP

1.3 Néron models

Definition 1.3.1 (S-models; Néron mapping property; Néron 1ft-model; Néron
model (from [@])).

Let S be a Dedekind scheme (i.e., a Noetherian normal scheme of dimension at
most 1) and let K be the ring of rational functions on S. Let Xk be a K-scheme
that is smooth, separated and of finite type.

(i) An S-model X of X is an S-scheme such that X x gSpec K isomorphic
to XK.

(i) An S-model X of Xk is said to satisfy Néron mapping property if the
following holds: for any smooth S-scheme Y, every morphism Yk — Xk

over K prolongs uniquely to a morphism'Y — X over S.

(#ii) A Néron Ift-model of Xx is a smooth and separated S-model satisfying
the Néron mapping property.

(iv) A Néron model of X is a Néron lft-model that is finite type over S.

Being smooth over S, Néron Ift-models are locally of finite type, as the name
suggests. Néron Ilft-models are unique up to canonical isomorphism, so that any
Néron 1ft-model is a Néron model if a Néron model exists.

Proving existence of Néron models is a highly technical affair. In fact, even

the proof of the following basic result of the theory requires nontrivial inputs.
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Proposition 1.3.2 ([6], 1.2/8).
Let S be a Dedekind scheme and let A be an abelian S-scheme. Then A is the
Néron model of A xg Spec K.

While [6] works in the context of Dedekind schemes, we focus in the rest of
the section on the case where the base is a field or a discrete valuation ring,
since this is all we need later, noting that this is the essential case in the proof
of existence (cf [6] 10.1/9) of Néron lft-models in general.

Proposition 1.3.3 ([6] 10.1, 10.1/3, 10.2/1, 10.2/2).
Let R be a discrete valuation and let K be the field of fractions of R. Let Gk be
a smooth separated commutative K-group. Write Ksh for the field of fractions

of the strict Henselization of the completion of R.

(i) If the Néron Ift-model of G exists, then it is an R-group whose identity

component is of finite type over R.

(ii) Suppose R — R’ is an unramified morphism of discrete valuation rings,
and let K' denote the field of fractions of R'. If G is a Néron Ift-model of
Gy, then Ggr is a Néron lft-model of Gx @ K'.

(iii) The group Gk has a Néron Ilft-model if and only if Gx X Kb contains no
subgroup of type G, .

(iv) The group Gk has a Néron model if and only if G % K contains no
subgroup of type G, or G,,.

Remark 1.3.4. In the case of a K-torus Tk, an lft-Néron model can be con-
structed in a simple and explicit fashion analogous to the construction of an
analytic Néron model for the K-analytification T7*. This informs a construc-
tion of Néron models of Tate curves which is at the heart of Kato’s theory of
log abelian varieties and their torsion. For the essential case of G,, i, see [0]
10.1/5.

Corollary 1.3.5.
With notation as in Situation suppose that Ax is a semi-abelian K-
variety. Then Ag admits a Néron Ift-model A. Moreover, if Ak is an abelian

K-variety, then A is finite type over R, i.e., A is a Néron model.

Remark 1.3.6. In Situation let Ax be an abelian K-variety and let A be
the Néron model of Ax. Let U C A be a non-empty and open subscheme. Since
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A is flat over O, U is flat over Ok . Since flat ring morphisms satisfy the going-
down property, Ux is nonempty. Hence, if A is a disjoint union of non-empty
open subschemes, then so is Ax. Since A is connected, we conclude that A is

connected. We point this out before giving Definition [1.3.

Definition 1.3.7 (connected Néron model A°; cf [18] 15.6.5 ).
In Situation[0-1.3, let Ak be an abelian K -variety and let A be the Néron model
of Ak . Define A° to be the open subgroup scheme A° C A which is the disjoint
union of Ak and the identity component A of the special fiber.

However, one often abuses language to speak of the “component group of the
Néron model of Ax” when referring to the étale k-group A, /A% of the special
fiber A, of A, which need not be connected. By Proposition Ag/AS

prolongs uniquely (up to isomorphism) to a finite étale &x-group.

Definition 1.3.8 (The component group ® 4, ).

Let Ak be an abelian K -variety, and let A be the Néron model of Ak . Define the
Néron component group of Ax (and of A) to be the unique étale Ok -group
D 4, with special fiber 4, .. = Ax/AS

Remark 1.3.9. Part (ii) of Proposition in the above result shows that
unramified ring extensions do not change the Néron component group. As we
described in Chapter [0} it is not the case that the Néron model of the base
change is isomorphic to the base change of the Néron model. One obstruction is
the component group. Let K be a p-adic field, let Ax is an abelian K-variety,
let K'/K is a finite extension. It can happen that ®,,, is larger than ®,,,
even in the case where Ax has semi-stable reduction.

The following result is fundamental.
Theorem 1.3.10 (Barsotti-Chevalley Theorem; [40] and 8.27 and 16.15).
Let F be a perfect field and let Gg be a smooth connected F-group scheme.
There exists a unique smooth, connected, closed, normal, affine F-subgroup N

of G such that Ggp/Np is an abelian F-variety. The group N is the direct

product of its maximal torus Tr and its unipotent radical Up
0 —Tr xpUpr — G — Br — 0. (1.3.11)

Returning to Situation Let Ax be an abelian K-variety. By Corol-
lary we may choose a Néron model A of Ax. Then A? is smooth and
connected, so one can take its Chevalley decomposition.
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Definition 1.3.12 (reduction types).
In Situation let A be an abelian K -variety. Let A be the Néron model
of Ax. Write

0 —T.x., U, — A, — B, —0 (1.3.13)

for the Barsotti-Chevalley decomposition of the identity component of the special
fiber A.. We say that Ax has

(i) semi-stable reduction if U, is trivial;
(ii) good reduction if both T,, and U, are trivial.

Remark 1.3.14. Let Ak be an abelian K-variety and let A be the Néron model
of Ag. It is a result of Grothendieck (see the appendix of [49]) that there exists
a finite extension L/K such that Ay has semi-stable reduction.

While Grothendieck’s result is very useful and important, it does not allow
one to reduce every question about Agx to one about Ap. Questions about
Néron component groups of abelian varieties not having semi-stable reduction

are especially inaccessible.

A favorable property of abelian varieties with semi-stable reduction relates
to base change. While semi-stability is not enough to make formation of Néron

models commute with base change, one does have the following result.

Proposition 1.3.15 ([22] 3.3.6.6).
In Situation[0.1.3, let A be an abelian K -variety and let A be the Néron model.
Let K’ be a finite extension of K, and let A’ be the Néron model of Ax. Choose

an isomorphism Ay ~ A%, and write
h:A®g, Ok — A

for the natural morphism obtained from the Néron mapping property from the
chosen isomorphism of generic fibers.
If Ak has semi-stable reduction, then h is an open immersion, hence it

induces an isomorphism A° Qg, Ok ~ A’°.

At present, our methods for relating Néron component groups and p-adic
Hodge theory do not apply without the assumption of semi-stability. One reason

for this can be seen in the following result.
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Proposition 1.3.16 ([19] 2.2.1).
With notation as in Definition choose n € Z>1 and write [n] for the

multiplication-by-n morphism on A°. The following are equivalent:
(i) [n] is flat.

(i) [n] is surjective.

(#ii) [n] is quasi-finite.

(iv) p does not divide n or A, is semi-abelian.

Remark 1.3.17. Proposition is an obstruction to extending our later re-
sults to the case of a general (i.e., not necessarily semi-stable) abelian K-variety.
If A9 contains a nontrivial unipotent subgroup, then it is not sensible to speak
of the finite part of A[p™] since A[p™] is not quasi-finite. The submodule
(A[p™ )k C Ag[p™] plays an essential role in our proofs in the semi-stable
case. In [19], Grothendieck defines subgroups A [p™]** C Ax[p™]f C Ax[p™],
the essentially toric and essentially fixed parts. These may allow a p-adic Hodge-
theoretic understanding of Néron component groups in general, though there are
other be other issues, e.g., the failure of the surjectivity of the morphism ¢ of
Lemma in the case [ = p.

Lemma 1.3.18.
With notation as in Definition let I be any prime and let m € Z>1. The

natural morphism
@ Al /AT — @Ay k[l

is injective. If Ay, is l-divisible, then @ is surjective.

Proof. Let ¢ : A [I™]/AL[I"™] — Pa,.x[I"™] be the morphism that sends the
class of © € A.[I"](R) C A, to its class in (A,/AL)(R) = Pa, .(R). It is
immediate that ¢ is injective.

Assume now that A is [-divisible. We show that ¢ is surjective. Let = €
A (R) satisty I™a € AS. Since A% is [-divisible, we may write [z = [z’ for
some z' € A% (R). Then x — 2’ € A[I"™](R), and = — 2’ has image in ® 4, .[I"]

equal to the class represented by x. This shows that ¢ is surjective. O
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1.4 Raynaud extensions

We will only need Raynaud extensions over complete discrete valuation rings,
which were first described by Raynaud in [45]. We give a more general existence
result developed by Lan in [35] using the more modern framework of degener-
ation data. Lan’s result generalizes results of Mumford [41] and Faltings-Chai
[13].

Proposition 1.4.1 ([35] 3.1.1.2, 3.3.3.6, 3.3.3.9, 3.4.3.2, 3.4.4.1).

Let R be a Noetherian integral domain complete with respect to the I-adic topol-
ogy for some radical ideal I, let S = Spec R, and let n € S be the generic point.
Let G be a semi-abelian S-scheme. For each i € Zx, let S; = Spec(R/IT1)
and let G; = G xg S;. Write S = Spf(R,I) and write G for the formal S-
scheme given by the inductive system of all of the G;’s. Assume that Gq lies in

an extension
0—Ty — Gy — By — 0 (1.4.2)

of an abelian Sy-scheme By by an iso-trivial So-torus Tj.

(i) For each i € Z>1, the short exact sequence (1.4.2) lifts to an extension of
S;-group schemes

0—T,—G;, — B, — 0 (1.4.3)

where B; is an abelian S;-scheme and T; is an S;-torus. That is, (1.4.2)

lifts an extension of formal §—group schemes
0—T—G—B—0 (1.4.4)

where B is an abelian S-formal scheme and T is an S-torus.

(1) Suppose that there is an ample cubical invertible sheafE| on G. Then (1.4.4))

algebraizes to a short exact sequences of semi-abelian S-group schemes
0—T—G— B—0 (1.4.5)

where B is an abelian S-scheme and T is an S-torus. The group é, which

IExistence of such a sheaf will be no condition in our primary applications because of
Remark [1.4.8] but see [35] 3.2.2.5 for the definition of a “cubical structure”.
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18 unique up to unique isomorphism and is independent of the invertible

sheaf, is called the Raynaud extension associated to G.

(tii) Suppose that Gy, is an abelian variety, so that the dual semi-abelian scheme
GP is defined. Then GP has the property that (GP)q is also an extension
of an abelian So-scheme by an iso-trivial So-torus. Therefore, parts (i)
and (ii) give a dual Raynaud extension GP. In this case, the abelian part

of GP is BP. By (ii), we have a short exact sequence

0—TP —GP — BP0 (1.4.6)

Remark 1.4.7. The notation G for Raynaud extensions is used by Faltings-Chai.
Lan uses the notation GY. This is what Grothendieck would call G%, reserving

G" for an associated G%°-torsor over the component group ® 4. .

Remark 1.4.8. As explained in [35] 3.3.3.9, the requirement in (ii) of existence

of an ample cubical invertible sheaf is always met when R is assumed normal.

Remark 1.4.9. We will apply Proposition where G is the connected Néron
model A° of an abelian K-variety with semi-stable reduction, where K is as in
Situation Assume the notation of Proposition [1.3.15] In particular, we

have an isomorphism h : A° ®¢, O — A’°. This gives isomorphisms
(A° ®oy Ok') X6, (O /M) = A° @0, (O JmiE) (i € Zso)
which, in turn, give isomorphisms
(A° @oy O) %o, (O JmiEY) = AP @, (O JmiEY) (i € Zso),

since the Raynaud extension G associated to G has, by definition, the same for-

mal neighborhood of the identity as G. By the uniqueness assertion of Propo-

sition (i), we have that
;1\6 QoK Or = ;172’.

This has shown that formation of Raynaud extensions attached to semi-stable

abelian K -varieties commutes with base change to finite extensions of K.

We will use the following abbreviation of notation.
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Definition 1.4.10 (4).

In Situation[0.1.3, let Ax be an abelian variety with semi-stable reduction, and
let A be the Néron model of Ak . In this situation, we will abuse language by
referring to A as the Raynaud extension of Ax, and we define

A= A°,

where A° is constructed by applying Proposition to the semi-abelian Ok -

scheme A°. We extend this use of notation by writing
AP = ((4°)P)
for the Raynaud extension of the dual of the semi-abelian Ok -scheme A°.

Raynaud extensions are torsors for groups of multiplicative type over abelian
schemes. Such objects can be reinterpreted in terms of homomorphisms from
twisted constant S-groups. Given a semi-stable abelian variety Ax over a p-
adic field K, the morphisms furnished by the definition that follows are used
to construct the monodromy pairing attached to Ax. This is a Zg-valued
bilinear pairing of twisted constant &k-group which will be used to decompose

the torsion Z,[I'x]-modules A [p™] as Baer sums.

Proposition 1.4.11 ([35] 3.1.5.1).

Let S be a Noetherian normal scheme. Let H be an S-group of multiplicative
type. Let B be an abelian S-scheme. Let Ext(B,H) denote the category of
H-torsors on B. Let Hom(X*(H), BP) denote the category whose objects are
morphisms of S-schemes X*(H) — BP, and where a morphism 7® : ¢c; — co
of objects of c1,co € Hom(X*(H), BP) is the information of a commutative
diagram

X*(H) —2— BP

ol

X*(H) — BP
There is an anti-equivalence of categories Ext(B, H) — Hom(X*(H), BP).

Remark 1.4.12. Omitting certain non-trivial details, we describe the equiva-
lence and a quasi-inverse. We assume that X*(H) is constant, say modeled
on the finitely generated abelian group X, noting that the case of general H
can be handled by Galois descent (cf Remark . Being constant, to give
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a morphism over S from X*(H) is the same as to give a morphism from each
of its connected components, each of which is a copy of S. A homomorphism
X*(H) — BP is, therefore, a collection of S-points of B indexed by elements
of X.

Suppose we have an object of Ext(H, B) and a homomorphism x € X*(H)(S).
We obtain a G, s(S)-torsor c¢(—x) over B by pushout as in

0 H G B 0

=

0 — Gps —c(—x) — B ——0

Identifying G, g-torsors on B with line bundles, we have an S-point of the
S-scheme Pic’(B/S) = BP. Being that X*(H) is locally constant on S, a
morphism X*(H) — BP is given by a collection of S-points of B parameter-
ized by the connected components of X*(H). In this way we obtain a morphism
cg : X*(H) — BP that can be shown to be a homomorphism.

Suppose now that we are given a homomorphism d : X*(H) — BP. Then
each x € X*(H)(S) gives d(x) € BP(S). Using the structure sheaves &y,
of these G, s-torsors, one obtains an H-torsor G(d) on B, a relatively affine

B-scheme, by setting

G(d) == SpecﬁB( P ﬁd(x)). (1.4.13)
XEX(H)(S)

The functors G +— cg and d — G(d) are quasi-inverse equivalences.

In the setting of Proposition where T and TP are S-tori, let

Y := X*(TP) (1.4.14)
YP .= X*(T). (1.4.15)

Via Proposition|1.4.11} the Raynaud extensions ([1.4.6)) and (|1.4.5)) are equivalent

to the information of two S-homomorphisms

c:Y — B (1.4.16)
c?.yP — BP. (1.4.17)

We will use these morphisms to construct the monodromy pairing attached to

Ag. We first review some additional structure carried by the Poincaré sheaf.
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As described in [35], 3.2.1, the Poincaré sheaf has additional structure coming
from the theorem of the square, namely, that its associated G, g-torsor (also
denoted Pp) has a canonical G,, g-biextension structure. Roughly, this means
that Pp comes equipped with isomorphisms (writing m_y for group laws) of

Gy, s-torsors

pris P ® pry; Pp — (mp X idgn)*Pp on B xg B xg BP

priy Pp ® pris P — (idg X mpn)*Pp on B xg BP x4 BP

satisfying certain identities reflecting the structures of B and BP as commu-
tative S-groups. Given local sections (by,b’) and (by, ') of B xg BP, the first
of these isomorphisms lets us compare the values s(b;,b’) of a section s of Pg
in the fibers over the (b;,b") with the value s(mp(by,bs),b’) in the fiber over
(mp(by,b2),b).

The trivial G, s-bundle on any product of two S-groups has a canonical
biextension structure. A trivialization of a G, g-biextension is a trivialization
of the associated line bundle that respects the biextension structures. As we will
see in Example below, a trivialization of a G,,-biextension is sometimes
determined by much less data than an arbitrary trivialization of a G,,-torsor.

To give a precise account of the theory of biextensions is an unnecessary
diversion given our objectives; for more information, see [35] or [20], Exposés
VII and VIII. We content ourselves with an example, which we give after stating
the result that is ultimately the root of our (mostly implicit) use of the theory

of biextensions.

Proposition 1.4.18 ([35] 4.2.1.7).

Let notation be as in Proposz'tion with ¢ 1Y — B defined as in .
Then the datum of a morphism Y, — fln lifting ¢ determines and is deter-
mined by a trivialization of (¢, X c{?)*PBJ7 as a Gy, r-biextension on Y, x YUD,

Symbolically, we have

Y, (cy x ¢P)* Py —— Ppy
V Jcn — snc l l
~ ey xcP
A, — B, YUXYUD%BUXBWD
2% Sn

Ezample 1.4.19. In Situation (for concreteness), suppose S = Spec Ok or
S = SpecK. Let t € Z>1 and let Y and Y’ be copies of the constant group
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scheme Zf; . Then Y (resp. Y’, resp. Y X g, Y’) is a disjoint union of copies
of S indexed by y € Z' (vesp. y € Z!, resp (y,y') € Z' x Z); write S(y),
(resp. S(y'), resp. S(y,y’)) for the component indexed by y, (resp. y’, resp.
(y,9)). The trivial G, g-biextension ly y.g over S is the trivial G, s-torsor
Gm,s xsY xs Y onY xg Y’ equipped with the obvious isomorphisms given

by multiplication

pI‘T3 ]_y7y/;s X przg ]_y,y/;g ~ (my X idy/)*lxyl;s onY Xs Y Xs Y’

pris lyy,.s ® pr*{g lyyrg > (idy x my/)*ly’y/;s onY xgY' xgY’.

For instance, for ¢ = 1,2, let s; be a global section of prj; 1y,y..g. Over the
connected component S(y1,y2,y’) of Y xgY xgY” indexed by (y1,y2,y’), s; is
the same as a section s;(y;,y’) of 1y y+,g over the component S(y;,y") of Y xgY”,
which is just to say that s;(y;,y’) is an element of K* (and maybe even of 0,
depending on the base). A section of (my xidy+)*1yy,s over S(y1,y2,y’) is the
same as a section of 1y y,g over S(y1 +y2,y’). The first isomorphism is defined
to take s1 ® s to the section of (my x idy)*1y y+.g which over S(y1 + y2,)

is simply s153.

Definition 1.4.20 (period homomorphism).
In the setting of Proposition an injective homomorphism Y, — g,, lifting

c is called a period homomorphism.

1.5 1-motives and log 1-motives

The concept of a 1-motive was introduced by Deligne in [I2], though examples

over fields were studied earlier in Raynaud’s work [45] on uniformization.

Definition 1.5.1 ([3], 1-motive; log 1-motive; generic fiber of a log 1-motive).
Let S be a scheme. An S-1-motive is a two-term complex # =Y — G| in

degrees —1,0 of commutative S-group schemes such that

(i) Y is a twisted constant group which is étale-locally modeled on a free

abelian group of finite rank;
(i) G is an extension of an abelian S-scheme by an S-torus;

(iii) ¢ is an homomorphism of S-groups.
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Suppose now S = Spec R with R a complete discrete valuation ring with
positive residue characteristic and field of fraction K. A log 1-motive 2 over
R is a triple (Y, G, i) where Y and G are commutative group schemes over S
satisfying (i) and (ii) above and vk is a homomorphism vk : Y — G . In this
case 25 = i : Yk — Gk] is a K-1-motive.

Remark 1.5.2. The sort of semi-abelian S-schemes G that can give a term in a
1-motive over S have constant toric rank. In particular, in Situation if A
is the Néron model of an abelian K-variety Ax with bad reduction, then A is

not a term in any l-motive over Ok.

Remark 1.5.3. The definition of a log 1-motive does not involve any log schemes.
However, from such a thing it is possible to build a complex of logarithmic group
schemes defined over Spec R equipped with any fine saturated log structure by
taking a “logarithmic enhancement” of the semi-abelian scheme G. For more
on this, see [26] 1.4.

Ezample 1.5.4 (abelian varieties with good reduction). In Situation an
abelian variety Ax with good reduction gives rise to a 1-motive over Ok as
follows. Let A be the Néron model of Agx. Then the complex [0 — A] is a

1-motive over 0.

Ezample 1.5.5 (Tate 1-motive (cf [50], V §5)). In Situation an elliptic
curve Fx with bad semi-stable reduction gives rise to a log 1-motive over K as
follows. There is a unique ¢ € K* with |¢| < 1 such that the Tate curve E,
has j(Eq k) = j(Ek). This implies that E, z = Ex. With reference to any
Weierstrass equation describing Ef, one associates a class v € K*/K*? that
is independent of the chosen Weierstrass equation. One proves by calculations
with Weierstrass equations that v = 1 if and only if Ex has split reduction, and
that L := K (/) is unramified quadratic if Ex has non-split reduction.

Recall that, letting x be a coordinate on G, x and letting {e; : ¢ € Z} be
the standard basis in K%, any homomorphism Zy — G,, x is determined by
sending = to Y, v'e;, with v € K*. Then, if Z is a connected K-scheme, ¢4 x
gives the homomorphism Zg (Z) = Z — G,k (Z) = T(Z, 0}) sending 1 to q.

Suppose Ex has non-split reduction. It can be shown that there is an iso-

morphism Fx ~ F, k. In this case, we associate to Fg the log 1-motive
gk = Lx il G, K] (1.5.6)
where 14,k is the homomorphism of groups sending 1 to g. Then E%' can
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be recovered (up to isomorphism) as coker(.3"), where (3% is the induced
morphism on rigid analytic spaces. This is done explicitly, following Tate’s
pioneering work, in [50] Chapter V. There it is shown that, for u € K \ ¢%, the

series

si(q) =) na (1.5.7)

n>1 1- qn 7
o q"u
X (u,q) ~*%m —2s1(q) ( |
)2 1.5.8
Y(u,q) = Z (1(3 qn)u)S +s1(q)
nez

converge p-adically. It is proved in Theorem 3 of loc. cit. (leaving out details
relating to rigid analytic geometry) that the uniformization map is the one

induced by the I g-equivariant group homomorphism v, : G, g, (K) = E4(K)
given by

(X(u,9),Y (u,q)) uq”

u+— .
0] u € g%

(1.5.9)

The log 1-motive ¢, does not extend to a 1-motive over 0. If it did, there
would be an invertible global function »_,_, c;e; on Zg, mapping to >, de;
under base change to K. But the existence of such a function is equivalent to
invertibility of ¢ € Ok, which fails because |g| < 1 by assumption.

Suppose now that Ex has non-split reduction. Recall that L/K is the un-
ramified quadratic extension. It can be shown that E has split reduction. Let
Tk be the norm torus relative to the extension L/ K, i.e., Tk is the kernel of nat-
ural norm map Resz/x G, — G k. Since L/K is quadratic, Resy, kG 1
is two-dimensional, so the hypersurface T" in Resy kG, 1 is a non-split one-
dimensional torus. The log 1-motive ., 1, over L gives rise, by Galois descent,

to a log 1-motive [Yx — Tk], where Yk is a form of the constant group Zjp,.

Remark 1.5.10. The log 1-motives of Example have the property that the
rigid analytic cokernel is algebraizable to an elliptic curve over K. This, of
course, will not be the case for every log 1-motive; the trivial homomorphisms
0 — 0 and Zg — G, i give log 1-motives, as do the morphisms Zx — Gy,
given by sending 1 to an element of &. In order that a log 1-motive over K

2k = [Yx — Gk] have rigid analytic cokernel that algebraizes to an abelian K-
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variety, one needs to impose a p-adic analogue of the Riemann bilinear relations.
This is addressed by studying categories of degeneration data. For more on this

and on relevant history, see the introduction to [5].

Since the work of Faltings-Chai, much work around uniformization has been
phrased in terms of categories of “degenerations of abelian schemes” and cat-
egories of “degeneration data”. We define the simplest of two such categories
now. We note that DD’(R,I), to be defined next, is not defined in [35], but
that DD(R, I) as described below agrees with the definition 4.4.10 of [35].

Definition 1.5.11 (DEG(R, I) cf [35] 4.4.1; DD'(R, I)).

Let R be a Noetherian integral domain complete with respect to the I-adic
topology for some radical ideal I, let n € Spec R be the generic point, and let
Ry =R/I.

In this setting, define DEG(R, I) to be the category of semi-abelian R-schemes
G such that Gy, is an abelian variety and Gr, is an extension of an abelian Ry-
scheme by an Rg-torus.

Define also DD'(R,I) to be category consisting of pairs (G, 1) where G is a
semi-abelian R-scheme which is an extension of an abelian R-scheme B by an
R-torus T, and ¢ is a period homomorphism (in the sense of Definition
LY, = Gy

To study DEG(R,I) and DD'(R, ), one defines enrichments DEG. (R, I)
and DD, (R, I) of these categories, where x € {ample, pol, IS}. One then defines

DD(R, I) := essential image of the forgetful functor DDyo (R, 1) — DD'(R, I).

Using the auxiliary information in these enriched categories, one can define
functors M, : DD.(R,I) — DEG,(R,I) and F, : DEG.(R,I) — DD.(R,I).
The construction and study of these functors, and of their dependence on the
auxiliary data in the enriched categories, occupies a difficult part of the theory
of compactifications of integral models of Shimura varieties. Ultimately, one
has the following result which is the culmination of work of Tate, Raynaud,
Grothendieck, Mumford, and Faltings-Chai. As we mentioned above, this result
asserts that certain period relations (encoded in a degeneration datum) are
necessary and sufficient for rigid uniformization of an abelian K-variety by its
Raynaud extension. However, we do not make use of rigid analytic spaces. The

reader interested in this perspective should see [5].
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Proposition 1.5.12 ([35] 4.5.5.5 and [5] 6.17; [35] 4.5.5.3 ).
Let (R,I) be a pair as in Definition|1.5.11]

(i) There exist quasi-inverse equivalences
M(R,I):DD(R,I) — DEG(R,I)

and
F(R,I): DEG(R,I) — DD(R,I).

(it) Assume the pair (R,I) is (O, mg) as in Situation[0.1.4 Let Ax be an
abelian K -variety with semi-stable reduction. Let A be the Néron model
of Ax. Then A° is an object of DEG(Ok,mg). Then F(Ok,mg)(A°)
is a pair (ﬁ, Li), where A is the Raynaud extension attached to A and

g Y — ZK s a period homomorphism. There exists an isomorphism
A(K) ~ A(K)/uk (Y (K)). (1.5.13)

Since EK and Y both prolong over Ok, the degeneration datum (/T, LK)

is the same information as a log 1-motive

QK = [YK L—K> AK} (1514)

Remark 1.5.15. The construction F(R, I) proceeds by first constructing a func-
tor Fumple, then another functor F,o1. The functor F,. attaches a degeneration
datum (which includes, in particular, a period homomorphism) to a pair con-
sisting of an object G of DEG(R, I) and an invertible sheaf L with additional
structure. One then shows (cf [35] 4.5.5.1) that the period homomorphism is
independent of L.

We are interested in the torsion in the K-1-motives arising via Proposi-
tion [L5.12] We define this notion now.

Proposition 1.5.16 ([I], §1.3).

Let S be a scheme. Let # =[.:Y — G| be a I-motive over S. Each positive
integer n gives a morphism of complexes of S-groups [n] : M — M# which is
multiplication by n on each term. Let c(.# ,n) be the cone of this morphism, and
let #[n] = H ' (c(M n)). Then #|n] is a finite locally free S-group scheme.

Remark 1.5.17. Note that if 2 is a log 1-motive over a discrete valuation ring

R, then the above proposition does not give a group “2[n]” because the datum
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of 2 does not include a morphism of R-schemes. On the other hand, the generic

fiber 2k is a genuine 1-motive over K, so we do have finite K-groups 2 [n].

1.6 Log 1-motives over p-adic fields and Ray-

naud decomposition

In this section, adopt the notation of Situation Let n € Z>2 be a power
of a prime [ that may be equal to p. Suppose that R = K or R = O. Let
M =t :Y — G] be an R-1-motive. Recall that .# is a cochain complex
concentrated in degrees —1 and 0. Write .Z[1] for shift of the cochain complex
as in [51, Tag 011G]|, and write d_» and d_4;] for the differentials on .# and
M [1], respectively.

By definition, the cone ¢(.#,n) of multiplication by n on .# is the complex

d 0
Mo M=]Y D0 —GDY — 0D G] dC(//l,n):<//[ll[]1] ; )
n M

concentrated in degrees —2, —1 and 0 with differential d.(_4 ) acting on columns
of sections. These morphisms are described on local sections as follows. The
first morphism sends (y, 0) to (—¢(y), ny). The second morphism sends (g, y) to
(0,ng + t(y).) We therefore have that (in local sections)

{(9,9) eGOY : ng=—u(y)}
{(=uly),ny) : ye Y}

Consider the case where .# = 2k where 2k is as in Proposition [1.5.12
By ((1.5.13), we have that for any finite L/K

Mn) = (1.6.1)

Ak (L) ~ Ag(L)/1(Yi (L))
One has the following related result about the torsion in Ax (K).

Proposition 1.6.2 (Corollary of [I3] II1.7.3; cf [37] 1.2.2.1).

Assume the setting of Proposz'tion , so that Ak is an abelian variety
with semi-stable reduction and Lk = F(Ok,m)(A°) is the associated log 1-
motive over K. Then, for each n € Z>1, there is a canonical isomorphism of

finite K-groups
Agn] ~ 2kn]. (1.6.3)
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The isomorphism plays an important role in our study of 1-crystalline
I'-submodules of Ag[n]. It will allow us to realize Ax[n] as the torsion in a
log finite flat Ok-group, which amounts to giving a certain decomposition of
Ag[n] (or, more accurately, a decomposition of short exact sequence containing
Ag|n]) as the Baer sum. That decomposition ultimately arises from Raynaud

decomposition of 2, which we now describe.

Proposition 1.6.4 (Raynaud decomposition; special case of [47] 4.5.1).
Let 2 = [Yk RSy /IK} be as in (1.5.14)). Attached to our choice of uniformizer
w is a pair of homomorphisms vy ., V5 : Y — Ag such that, using addition

in the common target EK, we have
LKk = L}(yw + L%w. (1.6.5)

The homomorphisms L}<7w, 12, satisfy

;o
1 ~

(i) L}(,w is the generic fiber of an Ok -1-motive 2L :=[Y L= Al; and

(i) 1% o factors through the inclusion Tk — Ag.

In this setting, we will write 2k = 2L, , + 22 1 and say that Ly is the sum

of its Raynaud constituents.

Proposition is proved using the monodromy pairing, which we now
define. References for this construction are [47], Section 4.3 and [I3] Chapter
IT, Remark 6.3, where the pairing is called B.

Recall Proposition which says that the structure of A and AP as

semi-abelian O schemes is encoded in two homomorphisms

c:Y — B

P .vP — BP.

Recall also that the Poincaré torsor Pz on B X g, BP has the structure of a
G, o -biextension. The pullback (¢x cP)*Pg to Y X g, Y2 need not be trivial,
but it is trivial over Yx x x Y2, which is the disjoint union of copies of Spec K
(one for each T'kx-orbit of points of Y (K) x Y2(K)). By [35] 4.2.1.7, the
information of the morphism tx is equivalent to the information of a morphism
of K-schemes [

s Y x YE — (e x P)*Pp,

2This morphism is called 771 in [35].
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or, equivalently, of a section of the G, x-biextension
(excP )*Pg};l

on Y Xg YI? . Since T and TP are tori over Ok, they are iso-trivial (see
Remark. Hence we may choose finite unramified L/K inside of K to split
the tori Tx and TI? , or equivalently, so that Y and Y? become isomorphic to
Zy , (t =1k Tk ). Then the groups Yz x Y2 and (c x cD)*P§;1 carry actions
of Gal(L/K), and sk gives rise to a morphism sy, that is equivariant for these
actions. As in Example sy, is determined by a collection of elements
sr.(y,x) € L* indexed by (y,x) € Y (L) xx Y;2 (L) that satisfy

sp(v-y,7-x) = v-sL(Y, X)-

By (cf [35] 4.3.1.9), these elements also satisfy the relations

sp(yr +y2, x1 + x2) = sp. (Y1, x1)s2. (Y2, x1)sL. (Y1, X2)sL (Y2, X2) (1.6.6)

sp(=y:x) =sp(y, x) " = su(y. —x),

so that, using the valuation vz of Situation [0.1.2} we can define a bilinear map
by

{YK(L) xYg(L) — Z
HE -

(x) — vrlsoly, x)
Since sy, is I'g-equivariant, pz is I'k-equivariant.

Write {e,, : n € Z} (resp., {e, ® ey : (y,x) € Z' x Z'}) for the standard
idempotents of I'(Zg, , 0) (resp., of T'(Ys, X, Y2 ,0)). Use these symbols
for the standard idempotent functions on the generic fibers Z;, and Y, xp, YLD ,
as well. The bilinear map pz determines a unique morphism of affine group
schemes

ML:YL XLYIP —>ZL
which is determined on global sections by

LYy x,YP,0) — T(Zg,,0)
NﬁL : e, +— Z ey @ ey

(y:x)Eng (n)
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It is clear from the form of uuL that pr has a natural prolongation to a homo-

morphism of &p-groups
pe, Yo, X0, Y& — ZLg, . (1.6.7)

The morphism Ok — €, being finite étale since L/K is unramified, we are in
the situation Remark of Galois descent, where the Gal(L/K)-equivariant
morphism is the same as a morphism of schemes with descent data relative to
the covering Spec 01, — Spec Ok. By Remark the homomorphism pe,

descends uniquely to a morphism
p:Y xg, YP —Zp,. (1.6.8)

In fact, all of the diagrams exhibiting s, as a homomorphism of &r-groups

descend uniquely to diagrams of &k-schemes, so p is a morphism of &k -groups.

Definition 1.6.9 (monodromy pairing).
In Situation[0.1.3, let Ak be an abelian variety with semi-stable reduction, and
let 2k be the associated log 1-motive. The pairing (1.6.8) defined above is called

the monodromy pairing associated to Ag.

The pairing ux is the obstruction to trivializing (¢ x ¢P)* Pg; if u were equal
to zero, then all of the sz (y,x) € L* would have valuation zero, so s; would
prolong over Yy, Xg, Yﬁ% , and descent would give a prolongation of sx over
Yo, X6k Y@QK, hence a section of the G, ¢, -biextension (¢x c¢P)* Pg. Returning
to Proposition Raynaud decomposition with respect to the uniformizer @

arises from the identity

sp(y,x) = (se(y, )@ HEWX))ghrlvX),

We illustrate this in the example of the ¢-Tate log 1-motive.

Ezample 1.6.10. We describe Raynaud decomposition and the monodromy pair-

ing in the case of the ¢g-Tate log 1-motive
Tyie = [Zx 5 G k]

described in Example m Here, the Raynaud extension Eq of the Néron
model E, of E, i is simply the torus G, ¢,. Therefore, the abelian part of
Eq is the trivial Ok-group B = Spec 0. A trivialization si of the pullback
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of the G, g-torsor Pp i to Yi X Y[? = Zk Xk Zk is determined (via the
relations (|1.6.6))) by a single element sk (1,1) € K*. For the ¢-Tate curve, we
have sx(1,1) = ¢. The monodromy map g : Z x Z — Z sends (y,x) € Z x Z

to

rx (Y, X) = vg(sx (Y, X)) = vg(sx (1, 1)) = vE(¢”) = yxvr(q)-

To get the Raynaud decomposition, we write ¢ = uw” with u € 0 and v € Z>1.

This allows us to write

_ 1 2
%;K - %,K,w + %,K,w

with )
Tl =l "5 Grx] i go(1) =u
and ,
Tl = [l 5 G| 1) ="

To recap the present chapter: after uniformizing Ay by its Raynaud ex-
tension and choosing a uniformizer w of K, Raynaud decomposition gives an
Ox-1-motive 2L and another K-1-motive which is determined by the system
of elements pz(y, x) in a finite extension L/K indexed by the geometric points
of the character lattices of two Ok -tori. Our interest in this is that the torsion
Zp|T k]-module Ag[n] (n € Z>1) can be decomposed in terms of the finite flat
Ok-group 2% [n] and the reduction of piz mod n.

We end this chapter by establishing a new notational situation extending
that of Situation [0.1.2)

Situation 1.6.11.
For the convenience of the reader and to simplify certain statements later, we

establish a notational situation.
(i) All of the notation of Situation [0.1.9 is adopted;
(i) Ak is an abelian K variety;
(iii) A is the Néron model of Ak over Of;
(iv) @4, is the component group of A over Ok ;
(v) A° is the subgroup scheme of A consisting of Ak and A2;

If Ak is assumed to have semi-stable reduction, then we follow Proposi-
tion|1.4.1] in using the notation below.
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(vi) A is the Raynaud extension of Ax. It fits in a canonical short exact

sequence of commutative Ok -group schemes
0—T—A—B—0 (1.6.12)

where T is an Ok -torus and B is an abelian Ok -scheme;

(vit) AP s the Raynaud extension of AR. It fits in a canonical short ezact

sequence of commutative Ok -group schemes
0—TP — AP — BP —0 (1.6.13)

where TP is an O -torus and B is an abelian Ok -scheme.

(viii) Y is the character group of TP and Y is the character group of T}

(iz) via Proposition |1.4.11), the short exact sequences (1.6.12)) and (|1.6.13)

determine and are determined by two homomorphisms of Ok -groups

c:Y — B

P .vP — BP,

(x) Lk = F(Ok,mg)(A°) is the log 1-motive of Proposition|1.5.12;

(zi) 1Y xg, YP — Zg, is the monodromy pairing (see Definition .
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Chapter 2

Finite flat group schemes

and monodromy

In the chapter that follows this one, we record are result of Liu (Theorem [3.2.4)
that has the following consequence: if Ag is an abelian K-variety over a p-adic
field with bad reduction, then, for m sufficiently large, A [p™] is not the generic
fiber of a finite flat Ox-group scheme. There is, hope, however, to realize every
Ak [p™)] as the generic fiber of a log finite flat Ox-group in the case where Ax
has semi-stable reduction. This is the primary objective of this chapter.

The theory of log finite flat group schemes is, to a large extent, due to
Kato. Unfortunately, the foundational material on log finite flat group schemes
has not all been published, and since the aspects that have been published are
scattered, we take additional care with foundational issues. We say more about
the history of log finite flat &k -groups in the introduction to Section For
now, we mention that we introduce a category Extgn% , which is only slightly
more general than an analogous category introduced by Kato, and use this as
our category of log finite flat Ox-groups. We define a “generic fiber functor”
on this category and show that it is exact. Since our primary technical concern
is to remove the assumption ex < p — 1 that appears in Raynaud’s work, we
digress a bit to illustrate the effects of that assumption.

The proof that Ax[p™] is the torsion in a log finite flat Ok-group is not
original to our work, but is due to Bertapelle, Candilera and Cristante in [3]
(see Proposition . We introduce a modification of theor construction by

defining a monodromy homomorphism that will be called Np,m in order to pro-
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duce an object of Kato’s category ﬁn?;g. Most of our our original work in this

chapter is in checking certain compatibilities between objects of the category

Extgn% , and in and carefully defining the generic fiber functor on Extgn% and
K K

proving that it is exact.

Conventions

Throughout this chapter, we place ourselves in Situation We point out
here that many of our results have natural generalizations to discrete valuation
rings more general than O, and that statements hold for finite flat group
schemes and Z,[I' k]-modules of orders not just a power of p. The statements

for orders coprime to p tend to be easier to prove.

2.1 Categories of finite flat R-groups

Definition 2.1.1 (fin}).

Let R be a field or a complete discrete valuation ring. Let fin}, denote the
category of commutative Spec R-group schemes of p-power order that are finite
and flat over Spec R. We will call objects of this category “finite flat R-groups,”

suppressing mention of the commutativity and the assumption on the order.

Remark 2.1.2. In general, given any scheme S, one obtains a reasonable category
by letting fing be the category of S-group schemes that are finite and locally
free over S. Hence an S-group 7 : H — S is an object of fing if and only if 7.0y
is a quasi-coherent, finite locally free &s-module and H = Spec, (7.0 ). For
S = Spec R with R as in the definition, the local freeness is equivalent to being
without torsion, which is equivalent to flatness. We use the term “finite flat”

because this seems to be more common.

Definition 2.1.3 (FEtg; fin%®).

For any affine scheme Spec R, let FEtR denote the full subcategory of Schp
consisting of objects that are finite étale over Spec R. In the case where R is a
field or a complete discrete valuation ring, write ﬁn%’ét for the full subcategory

of fin¥, consisting of objects whose underlying scheme is in FEtx.

With R as in the above definition, the objects of fin’, that are étale over R
form a simple but very important class. We can study such objects using the

following result.
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Proposition 2.1.4 (See [51, Tag OBND]). (i) Let Spec R be a connected affine
scheme. Let T be a geometric point of Spec R, and let Fibz denote the natu-
ral functor taking an object Y — Spec R of FEtg to the finite 71 (Spec R, T)-
set |Y X x Z|, where | —| denotes the underlying set of the scheme. Then

Fibz is an equivalence of categories.

(ii) Let F be a perfect field , let F' be an algebraic closure, let F C F be
an embedding corresponding to a geometric point T : Spec ' — Spec F,
and let Up = Gal(F'/F) . Then there is a canonical isomorphism I'p —
m1(Spec F, &), and the fiber functor Fibs induces an equivalence of cate-
gories between the category of finite étale F-schemes and the category of
finite abelian groups with an action of I' g that is continuous for the discrete

topology.

(iii) Every object of fink, is étale since K has characteristic zero. Therefore we

have an equivalence of categories between finhy. and Repyy,(T'k)

Remark 2.1.5. For F' = K or &, Propositionshows that ﬁn’}’ét inherits the
structure of an abelian category from the category Rep,.,.(I'r). We will freely
identify objects of ﬁn’;ét with their corresponding I' m-modules. For example, we
will often conflate the difference between an object Hy of fin}, and the group

Hg (K) equipped with its 'k action.

The ring O is Henselian, so one has the following result.

Proposition 2.1.6 (Special case of |[51, Tag 0A48]).
The functor FEtﬁK — FEt, induced by base change is an equivalence of cate-
gories. By Proposition FEtﬁK is therefore equivalent Repyo,s(I'x)-

The objects of fin, that admit models over Ok form a small but important

class. We introduce the following standard term.

Definition 2.1.7 (prolongation).
A prolongation of an object V of fin, is an object H of ﬁn%K such that there

exists an isomorphism Hy =~V of objects of fink,.

As we will see below in Example 2:2.4] it may happen even in simple sit-
uations that a finite K-group admits non-isomorphic prolongations. We will
see in that example, and in Proposition that this complication is related
to ramification of K/Q,. Before addressing these more subtle issues, we first

describe the simpler situation of finite K-groups with unramified generic fiber.
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Ezample 2.1.8. Suppose that Hy is an object of fin}, such that Hy(K) is un-
ramified as a Z,[I' k]-module. We claim that Hyx admits an étale prolongation.

By assumption, Hx (K) is a finite abelian group with a continuous action of
I',. Via Proposition[2.1.6] then, H uniquely determines a finite étale &'x-group
J with J(%) isomorphic to H(K) as I';-modules. There is a finite unramified
L/K such that Jg, is a finite constant &'-group. This field therefore satisfies

J(L) = J(K) and J(k1) = J(R), where k[, is the residue field of L. Since Jg, is

constant, specialization gives a canonical isomorphism of finite abelian groups
sp:J(L) = J(kL).

If we show that the map sp is I'k-equivariant, where J(ky) is given an action
of ' via the map 'k — 'y, then we have shown that J is a prolongation of
Hy, since J(k) ~ H(K). But the action of I'x on L preserves &y, and is even
determined by its restriction to &, so o € 'k determines and is determined by
an automorphism of J(&',), which determines an automorphism of J(kz). By
the fully faithfulness assertion of Proposition [2.1.6] along with Proposition [2.1.4]
for the field £, an automorphism of J(kr) is the same an automorphism of the
finite étale Op-group J. This shows that sp is an isomorphism. This has also

shown that if H is an object of ﬁn%lit then Hg is unramified.

Ezample 2.1.9. Let n € Z>1 and write [n] for the multiplication-by-n endomor-
phism on any object of CGpy, .

Let X be a finitely generated abelian group, and let X4, denote the con-
stant Ok-group. The group X/nX gives a constant Ok-group (X/nX)eg, . It
can be shown that (X/nX)g, is the cokernel of [n] on Xg,. The Ok-group
(X/nX) g, , which we will sometimes denote by X/nXg, , is finite étale.

More generally, let Y be any twisted constant Ok-group, and let S’ —
Spec Ok be a finite étale cover such that Yg: is constant. Then the cokernel
of [n] on Y is Ys//nYs,. This descends uniquely to an &k-scheme Y/nY. To
check that Y/nY is, in fact, the cokernel of [n] on Y, one checks that certain
diagrams in CGpg, commute. But these diagrams give diagrams in CGpg,
involving Yg/ /nYs . Since Ys//nYs: is the cokernel of [n] on Y/, these diagrams,
commute. By uniqueness of descent of these diagrams, Y/nY is the cokernel of
[n] on Y.

Ezample 2.1.10. Let H be an Ok-group of multiplicative type (for instance, H
could be a torus), and let n € Z>5 be a power of p. Then the n-torsion H|[n| is
an object of ﬁn%K which is multiplicative, hence connected by Remark
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Ezxample 2.1.11. Let G be a Yoneda extension of an abelian &k-scheme by an
Ok-torus T. Let n € Z>5 be a power of p. Then ([21], Example III 6.4) G[n] is
a finite flat Ok -group.

Remark 2.1.12. Let Ag be an abelian K-variety with semi-stable reduction,
and let A be the Néron model. Let n € Z>5 be a power of p. One knows
Proposition [1.3.16] that the semi-abelian @x-scheme A° has quasi-finite and flat
n-torsion A°[n| over Ok, but it may be that A°[n] is not finite over k. By
Example 2.1.17] this can only happen if the toric rank of A° is non-constant.

Quasi-finite flat but non-finite &k -groups arise naturally from torsion in
Néron models of abelian varieties. For the study of such groups, the following

definition is useful.

Definition 2.1.13 (finite part).

Let R be a henselian discrete valuation ring. For any quasi-finite flat R-group
H, define the finite part Hf of H to be the largest finite flat O -subgroup of
H.

Remark 2.1.14. Existence of H/ is given in [19], 2.2.3 (but see also [51, Tag
04GG], part (13)). In fact, one defines H/ canonically as the locus where
H — Spec R is finite. With our assumptions, a morphism is finite if and only if
it is quasi-finite and proper. By the valuative criterion for properness, H/ is the
union in H of H, and the open subset of Hg consisting of those points of that
specialize into H,.. The fact that H7 is a subgroup follows from functoriality of

formation of H.

Remark 2.1.15. Let A be as in Situation so that A is the Néron model
of its generic fiber. Let n € Z>y. In general the Ok-group A[n] of n-torsion
need not be quasi-finite or flat (see Proposition . If A° is semi-abelian,
then both A°[n] and A[n] are quasi-finite and flat over Ok, so we can form
A[n])? and A°[n]f. As we saw above, formation of the finite part amounts to
discarding points of the generic fiber, so in the case where A°[n] is quasi-finite

but non-finite, we have proper K-subgroups
A°[n]d. C Aln)l. c Aln]kx = Ax[n).

Note that every quasi-finite K-group is necessarily finite flat, so that there is
no useful notion of a maximal finite flat subgroup of such a thing. Therefore,

writing A°[n]d. for (A4°[n)f)x should cause no confusion.
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By Theorem [3.2.11] our study in Chapter [3] and Chapter [4 of the functor
Crys; on torsion in semi-stable abelian K-varieties is the same as the study
of Z,[I'k]-submodules arising as generic fibers of finite flat &k -groups. Néron
models of abelian K-varieties with semi-stable reduction have quasi-finite tor-
sion, and thus we could hope to phrase all of our work in terms of maximal finite
flat Ok-subgroups; indeed, this is the perspective taken in the work Marshall
and Kim-Marshall. Their work borrows an idea from the proof of Lemma 6.2
of Ribet’s paper [48], which is phrased in terms of finite parts. The connection

with our work is via the following result.

Proposition 2.1.16 ([35] 3.4.2.1).
Let Ak be a semi-stable abelian K -variety. Let n € Z>o be a power of p. The

Raynaud extension A satisfies

Aln] ~ A°[n)/. (2.1.17)

2.2 Exactness in fin},
K

Still in Situation passing to generic fibers defines an exact functor fin, —
finh.. This functor is very far from being essentially surjective. It is also, in gen-
eral, not fully faithful. As we have seen in Remark [2.1.5] fin}. has the structure
of an abelian category. The following result shows that ﬁn%K sometimes inherits

this structure when the ramification index ex of K/Q, is small.

Proposition 2.2.1 ([46] 3.3.3 and 3.3.6).

Suppose ex < p — 1. Then every finite torsion Z,[I'k]-module arises as the
generic fiber of at most one finite flat Ok -group, up to isomorphism. Let G, H
be finite flat Ok -groups.

(i) Every morphism Gk — Hg prolongs uniquely to a morphism = : G — H.
Said differently, the generic fiber functor ﬁn%K — finf is fully faithful.

(i) The kernel and cokernel of m formed in the category of group schemes over
Ok are finite flat over Ok .

(iii) The category of finite flat Ok -groups is an abelian category.

Ezample 2.2.2. We saw in Example m that an object Jx of finf. which is
unramified as a Z,[I'x]-module admits an étale prolongation J over Ox. Under

the hypothesis ex < p — 1, this is the only prolongation of Jx. We see that,

45



when e < p — 1, a finite flat group scheme J is étale if and only if Jx is
unramified. This statement is equivalent to the statement that, for H an object
of finf, and H® is defined as in Proposition [2.2.14, (H*")k is the maximal

unramified quotient of Hg.

We illustrate the nature of the ramification assumption in Raynaud’s result
Proposition by giving a detailed example. For this we recall a criterion of

Grothendieck for existence of certain quotients.

Proposition 2.2.3 (Special case of [51, Tag 03BM]; see also |[51, Tag 03LK]).
Let H = Spec A be an object of fin}, —and let H'" = Spec A" be a closed O-
subgroup. Then the quotient H/H' in Shay(Sche, fppt) is representable by an
object of ﬁn%K. The representing object has the form Spec C, where C is the
equalizer of the two morphisms A — A’ X g, A corresponding (by taking global
sections) to pry and the morphism H' x g, H — H giving the action of H' on
H. The natural quotient morphism H — H/H' is faithfully flat.

Ezample 2.2.4. Let K = Q,(¢) with ¢ a primitive p-th root of unity (e.g., we
could take K = Q2). Then Ok = Z,[¢] and w = 1 — ( is a uniformizer of Of.

Since K contains a p-th root of 1, K[t]/(t* —1)K[t] ~ Hf;ol K as K-algebras.
Hence pp i is (equivalent to) a free K-vector space of dimension p. Every
geometric point of y, i is defined over K, so the action of I'x on p,, i is trivial.
We see that pp i is isomorphic to Z/pZy. By comparing special fibers we see
immediately that p, g, and Z/pZe, are not isomorphic. We conclude that the
uniqueness of prolongations asserted in Proposition can fail without the
ramification assumption.

Let m: Z/pZey, — pip,6, be the morphism determined on global sections by

ﬁK[t]/(tp—l)ﬁK[t] — H ﬁK
R ©€L/pL (2.2.5)
t — (1,¢,...,CP7h.

This gives a homomorphism of group schemes which is clearly trivial on special
fibers and is injective on generic fibers. The kernel in Ok-groups, then, is not
finite flat, since its rank is not locally constant. More precisely, let J be the
kernel of 7 formed in the category of affine &k-groups. Then J is represented
by the ring

A= H O Qpi . Ok,
T€L/PL
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where the tensor product is taken over O [t]/(t? — 1)Ok with respect to 7 and

the counit ¢ of p, ¢, , which sends ¢ to 1. Hence we have

A~ H Ox/(0,1=¢,...,1—¢"7h)

T€ZL/PL

Of course, each 1 — (* is also a uniformizer of O, so we see that
(0,1 —¢,...,1 =1 =w(0,1,ug, ..., up_1)

for us,...,up—1 € O). Hence we see that A has torsion as an Ox-module,
which is to say that A is not flat over k. Hence J is not an object of ﬁn%K.

As a replacement, it is natural to consider the maximal torsion-free quotient
of A. From our above work, we see that the closed scheme J' = Spec(A/ tors)
of J is simply the trivial subgroup Spec O C J. We claim that J’ is a kernel
in ﬁn%K. Indeed, suppose that ¢ : H — Z/pZe,. has the property that wo :
H — Z/pZe, — pp is zero. Then ¢ factors through J — Z/pZe, . Suppose
H = Spec A, so that m : H — J is equivalent to a morphism 7% : A — A’. Since
H is finite flat, A’ is torsion-free over Oy, so 7 factors through A/ tors. This
shows that ¢ factors through J', so that J' is a kernel in fin}, . Noting that
the torsion in A is exactly the kernel of the morphism Jx < J, we see that J’
is the scheme-theoretic closure of Jg in J.

We now construct a cokernel of w. We would like to construct the quotient
of pp e, under the action of Z/pZp, via . Let a be the morphism

mult

idx
a:pip X oy LIplo — lp,ox X 6k Hp,0xc — Hp,6x
which, on global sections, is the morphism of &k-algebras
ot
Oklt]/(t" = 1)Ok[t] = Ok[t]/(t" - 1)Ok[t) @0, [ Ok
T €L/PL
t — t®(1,¢,..., P,

Write pr; for the projection onto the first factor of u, X g, Z/pZes, , which on
global sections is determined by ¢ — t® 1. By Proposition the quotient of
the action a is represented by the fiber product of rings (see Proposition [2.2.3))

B={f € ox[t]/(t = 1)Ok[t] : a*(f) = pri(f)}.
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Considering the natural basis of Ok [t]/(t* — 1)Ok[t] @6y [1,ez/7 O as a free
Ox-module, we see that B is simply Ok C Ok|[t]/(t? — 1)Ok|t]. We conclude
that the cokernel of 7 in affine Ok-groups is the trivial group. Since this is
finite flat, this is a cokernel in ﬁn%K, so we need not worry about killing torsion
as we did when forming the kernel of .

The image of 7 is defined to be kernel of the natural morphism pp g, —
coker(r), which is of course all of y, ¢,. The coimage of 7 is the cokernel of
J' = Z/pZg, , which is all of Z/pZes, . Hence we see that the coimage of 7 is
not isomorphic to the image of w. It is an axiom of abelian categories that the
natural map from the coimage of 7 to the image of 7 is an isomorphism, so we

conclude that ﬁn%,K is not an abelian category.

To be clear, Example shows that ﬁn%K is not, in general, abelian,
but it leaves open the possibility that kernels and cokernels (at least of certain
morphisms) exist, and illustrates issues that arise in their construction. We
address this construction now.

There are two approaches to the construction of kernels and cokernels in
ﬁn%K. One approach is to show that there is a fully faithful embedding of
ﬁn%K into the abelian category Shap(Schey fppr) and show that the essential
image of this embedding is stable under formation of kernels and cokernels in
Shab(Schey mppt). On the other hand, following heuristics illustrated in Exam-
ple one can simply form kernels and cokernels in the category of affine
O'k-groups and then kill the torsion global sections to get group schemes flat
over Ok. We follow the first approach. We give Quillen’s original definition of

exact categories, taken from [44].

Definition 2.2.6 (exact category; exactness structure; admissible monomor-
phism; admissible epimorphism; exact functor).

An exact category is an additive category € equipped with a set E(€) (an
exactness structure) of three-term cochain complexes placed in degrees —1, 0
and 1, called short exact sequences, satisfying the conditions (a)-(c) below.

Given E(%), one has two distinguished classes of morphisms of objects of €

(i) A morphism d° : C—1 — C° of objects of € is an admissible monomor-

phism if there exists a sequence of the form [C~! di C° -l in B(¥).

(ii) A morphism d' : C° — C' of objects of ¢ is an admissible epimor-
1
phism if there exists a sequence of the form [n~1 — C° 4 Cll in E(%).

The objects of E(€) are required to satisfy the following conditions.
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(a)

(b)

(c)

Any three-term cochain complex of objects of € placed in degrees —1, 0 and
1, that is isomorphic to a sequence in E(€) is itself in E(€). If =1 and

n' are objects of €, then any sequence of the form

a0
! (1—0>)77 L pt P30

is in E(€). For any diagram in E(€) of the form

1
-1 0 d_) nl]

dO
n*=mn"—n

d' is a cokernel for d° in € and d° is a kernel for d* in €.

A composition of admissible monomorphisms (resp., epimorphisms) is an
admissible monomorphism (resp., epimorphism). The pushout (resp., pull-
back) of an admissible monomorphism (resp., epimorphism) is an admissible

monomorphism (resp., epimorphism,).

Let d° : C~' = C° be a morphism in € possessing a cokernel in €. If there
exists a morphism d' : C° — C'"° such that the composition d' o d® : C~1 —
C° is an admissible monomorphism, then d° is an admissible monomor-
phism. Dually, let d* : CO — C' be a morphism in € possessing a kernel
in €. If there exists a morphism d' : C'° — C° such that the composition
d*od : C" — OV is an admissible epimorphism, then d* is an admissible

epimorphism.

Let (61, E(61)) and (62, E(63)) be two exact categories. An exact functor

F

(%1, E(1)) — (62, E(%2)) is an additive functor F : €1 — %2 sending

sequences in E(61) to sequences in E(%2).

Ezxample 2.2.7. An abelian category has a canonical exactness structure, the one

in which every monomorphism (resp., epimorphism) is an admissible monomor-

phism (resp., admissible epimorphism). We will always tacitly equip any abelian

category with this exactness structure.

Lemma 2.2.8 ([44], §2).
Let o' be a full subcategory of an abelian category <, and write E(<f) for the

canonical set of short exact sequences in <. Let

B :={n*cB(): ntn'c'}.
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If &’ is closed under Yoneda extensions in the sense that n° € &/’ for every
n® € E(&"), then (o', E(")) is an ezact category.

It turns out that every monomorphism of the category ﬁn%K can be put into

a short exact sequence of objects of fin¥, .
K

Proposition 2.2.9 (Corollary of Proposition since ™1 /O is affine).
Let [n=' — n — n'] be a short exact sequence of objects of Shan(Schay fopf)-

1

Suppose that n~' and n' are representable by objects of ﬁnf,jk. Then n is repre-

sentable by an object of ﬁn%K. Therefore, the functor
h: ﬁn%K — ShAb(SCh(jK7fppf)

realizes ﬁn%K as an exact subcategory of the abelian category Shap(Schey mpr)-

Proposition 2.2.10.

The category ﬁn%,K is exact. Its short exact sequences are of the form
0—>77_1—i>770l>771—>0

with i a closed immersion and 7 faithfully flat.

Proof. Exactness of ﬁn%K follows from combining Lemma and Proposi-
tion m The exactness structure E (ﬁn%,K) consists of all possible Yoneda
extensions of objects of ﬁn%,K, which are formed in Shay(Schey spp) and turn
out to be in finj, by Proposition m

By definition, the inclusion of an @k-subgroup i : n~! — 7" into another is a
monomorphism of fppf sheaves. Since finite Ok -schemes are separated, [51, Tag
035D] shows that ¢ is finite. Since 7 is a monomorphism, [51, Tag 03BB] shows
that 7 is a closed immersion. Conversely, if 4 is a closed immersion, then i is a
monomorphism by |51, Tag 01L1]. This shows that whenever we have a short
exact sequence of objects [~ — n° — n'] of ﬁn%,K7 the morphism n~! — n° is
a closed immersion. By Proposition n° — n! is faithfully flat. O

Example 2.2.11. Suppose G is a semi-abelian Ok-scheme that sits in a short
exact sequence
0—T —G—B—0

where T' is an Ok-torus and B is an abelian Ok-scheme. It can be shown ([21]
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Example III 6.4) there is a short exact sequence in ﬁn%K
0 — T[n] — G[n] — Bln] — 0,

and that, in fact, the G[n] fit into a p-divisible group. Note that this is not true
for a general semi-abelian @k-scheme, since the torsion G[n] is not in general
an object of fin; .
Since the Gn| fit into a p-divisible group G[p™], we may define the Tate
module by
T,Gx = T,(Gp™)).

In the case where G is the Raynaud extension G = A attached to a K -variety
with semi-stable reduction, we have the Tate module TPZK. This will play an

important role in Chapter [4]

Ezample 2.2.12. Suppose R = K or R = Ok and that we have an R-1-motive
2=[:Y — G]. Let n € Z>2 be a power of p. Recall (1.6.1)), which says that

A [n], regarded as a sheaf on (Schg)ppe, is described in local sections by

{(99) eGaY : ng=—u(y)}
{(=ely),ny) : y€ Y}

A n] =

Write [g, y] for the class of a pair (g,y) of local sections of G @Y in the group
A [n]. There are homomorphisms of R-groups described in local sections by
. {G ] —  An]
i:
g +— [9,0]

and

{///[n] —  Y/nY
e .
lg.y] — ¥
To see that 7 is well-defined, note that 7([—¢(y),ny]) = 7y = 0 in Y/nY. The
morphism ¢ is injective, and ker # = im 4 as morphisms on local sections, hence

as morphisms of sheaves. By divisibility of semi-abelian R-schemes ([6], page

180), = is surjective. Hence we have a short exact sequence

n(A,n) 0 Gln] —— A[n] —=— Y/nY —— 0. (2.2.13)
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Aside from the short exact sequences of the form (2.2.13f), the short exact
sequences of finite flat R-groups of greatest interest to us are those described

by the following proposition

Proposition 2.2.14 (connected-étale sequences; see [21], IT 3.2 ).
Let H be an object of ﬁn%K. Then the connected component H® through which
the identity section factors is an open subgroup. The quotient H®* := H/H® is

the mazimal étale quotient of H. The canonical short exact sequence

cé(H) : 0 H° H He 0

18 functorial in H.

Remark 2.2.15. Let H be an object of fin};, . We define
HY = (H®)g and HE := (H®) .

Ezxample 2.2.16. Continue the notation of Example Though Y/nY is
étale, the sequence 7(.#,n) need not be the connected-étale sequence of .#[n].
For instance, in the extreme case of Example[I.5.4] we have G = 4, i.e. G is the
Néron model of Ag, and and Y = 0. Let us work out the relationship between
n(A,n) and cé(A[n]).

Since Y/nY is étale, the morphism .#[n|° — .#[n] factors through G[n],
hence through G[n]° since .#[n]° is connected. Since G[n]° — G[n] — 4 [n]
factors through .#[n]°, we see that

We obtain a diagram

0 —— A[n]° =Gn]° —— Mn]| —— H[n]* —— 0

|

~

|
Mn| —— Y/nY —— 0

o
)
=

where the dashed map is induced via the fact that .#[n]* is the maximal étale
quotient of .#[n]. By the snake lemma in the abelian category Shap(Schg fppf),

the kernel of this morphism is G[n]®, giving a short exact sequence
0 — Gn]* — A[n]* — Y/nY — 0. (2.2.17)
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We will need a few different duality theories for (certain) objects of fin}, .

Proposition 2.2.18 (Cartier duality [21] IT 1.4).
Let H be an object of finl), . Let

H* := Hom(H, G,,).

Then H — H* is an exact functor from the category ﬁn%K to itself which is self

quasi-inverse.

Ezample 2.2.19. Let n € Z>2 be a power of p. The Cartier dual of the con-
stant group Z/nZe, i pn,ox, @ group of multiplicative type in the sense of
Definition In general, Cartier duality agrees with the duality functor X*
of Proposition [[:2.3| when X* is restricted to torsion objects.

Ezxample 2.2.20. Let E be an elliptic curve over Ok with ordinary reduction.

Let n € Z>2 be an power of p. The torsion E[n] lies in a short exact sequence
0 — tn,ox — En]| — Z/nZs, — 0.

Cartier duality being an exact contravariant functor, Example [2.2.19|shows that

we have a short exact sequence
0 — tn.6x — En|* — Z/nZes, — 0.

In fact, E[n]* = EP[n].

Remark 2.2.21. Let H be an object of ﬁn%K of multiplicative type. We claim
that H is connected. This can be checked after a finite (unramified) extension
L/K such that H &, 1s constant. We may, therefore, assume H &, has the form
Hfil Z/p*Zeg,., so that H = H** has the form Hfil Upsi 6 - The claim is

clear from the fact that every p,s s, is connected.

Definition 2.2.22 (Pontryagin duality).
Let J be an object of ﬁnéng. Define J to be the object of ﬁn‘fﬂfk such that

(JA)R = (JH)Av

where (J,)" 1s the finite abelian group Hom(J.,Q/Z) equipped with the action

93



of m1(Spec Ok, 3) defined by

T (Spec Ok, 5) x (J5)  —  (Js)"

(1) — (@l ()

Then J — J" is an exact functor from the category ﬁn%tK to itself which is self

quasi-inverse.

The image of the restriction of the Cartier duality functor to ﬁnéﬁEK is defined
to be the “groups of multiplicative type”. Such groups arise naturally, e.g.,
the torsion in any torus is of multiplicative type. To study such groups, is it
helpful to introduce a covariant surrogate for Cartier duality. We obtain such
a duality between étale and multiplicative-type objects of ﬁn%K by composing

with Pontryagin duality.

Proposition 2.2.23 (Tate twisting).
Let R = Ok or K. Let H be an object of fin, and suppose that n is a power of
p such that nH = 0.

(i) Suppose H is étale. Define
H(1):= (H")*.

Then H(1) is a multiplicative-type object of ﬁn%K and there is a canonical

isomorphism of sheaves of Z/nZgr-modules on Shay, ((Schr)ippr)

H(1) = H® . (2.2.24)

(i1) Suppose H is multiplicative. Define
H(-1):= (H")".

Then H(—1) is an étale object of ﬁn%K and there is a canonical isomor-

phism of sheaves of Z/nZg-modules on Shap((Schr)gppr)

H(~1) = Hom(yun, H). (2.2.25)

Proof. Given (12.2.24)) and (2.2.25)), the claims that H(1) and H(—1) are objects
of ﬁn%K (in particular, representability of the sheaves H ® u,, and Hom(p.,, H))

o4



follows from the fact that Cartier duality and Pontryagin duality (when it is
defined) each produce objects of ﬁn%,K. The claimed isomorphisms are formal.

When H is étale, we have
H® pin,r = (H")" @ pin,r = Hom(H", iy, g) = (H")* = H(1),
which gives . When H is multiplicative, using Cartier duality,
Hom(pin g, H) = Hom(H", Z/nZg) = (H*)" = H(-1),

which gives (2.2.25)). O

Remark 2.2.26. If R = K, then the assumptions in the above proposition are
always satisfied; H is always étale, hence H is also multiplicative, being the dual
of the étale group H*. In that case, one can always define H(i) := H ® ,u%fK
for all ¢ € Z. In the case R = O, the sheaf H ® u%”"ﬁK may not representable
by a finite flat Ok-group.

2.3 Component groups and monodromy

Let n € Z>5 be a power of p. In Situation|I.6.11} recall that we have a morphism
p:Y xe. YP — Zp, .

Let YV := Hom(YP,Zg, ). This is a twisted constant &-group. We define

a homomorphism
py Y — YPV (2.3.1)

on local sections by pu(z) : x — p(z,x). Twisting gives a homomorphism of

finite Ok -groups of multiplicative type
Y/nY (1) — Y2V /ny PV (1). (2.3.2)

Recall that, in Situation|1.6.11] Y is defined so that the torus T in A has the

form T' = Hom(Y?,G,,). Using the isomorphism of abelian sheaves

T =Hom(Y",Z2)®G,, =Y"V &G,,
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and writing T[n] = ker(Y?V ® G,, = YPV ® G,,), we see that
YV Iy PV 1) =Y PV Y PV @ pp, ~ YV @, = Tn). (2.3.3)

Composing (2.3.2]) and the identification (2.3.3) with the canonical closed im-
mersion T'[n] — A[n] gives a homomorphism.

vn 0 Y/nY (1) — Aln). (2.3.4)

Remark 2.3.5. Let m € Z>1. It is immediate from the definition of the v,m (see
(2.3.2)) that the vpm are compatible in m in the sense that the diagram

Vpm+1
—_—

Y/pnz+1Y Av[pm+1]

! !

Y/pmY — s Apm]

where the vertical morphisms are the canonical surjections, commutes.

Ezample 2.3.6. In the example of the g-Tate log 1-motive .7, gk, where Y = Zg,,
the monodromy homomorphism is a map p : Zg, Xex Loy — Lo, We saw
in Example [I.6.10] that this is determined by the bilinear map pux : Z X Z — Z
given by

1y, x) = yxvk(q)-

In this example, the morphism py arises from the morphisms
Hny modn : Z/nZﬁK — (Hom(Z@K,ZﬁK))/n(Hom(ZﬁK, ZﬁK))

of constant groups given by y — (x — yxvk(q)). After identifying the k-
groups Hom(Zg,., Z¢,. ) /nHom(Z g, , Z s, ) and Z/nZe,. , the morphism py modn
is simply multiplication by vk (g). It follows that the the level-n monodromy

homomorphism
Vot pin = Z/nZ(1) — Eyln] = G o [] = jin,

is the vk (¢)-th power map.
The following result is needed for the proof of Theorem
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Proposition 2.3.7.

There is a canonical isomorphism
ker v, (—1) =~ @4, [n].

Proof. Since Tate twisting is exact, any morphism ¢ of groups of multiplica-
tive type satisfies (ker ¢)(—1) = ker(¢(—1)). Since v, factors through the torus
T C A, we write ker v, (—1) = (kerv,)(—1) without risk of confusion. By [I3]
Corollary 8.2, ®4, =~ cokerpy, where py : Y — YPV is the morphism of
(2.3.1). By Proposition and Proposition [1.1.2] (iv), py is determined by
the T k-equivariant homomorphism of abelian groups uy : Y (K) — Y2V(K).
The groups Yx (K),Y2V(K) are free of rank tk T = rkT”. Since the homo-
morphism py : Y (K) — Y2V(K) has finite cokernel ® 4, (K), it is is injec-
tive, and it becomes an isomorphism after inverting N := #® 4, (K). There-
fore, puy gives rise to a surjection (1/N)Y (K) — YPV(K). Post-composing
with the quotient map YPV(K) — YPV(K)/NYPV(K), we obtain a surjection
py.n(=1) : (1/N)Y(K)/Y(K) — YPV(K)/NYPV(K). Consider the diagram

of ' k-equivariant homomorphisms of abelian groups

Vi (K) —— £Vie(K) —— LYi(K)/Yic(K) —— 0

J{uy J{N;J,y J{#Y,N(*l)

0 —— YV(K) —— YRV(E) — YV(E)/NYRY(K)
As noted above, the vertical map py is injective with cokernel ® 4, (K), hence
also that the vertical map Npuy also is injective with cokernel ® 4, (K). The

snake lemma gives an exact sequence

0— 0 — ker iy n(—1) — 4, (K) 25 D4, (K) — 0.

Since N is the order of ®4, (K), the map N in this sequence is 0. Hence we
have that ker uy ny(—1) = @4, (K). The proposition follows upon passing to
the n-torsion subgroups. Specifically, restricting py,n(—1) to Vg (K)/ Yk (K),
we obtain a morphism whose image is killed by n. This induces a morphism
(1/n)Y/Y — YPV/nY PV, Unwinding the definitions, and making the identifi-
cation (1/n)Y/Y =Y/nY, we see that this is exactly the morphism v, (—1). O

Ezample 2.3.8. Tt is well known (see [6], page 26) that the Néron component
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group of the Tate curve Ey i is cyclic of order vx(g). We have, therefore that
®p, . [p*] = @EqYK[pUp(UK(Q))] — Z/pvp(UK(Q))ZﬁK’

where v,(vk(g)) is the p-adic valuation of the integer vk (¢). We saw in Ex-
ample that the morphism v, attached to E, i (via J; i) is the vi(g)-th
power map on fi,,. This morphism kills sections of j, of order pU»(*x(2) We
see that

Hn if n S pvP(UK(Q))
kerv,, = )
Popop (v (@) otherwise
hence that
Z/nZ if p < pvr(vi()
kerv,(—1) = [nko =P .

Z/p'up(’UK(Q))ZﬁK otherwise

This has verified explicitly that Proposition holds for Tate curves.

2.4 Finite flat Ox-groups with monodromy

Throughout this section, adopt the notation of Situation [[.6.11} so that, in
particular, K is an extension of Q, and Ak is an abelian K-variety.
Recall (Proposition [2.2.14]) that a finite flat Ox-group H has an associated

connected-étale sequence
0— H°— H— H* —0.

The generic fiber functor fin};, ~— finf is exact, but its essential image (which
we will see in Chapter [3|is equivalent to a category called Rep:“¥(I'x)) is not
closed under extensions. Given objects Hj., Hy, in the essential image and an
extension V' of H}; by Hj, it is natural to wonder whether one can construct
an object H (in some appropriate category) out of H' and H” from which V
can be recovered. It turns out that for some such V, we can write V' as the
generic fiber of a log finite flat &k -group.

A log structure on a scheme is an additional structure to which one can
attach a sheaf of differentials “with logarithmic poles”. Such structures were
used under a different guise at least as early as Deligne’s 1974 work [I1]. On

the other hand, log structures provide a natural setting for toric geometry.
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Though it is useful in a variety of contexts, it seems that the formalism
of log structures was first developed with applications to arithmetic in mind.
According to [24], log structures were first introduced in a 1988 THES seminar
lead by Fontaine during which Hyodo’s paper [23] on p-adic étale cohomology
of semi-stable varieties was discussed. Following the seminar, a large body
of foundational work was produced by Kato ([30], [28], [29], [27]). Some of
these pre-prints remain unpublished, but many of the results in them have been
published by others on an as-needed basis. An exposition of the theory was given
by Illusie in [24], but detailed proofs were not provided. Keerthi Madapusi-Pera
has written a detailed account [38] of Kato’s work that relies on published
sources (notably [42]), but this document also is unpublished. Recently, [26]
developed the theory of weak log abelian varieties over arbitrary fs log schemes
S. They show that the torsion in such a thing is representable by an fs log
scheme which is finite over the underlying scheme of S and representable by a
log finite flat S-group. Moreover, locally in the Kummer log flat topology on S,
this representing object has the induced log structure. It seems that we could
have used this result in the present work, but we are content to work with log
1-motives and use the older results of [3].

We will work with a category of pairs ﬁn%liv consisting of an object of ﬁn%K
and a monodromy morphism (to be defined below). Kato’s unpublished works
show that ﬁn%’,g is equivalent to a category lfing, of log schemes, but we will
not make use of this equivalence. Rather, we will refer to objects of ﬁn’gljj as
log finite flat group schemes, and define a functor on this category which we
will regard as producing the “generic fiber” of an object of ﬁn%j. From this
perspective, we can still use the result Proposition of [3], whose proof takes
place in a category Extgn% (H", H'") which we will describe below.

Recall that we saw in Proposition m that the exact category ﬁn%K is an
exact subcategory of the abelian category Shap(Sche, fppr). The essential image
of the generic fiber functor finj;, — finf is, however, not an exact subcategory
of fink, as we will see in Remark We now enlarge ﬁn%K and extend the
generic fiber functor so that its essential image will be closer to being an exact
subcategory of fin’, in the sense of containing more extensions of objects in the

essential image of finf, .
K
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Definition 2.4.1 (Extg,» ; Extg,» (H”, H')).
Let R=K or R= Ok.
Let Extgn% denote the category of pairs (n®,v) such that
(i) n® ==t = n° = n'] is a short ezact sequence of objects of finl, regarded

as a cochain complex concentrated in degrees —1, 0 and 1;
(ii) the termn' is an étale R-group (this is, of course, no condition if R = K );

(iti) v € Homg,r (nt(1),n71), where nt(1) is the Tate twist of the étale R-group
1
nt.

A morphism ¢ : (n},11) — (13, v2) of objects ofExtgn% is a morphism of cochain

complexes ¢ : ] — 13 such that

ni(1) 2 !

Lpl(l) Lo’l

n(1) —— ny!

commutes; here 0! is the morphism in degree —1, not an inverse.

For any two objects H"”, H' of finf, with H" étale over R, let Extgnz;% (H",H")
denote the full subcategory of Extgn;; consisting of those objects (n®,v) such that
nt~H" andn~ '~ H'.

Remark 2.4.2. We make the restriction that the degree-one terms of objects of
Extgn% be étale so that the Tate twist exists; this is, of course, no restriction
when R = K.

Remark 2.4.3. Let (n®,v) € Extgnpﬁ (H”,H'). Taking stalks of sheaves on any
K
site is exact ([51, Tag 04EN]) so (n°®,v) gives an object

(e, vic) € Extyy (HY, H).
Because of the functorial properties of connected-étale sequences, an impor-

tant role is played by the following full subcategory of Extgn% .
K

Proposition 2.4.4.
In Situation with R = K or R = Ok, the category Extgn% inherits an

P
exactness structure from that of fin'y.

Proof. Recall that fin’, is a full, exact subcategory of the abelian category
Shab(Schg fppr). It is straightforward to check (see [51, Tag 0114]) that, for
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any abelian category &7, category CoCh(&/) of cochain complexes with objects
in & is an abelian category. By |[bll, Tag 0114] again, a sequence of cochain
complexes is short exact if and only if the induced sequence in each degree is
short exact. It follows from this that Extf”in% is closed under Yoneda extensions

in CoCh(Shap(Schp,ppe)). By Lemma 2.2.8, Exty, » is an exact category. [

Remark 2.4.5. Let (n},v1) be a subobject of (n3,v2) in the category Extgn% .
K
This means that there is morphism @9 : (n},11) — (93, v2) which is a closed

immersion in every degree, and for which the diagram

ni(1) ——

lsal(l) lvfl

na(1) —= ny

commutes. There is a maximal subobject of (53, 2) on which v is zero, namely,

the object (n?,v1) with i = ker v and with 19 the pullback

7Y =n9 X1 kervs.
In this case, since the inclusion keruvs is an open immersion, the morphism
n{ — na, which is the base change of ker v < 11, is an open immersion.

Definition 2.4.6 (ﬁn%liv; log finite flat Ok-groups).

In Situation |0.1.2, let ﬁn’ég denote the full subcategory of Extgn% consisting
K

of those objects (n®, N) such that

nt=n"

° and nt = ¢

i.e., n® is the connected-étale sequence of its degree-zero term. In this setting, we
will identify (n®, N') with the pair (n°, N). This is reasonable, as the connected-
étale sequence is canonically associated to n°, since a morphism of objects of
ﬁn%K is the same as a morphism of their connected-étale sequence regarded as
cochain complexes. Thus, we will regard a pair (H, N), where H is an object of
ﬁn%K and N is a homomorphism N : H®*(1) — H®, as an object of ﬁn%liv, and

we will call such a pair o log finite flat Ok -group.

Remark 2.4.7. There is a fully faithful exact functor ﬁn%K — ﬁn%’)[](\’ sending an
object H to (cé(H),0), where cé(H) is the connected-étale sequence of H.
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Remark 2.4.8. Let (n®,v) be an element of Extgn%(H”,H’), and set H = n°
for the middle term in the complex 1. As H” is étale, H® is equal to H'°.
Furthermore, there is a canonical surjection H®* — H", hence also canonical
surjection H¢(1) — H”(1). Pulling v : H"(1) — H’ back to H®(1) gives a
morphism N : H®(1) — H’. Since H” is étale and of p-power order, H"(1) is
multiplicative of p-power order, hence connected. It follows that v (hence also
N) factors through H'® = H°. Thus we obtain from (7, r) a class in ﬁn%’,iv. It is
therefore reasonable to call an object of Extgn% (H",H') alog finite flat group

scheme.

Lemma 2.4.9.

The category ﬁn%:g has the structure of an exact category in which a morphism
(H1,N1) — (H2,N3) is an admissible monomorphism (resp., admissible epi-
morphism) if and only if the underlying morphism Hy — Hs is an admissible

monomorphism (resp., admissible epimorphism,).
Proof. This is immediate from Proposition [2.4.4 O

Proposition 2.4.10 ([51, Tag 0101], [51, Tag 05PJ]).

For any site €, the category Shap(€) of sheaves of abelian groups on € is
an abelian category. Therefore, if n* and n~' are objects of Shan(€) the set
Extgn ., (4) (nt,n~1) of Yoneda extensions of n* by =1 (i.e., short exact exact
sequences of the form 0 — n=t — E — n' — 0) is an abelian group under
Baer sum. Ezxplicitly, the Baer sum of two classes

d? dt
nt 0 nt—— ) —— ! 0

d9 dl
s 0 Tt —=n) —=n' 0

dl
n 4+ NS : 0 7t — 450} —— nt —— 0

defined as follows. The sheaf n) +p 13 := (n} +5 n3)° is defined by

0 0
0 0 N Xpt 7y
N +B Ny = - — .
! 27 im((d9, —d) : p=1 — n? )

(2.4.11)
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The morphism dS. : =" — 1 +p 13 is the natural morphism induced by
d)x0:n7t = n! Xt n3.

Therefore, d[j_ is given in local sections (i.e., on an arbitrary object of the cate-

gory € ), using [—] to represent classes in the fiber product 09 x,1 03, by

—1 0 0
— +
9 {77 B (2.4.12)

a >  [di(a),0] = [0,d3(a)].

The morphism d?. : 19 +5 13 — n' is the natural morphism induce by dj o pr; :

n) X1 03 — n'. This morphism is given on local sections by

1

0 0
+B -
d - {m " K (2.4.13)

er,e2] = di(er) = dj(e2).
The Baer inverse of a class

e 0 n1 d° e d' 0! 0

in Extgn,, (%) (nt,n=1) is given by the extension

. -1 _d° —d!
—B7N®: 0 nt n° n' 0

For any two objects H", H' of fin}, , every class in

EXtgh, (Scho, eppe) (H s H')

is representable by an object of ﬁn%K (see Proposition [2.2.9)). Hence we can
speak of Baer sums of extensions in the category ﬁn%K.

Let H” and H' be objects of finf, . Since fin}, is an abelian category, the

K
set Extpnr (Hj, Hje) is a group under Baer sum. Following Kato, we build from
an object (n®,v) € Extgn%K (H",H') an object vinj of Extg,r (Hj, Hy) which
may not be the generic fiber of any class in Extg,e (H " H'). Finite K-groups
K

produced by this construction will be crucial to our understanding of the torsion
subgroups Ak [p™] of abelian K-varieties with semi-stable reduction; such finite
"]

K-groups determine whether or not A [p™] is 1-crystalline.
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Definition 2.4.14.

Let (n®,v) € Ethng . Let n be a power of p large enough to kill n', so that n*
K

is a Z/nZ-module. Recall from Example that for any Tate curve Eq g,

the finite K -group of n-torsion points E, i[n] lies in a short exact sequence
0F i 0 —— pnx — Eyxn| —— Z/nZx —— 0 (2.4.15)

Consider the special case where q is our chosen uniformizer w. Tensor the

sequence 07 i of free Z/nZ-modules with n}, and push out by v as in

07 e @ N 0 —— k(1) — 9k ®E, — nk —— 0
Ve (07 1 @ M) 0 irs Vatle Nic 0

(this diagram defines v.n% ) to obtain an extension
V*n;( = V*(QZK ®77}() € EXtﬁn% (77}077;(1) (2416)
Ezxplicitly,

(nk ® En) @ i’
¥,0) = (0,(y)) = y € ng (1)

vl = ( (2.4.17)
Remark 2.4.18. Our definition of v,n} is an abuse of notation, but it should
not cause confusion because 77;{1 is not, in general, identified with 77}((1), so that
pushing out the the exact sequence 1% by a morphism with source n} (1) does

not make sense.

Remark 2.4.19. Let n € Z>2 be a power of p. Kato has constructed a log fi-
nite flat Ok-group that has generic fiber (in an appropriate and natural sense)
isomorphic to E k[n]. Using this, one can mimic the construction in Defini-

tion [2.4.14] integrally, i.e., in a certain category of fs log schemes.

We will define a functor on Extgn% , which we will call the “generic fiber
K
functor on that category”, and we will show that this functor is exact. For this,

we will use the following lemma.
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Lemma 2.4.20.
For i =1,2,3, let H® be objects of CoCh(fink,) concentrated in degrees —1, 0

and 1. Suppose we have two morphisms

s s gy I by (2.4.21)

giving short exact sequences in degrees —1 and 1.
(i) Then fY is injective and f? is surjective.

(ii) If ker fY C im f9, then in fact ker f¥ = im f3, i.e., (2.4.21)) give a short

exact sequence in degree 0.

Proof. The morphisms of (2.4.21)) fit into the following commutative diagram

with exact rows and where the outer two columns are short exact:

H? 0 L o B 0
3 3 3 3
& | L]
0 1
H3 0 Hy' =% HY —% H) 0 (2.4.22)
| | L]
° —1 dfl) 0 d% 1
H? 0 H; H H] 0

Applying the Snake lemma to the top two rows gives an exact sequence
0 — ker f§ — 0 — coker f; ' — coker f§ — coker f;. (2.4.23)

This shows that ker f§ = 0. Applying the Snake lemma to the bottom two rows

gives an exact sequence
ker f; 1 — ker f{ — ker f{ — 0 — coker f{ — 0, (2.4.24)

which shows that coker f{ = 0. This has proven (i).
We prove (ii). Note that the morphism d : ker f; ' — ker f0 is injective
by assumption, so (2.4.24)) gives a short exact sequence

0 — ker f; ' — ker f) — ker f} — 0. (2.4.25)

Since the outer columns of (2.4.22) are short exact by assumption, ker f; Lis
isomorphic to Hy ' via f; ' and ker f] is isomorphic to H} via fi. We see from
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(2.4.25)) and the top row of ([2.4.22) that we have an equality of orders of finite

abelian groups

#ker f = (Fker f)(#ker fy 1) = (#H3)(#H; ') = #HS.

By (i), f9 is injective, so #im f = #HJ. We see that ker f{ and im f§ are
both of order #HY. Therefore, if ker f{ C im f?, then ker f) = im f9. This
completes the proof. O

The construction of the generic fiber functor on Extgn% involves a certain
K

pushout functor that we define next.

Proposition 2.4.26.

There exists an exact functor
Extgn%K — Extgpr. (2.4.27)

that sends an object (n°®,v) to v.n} as defined in (3.2.15).

Proof. We first show define the functor on morphisms. Let

QO; : (77;7V1) — (7757V2)

be a morphism of objects of Extgn% . We define a morphism v, ¢9 that fits into
K

the diagram

77%,1((1) M.x @ En
xﬁ(l) X&@i‘id
! (1) 'k ®F
UbN ¢ UbN n
J (2.4.28)
Vo
Mk v
-1 ~ 0
Y J o vl
. It
Mo K Va w11 ¢

where all faces commute. To construct the diagram, begin with the front and
back faces, which are the cofiber squares defining the two K-groups 1/*772 x of
Definition[2.4.14] The left face commutes by the assumption that @5 respects the

monodromy maps. The top face commutes by functoriality of tensor products.
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The morphisms

1 0
n ® En ? V2,*7]
b 2K (2.4.29)

-1 0
M,k —7 V2,xM2 K

obtained by composition will induce a morphism
0. 0 0
Vo t Vil g — Vallg K

by the universal property of cofiber product VL*'I]?, i if their restrictions to
ni k(1) agree. But, by commutativity of the top and left faces, the restrictions
of the morphisms of to 77}’ (1) factor through né’ (1), hence they agree
as morphisms 77}71((1) — VQ’*T]SVK. Thus we have a morphism v, 9. This gives

rise to the morphism of complexes

V1T 0 nf% Vl,*n(f,K 77:1L,K 0
Juwﬁ Lo;l lt/wg lw% (2.4.30)
Vo3, ¢ 0 Mo ke Vo3, ¢ M 0

This has defined the functor (2.4.27). We now show this functor is exact. Let

0— (0, 01) 2 (03, v2) = (03, v3) — 0 (2.4.31)

be a short exact sequence of objects of Extgn% . Recall that this means that
K
(2.4.31)) is a short exact sequence of cochain complexes

0— ik =18 > 05 — 0 (2.4.32)
that is compatible with the monodromy maps. We must show that the sequence
VL*W;,K =% V2,*775,K e V3,*7]§,K (2.4.33)

is short exact in each degree e € {—1,0,1}. For degrees o € {—1,1}, (2.4.33)
agrees with (2.4.32) which is exact by the assumption. Therefore, (2.4.33) is

short exact in degrees —1 and 1. To prove that this sequence is short exact

in degree 0, we will apply Lemma [2.4.20| to (2.4.33). By the lemma, to show
([2.4.33)) is short exact, it suffices to show that ker v, C imwv,p. We prove

this now.
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Recall from (2.4.17) that, for i € {1,2, 3}, ui,*ngK satisfies

bl (0l 5 ® En) @
PR (y,0) = (0,(y)) - y € nl (1)

(2.4.34)

We will represent the class of a pair (a,b) € (m1 Kk ® En) ®n; 1 using brackets

as in [a,b]. Let [ag, by] € va .73 fc. From (2.4.34), we see that v.p3([ag,b2]) =0
if and only if

((p3 ®id)(az), @3 (b2)) = (ys, —v3(ys)) for some ys € n3 x(1).  (2.4.35)

Suppose (2.4.35) holds. We wish to show that [ag,bs] € imv,¢9, ie., we wish
to show that there exists a pair (a1,b1) € (0] j ® En) @1y g and a ya € 13 (1)
such that

(a2,b2) = ((p3,x @ id)(a1), 05 1 (01)) + (y2, —va(y2))- (2.4.36)

By the assumption that (2.4.32)) is exact in every degree coupled with the ex-
actness of the Tate twisting functor, we know that ¢} r(1) 1 95 g (1) = 93 g (1)

is surjective. Let yo € 13 g (1) be an element satisfying @3 (1)(y2) = y3. Then,

by eq. (2.4.35)), we have
(03, ®1d) X @35 1) ((az, b2) — (y2, —v2(y2))) = (0,0)

in (77:%,1( ®En)®n3_}(. By exactness of (2.4.32]) in degrees —1 and 1 and exactness
of tensoring against the free Z/nZ-module E,,, there exists

(a1,01) € (1 jc © En) ® 1y i

such that we have equalities

(‘P%,K ®id)(a1) = az — y2
031 (b1) = bz + va(y2).

This has shown that we have an equation of the form . As we remarked
before, this means that v.¢a([a1,b1]) = [ag, be]. Since [ag, ba] was an arbitrary
element of 1,79 j, we have shown that ker v,.¢3 C im v,¢9. Using Lemma
we conclude that the functor is exact. O
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We now define the generic fiber functor on Extgn% — Extg,e and show
K

that it is exact.

Proposition 2.4.37.

There exists an exact functor
(“)k : Ethn%K — Extgne (2.4.38)
which is given on objects by

(n*, V) K =g +B VN -

Proof. As we have seen in Proposition [2.4.10} if (n®,v) is an object of Extgn%
K

then the term in degree zero in (n®,v)k can be written as

0 0
X
Mk Xnk Vxllk

(O )x) = =

where A~ is the morphism

—1 0 0
Nk > Mk Xn}( Vil

[ — (d?,K(m),—dO (2)),

Vs NK

A7

the morphisms d?_) being the morphisms from degree —1 to degree 0 in the
complexes 1y and v
Let

905 : (77;7”1) — (775’1/2)

be a morphism of objects of Extgn% . We wish to define a morphism
K

(7 vi)xk — (03, v2) K-

Since o already includes the information of a morphism on the terms in —1
and 1, the main task at hand is to give a morphism on the degree-zero term.
By the above description of the degree-zero terms in the Baer sums, to define a

morphism on the degree-zero terms

(3, 11) k)" — (03, 2)K)°

it suffices to give a morphism n{ .- Xl o v o = m9 g Xyl vy j that respects
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the images of homomorphisms A], A which are defined like A~ above. We

claim that

~0 (0 0\ .,0 0 0 0
Po K = (802,1( X V*Sﬁz) CMLE Kl VR = 2,k X Va2 K

is such a morphism. This follows immediately from the fact that each square in

the diagram
0 0

0 1, K 1 _d"*”l,K 0
M, Kk ™, K V10 K
0 1
J‘Pz,}( J‘%,K JV*WQ
0 0
0 d”2,K —1 _d’“*”Z,K 0
2, K M2, K V2«12 Kk

commutes. Define

©5 k0t (1, 1) k)" — (13, v2) )"

to be the morphism induced by @) . We claim that ¢f ., extends to a

morphism ¢3 j , of complexes

(%, v1) K 0 MK ((n3,v1)K)° MK 0
J{‘P;,K Lp;l iﬁé’g,x lsoé
(n3,12) K 0 T K ((n3,12)K)° Nk 0
(2.4.39)

As we recorded in (2.4.12)), for ¢ € {1,2}, the morphism 771_[1( — ((n,vi)K)" is
induced by (writing d} for the differential in the complex n?)

-1 0 0
Nk —— Mk Xnl, Vil K

v o— (d),0)

Since {587K7V is given by @87}( in the first factor, and since gagJ( is assumed to
commute with the differentials (being that p§ was chosen to be a morphism of
complexes), we see that the left square in commutes.
As we recorded in ([2.4.13), for i € {1,2}, the morphism ((nf,v:)x)° = n} x
is induced by
77?,1{ 0l Vz‘,*’l?,[{ — ’71‘1,1(

(a,b) —  (d}(y),0)
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Arguing as before, we see that the right square in (2.4.39)) commutes. This has

shown that (p% k., gives a morphism of complexes ¢3 . We use this to define

the functor (2.4.38]) by

HomExt;’mP ((H1.7 Vl)a (H2.7 VQ)) — HomExtﬁn% (Hl.,Ka H2.,K)
() : 7K

e = Yk,

We now show that (=) is exact. Let

0 — (18, v1) =2 (3, v2) = (13, v3) — 0 (2.4.40)

be a short exact sequence of objects of Extgn% . Recall that this means that
K
(2.4.40) is a short exact sequence of cochain complexes

00—t i 208k 208 — 0 (2.4.41)

that is compatible with the monodromy homomorphisms. We wish to show that

L]
L3 K,v

° ‘P;, v ° . °
Y v)x =5 (03, v2) Kk = (03, v3) K (2.4.42)

is short exact in each degree. The sequence is short exact in degrees
—1 and 1 by the assumption that is short exact. By Lemma [2.4.20] to
show is short exact, it suffices to show that ker <pg7K7V C im Wg,K,y- We
show this now.

Let us reiterate notation expand notation. For ¢ € {1,2,3}, we have

0 0
Nk Xnt . Vil Kk
o 0 ’ i, K )
* U K) = 2.4.43
((771 )K) i ( 21_) ( )

where A is the morphism

—1 0 0
Mk~ Mk Xl Vislli K

o (@ (@), ~d , (2)

VixMi, K

AT

K3

We will represent the class of a pair (a,b) € 773 K X ui7*77?’ x in the quotient

1
K

((nf,vi)k)° by [a,b]. Recall that the morphisms ¢ -, (for j € {2,3} are defined
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using morphisms

SZ?,K,V = (@?,K X V*@?) : 77?,1( X0tk V*W?,K — 77?,1( Xtk V*ﬂ?,K
Let [az,b2] € ((nS,12)k)°. By the description of ((n3,v2)k)? given in
(2.4.43), we have [ag,bs] € ker¢f -, if and only if there exists z3 € 7]3_11K
such that
G5,k (a2, b2) = (95 ke (az), 1§ (b2)) = A7 (3).

By assumption, ([2.4.41)) is short exact in every degree, so there exists zo € 7, }<
such that wgk(azg) = x3. As we noted when we proved that the &} ; , descend

to morphisms between Baer sums, the diagram

0 ~0
0 0 P2 K,v 0 0 P3 K,u 0 0
Mk X0t e Visllix =7 T2,k Xnb o V2Tl =7 T3,k Xk o V3.xTl3, K

st s s

1 P2, K 1 P3,K 1
M, K UPN e N3,k

commutes. Therefore,

@8 1 ((a2,b2) — A5 (22)) = &8 k., (a2, b2)) — B8 g, (A5 (22))

This has shown that (ag — dgzyK(xg), by + d°

to say that we have

az — d22’K((E2) € ker cpg’K

by + dgz,m’K(@) € ker v, 3.
By exactness of (2.4.41)), there exists a1 € 77(1),1( such that
¢5 k(ar) = ag — dy),  (2).

By Proposition [2.4.26] there exists b; € 1/1,*7]?71( such that

Va3 g (b1) = ba + dY), . (2).
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We claim that (a1, b1) gives a pair in the fiber product 77(1),1( Xpt VL*”?,IO which
is to say that the images of a; and by in n} , are equal. The following diagram
of Cartesian products commutes because ¢7 ;- and v1,.¢] i are morphisms of

complexes:

0 0 Lpg,KXV*SDg,K 0 0
M,k X V1M Kk Mo,k X V2,+7y K

1 1 1 1
d"l,KXdl’l,*Wl,KJ/ ldﬂz,KXd"za«ﬁz,K

1 1 ‘pé,KXSD%,K 1 1
M,k XM,k N2,k X M2 Kk

The image (as,bs) of (a1,b1) in the bottom right corner has the form (¢, ¢) €
77%_’ K X 17%7 ¢ by the assumption that (ag,b2) defines a pair in the relevant fiber
product. By the assumption that is short exact, <p%7 K 1s injective. Since
the diagram commutes, we see that images of a; and b; in ni x are equal. Thus

we have a pair (a1,b1) € 7{ f x V1.1 ¢ that satisfies

n},K
@210 ((a1,b1)) = (az,b2) + A5 (z2).

This implies that
@210 ([a1, b1]) = [az, ba].
Since [az, bo] was an arbitrary element of ker § r- , C ((13,v2)x)?, we conclude

that ker gog’K’l, C im gpg’K’l,. By Lemma [2.4.20, which we noted before applies
in the current situation (i.e., to the complex (2.4.42))), we conclude that the

functor (=) of (2.4.38)) is exact. O

Definition 2.4.44 (generic fiber functor on Extg » —and ﬁn%j).

K
We call the functor (—)x of Proposition the generic fiber functor on
Extgn%K . This defines an ezact functor on ﬁn%liv by sending (H,N) € ﬁn%lg to

(H,N)k = (cé(H),N)k.

We show that the generic fiber functor just defined is compatible with the
usual generic fiber functor on ﬁn%K. Recall that there is a fully faithful exact

functor finj, — ﬁn%{v sending an object H to the pair (cé(H),0).
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Proposition 2.4.45.
Let (n®,v) be an object of Extgn% . Ifv =0, then (n*,v)xk = n.
K

Proof. By definition,
(77.7 V)K = 77;( +B l/*’I];{7

so to prove our contention it is enough to show that v.n} is 0 in the group of
extensions, i.e., that v.n% a split extension. Recall that to define v, 1% we chose

n of p large enough to kill n', set E,, = E k[n], and formed the pushout

07 k @ Nk 0 g (1) Nk ® En —— njg —— 0
Vi (0F i ® i) 0 ire vin Nk 0

That is, we defined v,n% by

(nk ® En) ® g
¥,0) — (0,v(y)) : y € ni (1)

V*n?( = (

When v = 0, this is simply

(nk ® En) ® g’
(N ®Z/nZ(1)) ® 0

~ Nk DNk

We have shown that v,n% is split. This completes the proof. O

2.5 Log finite flat Ox-groups and semi-stable abelian

K-varieties

Throughout this section, let n € Z>5 be a power of p, and assume the notation
of Situation [1.6.11]in the semi-stable case, so that A is a semi-stable abelian
K-variety with Néron model A and 2x = F(Ok,mg)(A°) its associated log
1-motive.

We saw in Proposition that the finite K-group Ag[n] is isomorphic
to 2k ([n|. We also saw in Proposition that the log 1-motive 2k can be

decomposed (using the notation of oc.cit. ) as Do g = Q;,K + 22 i, where
1

2. k= (2L)k for some Og-1-motive 2L, and 22 - is given by a homo-

morphism L%{’w Yk 5 Tk — A k- The morphism L%(’w is determined by the
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monodromy pairing p, which gives rise to a level-n monodromy homomorphism
(12.3.4])

Vn 0 Y/nY (1) — T[n] — A[n). (2.5.1)
From the extension n(2L n) defined as in Example [2.2.12] we obtain a class
(n(2%,n),vn) € Extg (Y/nY, Aln)). (2.5.2)
K

We have the following result.

Proposition 2.5.3 ([3], Theorem 19).

There exists an isomorphism

(77(’@11,?” TL), Vn)K = n(e@[ﬁ n)

of objects of Extg» (Y /nYi, Ag[n]). In particular, the degree-zero term in
the generic fiber (n(2L ,n),v,) K is isomorphic to Ax[n].

Though it is not strictly necessary to do so, we prefer to work in the cate-
gory ﬁnzgi\f_ For this we must construct a morphism N,, : 2L [n]*(1) — 2L [n]°.
We do this as in Remark Specifically, since T'[n] is connected, v, factors
through /Nl[n]o, and since Y/nY is étale, the surjection in the short exact se-
quence

0 — Aln] — 2L [n] — Y/nY — 0

factors through 2L [n]¢, so, using these morphisms, we can form
N, : 2L )% (1) — (Y/nY)(1) 2% T[n] — 2L [n]°. (2.5.4)

This gives an object of ﬁn%ig.

Definition 2.5.5 ((2L [n], N,,))-
As in Situation [1.6.11], write 2k for the log 1-motive attached to Ax, and
write 2 = 2L i + 22, 1 for its Raynaud decomposition with respect to the
uniformizer w of Ok . Letting Ny, be as in (2.5.4), we obtain an object of ﬁn%lg
by forming the pair (2L [n], N,,).
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Proposition 2.5.6.

There is a canonical isomorphism of finite K -groups
v (Q}w[n],]\fn)(])( — (n(g;,n)’yn)?(.
Proof. Introduce the abbreviated notation

Q= 25k, Qn=25hk, Q) =2,0%, Y.=Yi/nYk

A, = Agln], AS = An)s, A% = A%,

n

V =VnK, N = Nn,Ka En = Ew,K[n]

Taking generic fibers in Example[2.2.16|in the case .# = 2L | we have a diagram
of objects of finf,

0 — Q= A

Qn
L] f
Qn

0 A,

Using the notation of (3.2.15)), define N.Q, and v,Q, to be the terms in
degree zero in the short exact sequences N, cé(2L[n])x € Ext(Q%,Q°) and
vun(2L n) i € Ext(Y,, A,) The diagrams obtained by pushout fit into a com-

muting diagram

0 —— Q%(1) ———— Q% ® E, Q% 0

T®id T
N/

0 Y, (1) Y, ®E, Y, 0
< 1
0 n N.Qn Q 0
NN N
0 A, VsQn Y, 0
(2.5.7)

Here, the morphism
Y NoQn — v:Qn
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arises from the universal property of the cofiber product. That is, 1 is the

morphism of coproducts

@ k) [ @ — neE) [[ A
Qe (1) Yn (1)

which is determined by the morphism 7 ® id : Q% ® E,, — Y, ® E, and the

inclusion @Q; — A,. We have, by definition of the generic fiber functor on

v .
Extﬁn% = equalities

{(e,0) € N.Q, ®Q, : €= € Q%)

0 ._
(Qn, Ni)c == {(c,=c): ceQy}
and {(6,9) €vQn ®Q,: E=GEY,}
Ql n 0 = %4 Vulen n €~: a b .
(77( w’n)’y >K {(a/7 —CL) L ac An}
Claim 2.5.8.

The morphism v : N.Q, — v.Q, induces a morphism

)

v - {(Qn,Nn)(l)( — (n(g‘}wvn)a’/n)?(
le,q] +—  [¥(e),q]

where, for each finite K -group, we write [—, —] for the class of the pair (—,—)

in the relevant fiber product.

Proof. We must prove that the formula for ¥ is well-defined. The groups
(Qn, N»)% and (n(2L,n),v,)% are subquotients of N.Q, ®Q,, and v, Q,, B Qy,
respectively. We first show that v @ id restricts to the relevant subsets. To see
this, it is enough consider the pullbacks of ¥ to Q%' ® E,, and Q°. If e € Q°,
the image € of e in Q' is 0, so & = 0 in Y,,. Therefore, if (e,q) € N.Qn ® Qn
has the property that € = ¢ in Q%, then € = ¢ in Y,,, so the pair (1/(e),q) =
(e,q) € Ap ® Qn C 1.Qn & Q, gives an element of (n(2L,n), vn)%. Any other
element of N,Q,, is of the form e = N’(¢’) for some ¢/ € Q% ® E,. Suppose
e = q in Q. By commutativity of the back-right square and the top-right
square of (2.5.7), we see that ¢ = ¢ in Q¥ and (7 ® id)(¢/) = 7(g) in Y, so
Y(e) =V ((m®id)(e’)) has the same image in Y,, as ¢. To conclude, we need to
show that U([e, —¢c]) = 0 if ¢ € Q5. But ® restricts to the inclusion of @, into
A, C N,Q,. Since ¢ € A,, we have ¥([¢,—c]) = [¢, = = 0 € (n(2L,n),vn)%,

as desired. O
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We now show that ¥ is an isomorphism of finite K-groups.

First, note that it is sufficient to show W is injective because the finite groups
(Qns N»)% and (n(2L,n),v,)% have the same cardinality. To see this, recall
that @, gives a class in both Ext(Y,, gn) and Ext(Q%, Q°). Since (Qn, Npn)x
gives a class in Ext(Q¢, Q%) and (n(2L,n),vn)x gives a class in Ext(Y,,, A,),

we have

#((Qu Na)ic ) = #Qu = #((n(2L,m), 1) ).

We prove ¥ is injective. Let [e,q] € (Qn, Npn)% By definition, [1(e),q] = 0 if

there is some a € Zln such that
(1/}(6)a Q) = (aa 70') € ;L, &b An C V*Qn S Qn (259)

That is, [e, ] is in the kernel of ¥ if and only if ¢ € A,, and ¥(e) = —q. Hence, if
[e, q] € ker U, then ¢ = —a. By the universal property characterizing the cofiber
product
N.Qu= Q7o E,) [T @,
QS (1)

to prove injectivity it is sufficient to consider the cases where e € @7, and where
e € im N’, with N’ the morphism Q% ® E,, — N,Q, in .

Suppose that e € Q2 and [e,q] € ker U. Then € =0, s0 ¢ =0, so ¢ € Q2.
The map 9|qo is the composition of inclusions Q;, = ﬁj’L s A, — ViQn.

Hence

(e,q) = (¥(e);q) = (a, —a) = (=¢,9) € @, DAy,

so [e,q] = 0 in (Qn, Npn)%.

Suppose now that [e,q] € ker U with e € im N’, say, e = N’(¢’). Then
Y(e) = v/ ((r®id)(e’)), and this is in A, by ([2-5.9). Hence the image of ¢(e) in
Y, is 0, so by the commuting of the front-right square in the diagram
we have (7 ®id)(¢’) € Y,,(1). This shows that

Ue) =V ((m@id)(e") = v((r ®id)(e')) € @,

so also ¢ is in Q% by (2.5.9). But then ¢ = 0 in Q% so since & = ¢ in Q%' we
also have e € Q9. As we have seen, this gives 1(e) = e, so that (2.5.9) is the
equation e = —¢ in Q2. We see that [e, ¢] = 0. This completes the proof.

O
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Proposition 2.5.10 (Corollary of Proposition and Proposition [2.5.6)).
Fiz w and fir an isomorphism (n(2L,n),v,)k ~ n(2k,n) as in Proposi-
tion M Then the term in degree zero of the complex (2L [n], N,,) ke admits a

canonical isomorphism of finite K -groups
(25, Na)k = Ax[n].
Therefore, A [n] lies in a short exact sequence of finite K -groups
0 — 2L [n% — Ax[n] — 2L [n]% — 0. (2.5.11)

In Chapter |3] we will define various classes of Z,[I' x]-module. The assump-
tion that A is semi-stable, which is in place in Proposition will tell us
that Ax[n] is a “torsion 1l-semi-stable” Z,[['kx]-module. Inside of Ax[n] is a
largest Z,[I'i]-submodule Crys; (Ax[n]) belonging to the smaller class of “tor-
sion 1-crystalline Z, [I' x]-modules”. Propositionwill be our starting point
for constructing a finite flat &x-group with generic fiber Crys; (Ax[n]).
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Chapter 3

Crys, and its continuous

derived functors

Let K be a p-adic field as in Situation In this chapter, we introduce p-
adic Hodge theoretic classes of representations of I'. For an abelian K-variety
Ag having semi-stable reduction, the rational p-adic Tate module T,Ax ® Q,
belongs to a particular class, the class of semi-stable representation, and its
quotients Ag[p™] will all belong to the class of torsion 1-semi-stable represen-
tations. For finitely many integers m > 1 (depending on the ramification of
K and the abelian variety Ag), it may be that Ax[p™] belongs to a smaller
class, the class of 1-crystalline representations. In Chapter [4] we will study this
phenomenon and relate it to nature of the Néron component group attached to
Ag. For this, we will need to develop, following [31] and [39], an appropriate
framework for doing homological algebra.

For r € Z>, following [39], we define categories of r-crystalline representa-
tions. The notions of r-crystallinity for finite-dimensional Q,-representations,
and for finite-rank Z,-modules that are free or torsion, are established in the
literature (e.g., in [36]). For these representations it is clear how one should
define the functor Crys, that assigns maximal r-crystalline subrepresentations.
However, in order to construct the derived functors of Crys,, we need to work
on a category with enough injectives, and so we need to define r-crystallinity
for a much broader class of Z,[I'x]-modules that includes modules not of finite

type over Z,. We carefully develop certain categories of such modules.

80



The method for defining derived functors of Crys, developed in this chap-
ter was introduced in the paper [31] of Kim and Marshall. They attribute the
core idea, namely, of defining R’ Crys, for i > 0 using inverse systems of tor-
sion modules, to Jannsen, who used the technique in [25]. The dissertation [39]
of Susan Marshall gave an expanded account of essential results on the func-
tors R! Crys, which was very helpful to us. Our development of categories of
general r-crystalline Z,[T'x]-modules follows Marshall’s in spirit, but departs
in a few ways; most notably, we use a more modern result, Theorem to
demonstrate compatibility of two notions of crystallinity (see Lemma of
Zp|I' k]-modules free of finite rank over Z,. We note that this compatibility

receives a different treatment in [31].

Conventions

Throughout this chapter, we will use the notation of Situation [0.1.2}

3.1 Admissible representations

We find it clarifying to describe certain properties of crystalline and semi-stable

representations in the broader context of admissible representations.

Definition 3.1.1 ([9] 5.1: Repp(T); (F,T')-regularity; Dp; ay; B-admissibility;
Repz (1))
Let F be a topological field, let T' be a topological group, and let B be an integral
domain which is an F[I']-algebra. Let Repp(I") denote the category of continuous
representations of I' on finite-dimensional F-vector spaces.

Suppose E := BY is a field. Equipping Frac(B) with its natural action of T,
we say that B is (F,T)-regular if Frac(B)' = BY and if every nonzero b € B
such that Fb C B is I"-stable satisfies b € B*.

In the above setup, for each finite-dimensional F-representation V of I' we
define an E-vector space with trivial T action by setting (with reference to the
diagonal action of T on V @ B)

Dp(V) := (Bar V).
There is a natural morphism of B[['|-modules

avB®EDB(V)—>B®FV
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We say that V is B-admissible if dimg(Dg(V)) = dimp V. Define Reps(I')
to be full subcategory of Repp (') consisting of the B-admissible representations.

Proposition 3.1.2 ([9] 5.2.1).
Assume the setting of Definition [3.1.1}

(i) The morphism vy is injective. The inequality dimg(Dp(V)) < dimp V
always holds. The representation V is B-admissible if and only if ay is

an isomorphism of B-algberas.

(ii) Let Vecg denote the category of finite-dimensional E-vector spaces. Then

Dg defines an exact and faithful functor
Dp : Rep2(I') — Vecp .

When formed in the category Repp(I'), subquotients and finite direct sums
of objects of Rep2(I), are again objects of Rep2(T).

(iii) When formed in the category Reppr(T'), finite tensor products, F-linear
duals, exterior powers and symmetric powers of objects of Rep?(l") are
again objects of Repa (). The functor Dp on Rep2(I') commutes with

formation of duals and tensor products.

Proof. Everything is proved in [9] 5.2.1 except the statement about closure
under formation of finite direct sums. Since Dp is exact, it preserves colimits.

From this the claim is easy to see, since for any two objects Vi, Vi of Rep2(T')

dimg(Dp(V1 @ V2)) = dimg(Dp(V1)) + dimg(Dp(V2))
:dimp V1 +dimp‘/2
= dimp (Vi @ Va).

O

We are primarily interested in B-admissible Q,-representations in the case
where B is one of the period rings Berys, Byt and Bggr of Fontaine. We recall
the definition of these rings now for completeness, ignoring many important and
subtle details relating to topology, dependence of the constructions on choices,
and so on. Details can be found in [9] and [16].

Let C be any complete algebraically closed nonarchimedean extension of Q,,.

Let O¢ denote the ring of elements of C' of norm at most 1. The tilt of ¢ is
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defined to be the inverse limit

0% = lim Oc. (3.1.3)

TP

This is the ring of integers of a complete and algebraically closed nonarchimedean

field of characteristic p. Write
Agng := W(O2) (3.1.4)

for the ring of Witt vectors of ﬁ’bc. The ring Aj,¢ carries a bijective Frobenius

morphism ¢4, , arising from the p-power map on O¢/pOc. Define an element

inf
e o (3.1.5)

by setting €® = 1 choosing, for m > 1, elements €™ € O such that (e(™)P =
em=1_ Define

= -1 Ain ) = ,L
2 [a € f € (,DAl (M)

inf

The element £ generates the kernel of the surjective homomorphism

Aing — Oc

P e = S alp”

m>0 m>0

(here a2, is the 0-th component of a,, = (a%,,al,,...) € O%). Writing (—) ¢

m? 'm?

for the £-adic completion, set
Big = Aue[l/p] ¢, Bar := Bg[1/¢].

Writing (—) ? for p-adic, let

é-n ~p
Acrys = (Ainf [7' T ne Z>1}) .
n!
This ring is naturally a subring of B(TR. The ring of crystalline periods is

Bcrys = Acrys[l/,u]~ (316)
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We define the ring of semi-stable periods Bg; by

Bst = Bcrys[log([ﬁ])] - BdR

for an appropriately defined logarithm log([—]) : Frac(ﬁév)X — B(TR, where p is
an element of ﬁ’g with p(® = p € Z ¢ On. We summarize some well-known

results about these rings.

Proposition 3.1.7.
Assume the notation of Situation [0.1.3

(i) The rings Bar, Bst and Berys are (Qp, 'k )-regular.

(ii) Let V' be an object of Rep@p (T'k). If V is By-admissible then it is Bag-

admissible. If V' is Berys-admissible then it is Bg-admissible.

Definition 3.1.8 (de Rham; semi-stable; crystalline).
We call an object of Repg, (Tx) de Rham (resp., semi-stable, resp., crys-
talline) if it is Bar- (resp., Bsy-, 1esp., Barys-) admissible.

Any de Rham representation has an associated multi-set of Hodge-Tate
weights, a collection of integers with multiplicities. To define these, recall
that C is a complete algebraically closed extension of @, and for i € Z, let
C(i) to be the 1-dimensional C-module Ce with Gal(K/Q,)-action given by

o(ce) = x(o)io(c)e, where x is the cyclotomic character.
Definition 3.1.9 (Hodge-Tate weights).
Let V be in Rep(gsR(FK). An integer i is a Hodge-Tate weight of V if

(V ®q, C(—i))'™ #0,

where V ®q, C(—1) is given the diagonal action of I'rc. The multiplicity of i
as a Hodge-Tate weight of V is defined to be dime(V ®q, C(—i))'<.

We record some properties of Hodge-Tate weights are immediately checked

from the definitions.

Proposition 3.1.10.
Let Vi and V3 be objects of Rep&j“ (T'k) with Hodge-Tate weights in [0,71] and

[0, 7], respectively.

(i) If Vi C Vy then ry < rs.
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(i) If V1 is a quotient of Va, then ry < ra.

(iii) Vi@®Va is an object ofRepS;‘R(FK) with Hodge- Tate weights in [0, max{ry, ra}].
(iv) V1 ®Va, is an object of Rep(S;IR (T'k) with Hodge-Tate weights in [0,r1+73].
Remark 3.1.11. By our convention, the p-adic cyclotomic character, which we

review below, has unique Hodge-Tate weight 1 with multiplicity 1.

Ezxample 3.1.12. Any unramified representation is crystalline with 0 as its only
Hodge-Tate weight. In particular, the trivial character I'x — {id} C GL1(Qp)
is crystalline. Conversely, any de Rham representation with 0 as its only Hodge-
Tate weight is unramified (see [9] 8.3.5).

By Proposition if V4 is unramified and V3 is de Rham (resp. semi-
stable, resp. crystalline), then V) ®q, V2 is de Rham (resp. semi-stable, resp.
crystalline) with the same Hodge-Tate weights as Vi, with known, possibly

greater multiplicities.

Ezample 3.1.13. The p-adic cyclotomic character
x : Gal(K/Q,) — GL1(Z,) C GL1(Qp)

is crystalline. This homomorphism can be defined as follows. Let m € Zx>1, let
n =p™, and let ¢ € K [n]. For any o € Gal(K/Q,), the element o(¢) has
order n, so it can be written as (X»(?) for some unique integer x,,(c) between 0
and n — 1. The integer x, (o) is independent of the choice of ¢ above. Reducing

modulo n defines the mod n-cyclotomic character
xn : Gal(K/Q,) — GL1(Z/nZ). (3.1.14)

For i € Z we write Z/nZ(t) for the Z/nZ-module Z/nZ equipped with the action
of Tk given by (choosing {1} C Z/nZ as a basis over Z/nZ)

olc-1) = x(o)c-1 (c€eZ/nZ).

One usually write Z/nZ for Z/nZ(0). A choice of generator of K  [n] gives rise
to an isomorphism Z/nZ(1) ~ K” [n]. For example, using the element ¢ € 07

of (3.1.5)), we have an isomorphism

X

Z/nZ(1) — K [n]

(3.1.15)
c-1 —  (@m)e
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The modn characters x,, give rise to the p-adic cyclotomic character via
x(0) := lim xpm (o) € GL1(Zp).
m>1

In general, any crystalline Q,-character of I is the tensor product an unram-
ified Qp-character with an integer power of x. In particular, a character of I'g

is crystalline if and only if it is de Rham.

Ezxample 3.1.16. Let Ax be an abelian variety over K. Then
VpAK = TpEK ®Zp Qp

is a 2dim (A )-dimensional de Rham representation with Hodge-Tate weights in
[0, 1]. This follows from a much more general statement about étale cohomology
groups which we will not need. When Ag has semi-stable reduction, V,Ax is
semi-stable. When Ak has good reduction, V, Ak is crystalline. More than this

is true; see Corollary

Ezample 3.1.17. Let ¢ € K* have |q| < 1. The Tate curve E, x has bad semi-
stable reduction. Let m € Z>; and let n = p™. Corresponding to the log
1-motive .7, i defined in (1.5.6)), we have, via Proposition [1.6.2| and (2.2.13), a

short exact sequence

0} x 0 —— Z/nZ(l) —— E,k[n] —— Z/nZ —— 0 (3.1.18)

To see this, first note that Raynaud extension E, is Gy, g, . The morphism 1,
of (1.5.9) induces a I' x-equivariant isomorphism of abelian groups

oy N _

Uy K /" = Ey(K). (3.1.19)
The restriction of the quotient map K = — K | /% to Fx[n] is an injection,
s0 1, gives an injective homomorphism of K [n] into E,n](K). Taking the
isomorphism Z/nZ(1) = K " [n] of (B.1.15)), we obtain an injection Z/nZ(1) —
E,[n](K) determined by (recalling that n = p™)

L (™) = (X ("™, q), Y (6", q)) € A*(K)

with X and Y as in (1.5.8). Set @1 := 1,(€(™), and let 25 be any element of
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E, k[n] not in the Z/nZ-span of x1. Then
E,k(n] ~ (Z/nZ)x, & (Z/nl)xs

as Z/nZ-modules but not as Z/nZ[I' k]-modules. To describe the action of 'k,
let 2o € K satisfy ¢(22¢%) = x3. Then z5¢% has order n, i.e., 28 = ¢° for
some s € Z. Let 0 € T'x. Writing o(22)" = 0(¢®) = ¢° = 2§, we see that
0(22)/22 € K *[n]. We may, therefore, write

0'(22) — (’E‘(m))cq,"(a) 29

for some unique integer ¢, ,,(¢) between 0 and n — 1. By I'x-equivariance of ,,
this equation becomes o (z2) = ¢4, (0)z1 + 2. The elements ¢, (o) determine

a 1-cocycle
cqn 'k — Z/nZ. (3.1.20)

Altogether, we see that, in the basis {z1, 22}, the action of I'x on Ey x[n] has

Xn Cqn

the matrix form . A direct calculation with the ring Bg; shows that

VpEq i is semi-stable with Hodge-Tate weights 0 and 1—in fact, By is defined

essentially to make this statement hold.

Remark 3.1.21. The Q,-representation V, E, i of Example[3.1.17]is an extension
of an unramified representation by the cyclotomic character, which is crystalline
with Hodge-Tate weights in [0, 1]. The representation V,E, i is semi-stable but
not crystalline. In particular, a Yoneda extension of a crystalline representation

by another crystalline representation need not be crystalline.

3.2 Some categories of Z,[['x|-modules

Let A be as in the semi-stable case of Situation In order to define
R Crys, (T,Ak) as in [3I] and [39], we need to define various categories of
Z,|T k]-modules relating to Repg:‘ys (T'k), but which are allowed to have torsion,
and which need not be finitely generated. We do this and give some essential
properties of these modules in this section.

For clarity, we include the definition of an inverse systems.
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Definition 3.2.1.

Given any category €, define the category Inv € , whose objects are called “in-
verse systems of objects of €7 as follows. The objects are sequences (Chy)m>1
of objects of € indexed by Z>1 equipped with morphisms ty m : Cp, — Cpyr for

all m' < m satisfying the transitivity relation
tm//’m/ O tmlym = tm”,m . Cm — Cm’ — Cm”.

A morphism f: (C,)m>1 = (Cm)m>1 is a collection of morphisms fp, : C},, —

Cp such that frr ot) ., =ty m © fm. for allm' <m.

We now define our categories of Z,[I'x]-modules with integral and torsion
coefficients. We would prefer to do this without introducing so much notation,
but we do so here because we need to be very precise in order to define Crys,. and
its derived functors, and this allows us to avoid repeating hypotheses relating

to finiteness and topology.

Definition 3.2.2.
Let r € Z>q. Let * € {st,crys}.

(i) Let Modz, r,. denote the category of topological Zy[I'k]-modules, i.e., the
category of topological spaces M equipped with a continuous morphism
Zp[Tk] x M — M giving M the structure of a Z,[I'k]-module.

(i1) Let Repy, (I'rc) denote the full subcategory of Modz, v, such that

L such that L is finite type and free
Ob(Repy, (I'x)) = { } .

over Zy, and L has the p-adic topology
(#i) Let ModtZC:r’SFK denote the full subcategory of Modz, r, such that

tors M such that M is a torsion Z,-
Ob(MOdzp,rK) = .

module with the discrete topology.

(iv) Let Repa:(l"K) denote the full subcategory of Rep(g; (Tk) such that

o V such that V' all Hodge-Tate weights
Ob(Revap (T'x)) = .

in the interval [0,7]
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(v) Let Repgl (D) denote the full subcategory of Repy (I'x) such that

O L such that L[1/p] = L ®z, Q, is an
( epfrcc( K)) - object Of Repa:(]-—‘[{) .

ors

(vi) Let Rep;ors(T k) denote the full subcategory of Modtzc;r}K such that

V' such that there exists an object

., L of Repy..(Tk) and a surjective
Ob(Repiry (k) = :

ors

morphism L — V in the category
MOde,FK

(vii) Let Repyy (Tk) denote the full subcategory of Modg, v, such that

M such that M 1is finite type over
Zyp and M is isomorphic to the in-

Ob(R I'k)) =
( epftype( &) verse limit of a system of objects of

Rep:(;:s (FK)
(viii) Let Mod*’r . denote the full subcategory of Modgz, v, such that

M  such that M is isomorphic
Ob(MOdziFK): to a filtered colimit of objects of
Rep;:ty;pe (FK)

We give a commuting diagram of these these categories. All functors except
for the two functors given by tensoring against @, are faithful embeddings of

full subcategories.

tors

Modz, r, ¢—— Mod;' T, —— Reppons(Txc) Modzrrk
Repz, (T'x) ¢ Rep;n (k) —— Repftype(I‘K)

J{@Qp \L@@p

Repr(I‘K) — Repa:(I‘K)
(3.2.3)
For x € {st, crys}, objects of Repy. (T'r) are clearly in Repyy (I ). How-
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ever, it is not clear that an object of Rep;’yrpc(l" k) that is free over Z,, is actually

an object of Repy,r (I'xc). That this holds is due to Tong Liu.

Theorem 3.2.4 ([36], 7.2 and 7.3).
Let v € Z>y. Let x € {st,crys}. Let L be an object of Repy (I'x). Then L is
an object of Repp™"(T'c) (resp., Reph:r(Tx)) if and only if, for each m > 1,

L/p™L is an object of Repiy>" (') (resp. Repio(Tk)).

tors

By Proposition the de Rham, semi-stable and crystalline conditions
on representations with Q,-coefficients are all preserved under certain construc-
tions. We need the same to be true semi-stable and crystalline representations

with integral and torsion coefficients.

Proposition 3.2.5.
Let € be any of the categories of Deﬁm'tz'on defined in (i)-(vii). Note that,
by definition, € is a full subcategory of Modz,, 1 -

(a) A Modg, r -subobject of an object of € is also an object of €.

(b) Suppose € is one of the categories containing objects with nontrivial torsion.
If M is a Modz, r, -quotient of an object of ¢, then M is an object of € .

(c) If M is a Modgz, 1 -direct sum of finitely-many objects of €, then M is an
object of €.

Proof. We prove the statements (a)-(c) one category at at time.
(i) For Modz, r, the statements (a)-(c) are tautologically true.

(ii) Let L be an object of Repy, (I'). A Zy-submodule L’ of L is free of finite
rank. By assumption, L’ is a Modz, 1, so it has the induced topology,
which is necessarily the p-adic topology. We see that (a) holds. We do not
claim (b) holds for this category. The direct sum of two objects L1, Lo of
Repy, (T k) has the product topology. By assumption L; and Lo have the
product topology coming from isomorphisms of topological Z,-modules
L;~ Zgi where d; € Z>o (i =1, 2). The direct sum L; @ Lo, then, admits
an isomorphism of topological Z,-modules L; @& Ly ~ Zgﬁd?. Claim (c)

for Repy, (I'x) follows.

(iii) Let V be an object of Modth;iSFK. The discrete topology induces the discrete
topology and gives the discrete topology to any quotient. Also, a finite
product of two spaces with the discrete topology has the discrete topology.
Claims (a)-(c) follow.
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(iv)

(vii)

The category Rep(g:(F k) is a full subcategory of the form Rep? (T") defined
in Definition Therefore, by Proposition subquotients and finite
direct sums of objects of Repa:(F k) are again objects of Repy” (' ). That
the constructions preserve Repa:(f‘ i) follows from Proposition

free

L. We have seen that L' is in Repy (I'x). Since L'[1/p] C L[1/p] is a
Modz, r-subobject. We have just shown that this implies that L'[1/p] is
an object of Repg (I'x). This shows that L’ is an object of Repg,. (I')-

free

We don’t claim (b) holds for Repy. (I'x). Let Ly and Ly be objects of
Repy! (T'x). Then (L1 @ Lo)[1/p] =~ L1[1/p] & La[1/p], so claim (c) from

free

Let L be an object of Repy..(I'x). Let L’ be a Modgz, r,-subobject of

claim (a) for Repg. (I'k).

We now consider the category Reprors (k).

*,7

We prove (a). Let V be an object of Repii..
jection m : L — V with L in Repg., (k). Suppose V' C V is a Zy[T'k|-
submodule and let L' = 7='(V’) € L. Then L' is a Z,|I'k]-submodule
of L. Equipping L’ with the induced topology, we have that L’ is an ob-
ject of Repy, (I'). Since L'[1/p] C L[1/p], we see that L" an object of
Rep;n (T ). This shows that V’, being a quotient of L', is an object of
Repeirs (Tx)-

We prove (b). Adopt the notation of the previous paragraph. Let U be

(Tk), and choose some sur-

an object of of Repiars(I'i) and suppose there is an surjection V. — U
of objects of Modz, r,,. Composing this with 7 gives a map 7 : L — U.
Arguing as before, we see that L/ker(7) = U realizes U as an object of
Rep;iors(T'ic). We prove (c). For i =1, 2 let LEZ) C Ll(.l) be an inclusion of
objects of Repy,” (Tx). Then LV @ LY realizes L /L @ LYV /L5 as
an object of Repyiors (k).

tors

Let M be an object of the category Rep}k{;pc(l" k). Note that the proofs of
Lemma 3.2.6{and Lemma 3.2.7]rely on the result we are presently proving,
but only in the case of the category Rep,i(I'x), whose proof is already

complete, Hence, to prove (a)-(b) for Repy.  (I'x), we may uses these

ype
lemmas.

Being finitely generated over Z,, we can write M = Mpee ® Miors Where
Miors is the maximal torsion submodule and My is torsion-free. By
Lemma Miee and Mo, are, respectively, objects of Rep;kr’ge(FK)
and Rep;ors(Ck)-
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We prove (a). Let M’ be a Modgz, r,-subobject of M. Then M’ =
Mf(ree @ MI

tors- By (a) for the categories Repyr. (I'x) and Repyors (T ),
M .. is an object of Repy. (I'x) and M{,, is an object of Rep;,i(T'k).
By Lemma M’ is an object of Repgy (')

We prove (¢). Suppose M; and Ms are objects of Rep;‘t’;pe(FK), say with
M; = lim;>1 M; j where M; ; is an object of Repy,i (k) for all ¢, j. Then
My & M is the inverse limit of the natural inverse system formed by the
modules M; ;®M, ;. By (c) for the category Repyors (Ui ), M1 j®Ms j is an

object of Repy)y (I'x ), so we see that My @My is an object of Repy,y . (T'k ).

tors
We prove (b). First, let L and L’ be objects of Repy; . (I'x) that are free.
Then, by Lemma L and L’ are objects of Repy,. (I'x ), in particular,
they are each p-adically complete. By definition of Repgors (i), L/p™L
and L'/p™L’ are objects of Repy. (I'x). For each m € Z>; we have a

short exact sequence
0— L'/p™L — L/p"L — LI!, — 0

*,7
tors

with L’ an object of Rep;.(I'x) by the claim (c) for that category. These
short exact sequences are compatible with the quotient maps defining the
inverse systems (L’ /p™L'),,>1 and (L' /p™L');m>1. By |[51] Tag 03CA], the
functor lim,,, using p-adic completeness of L’ and L, gives a short exact
sequence

OHL’HLHH@IL;’QHO.

This has shown that L/L’ is an object of Repyy . (T'x).

For the general case of (b), let M be an object of Rep;‘t’yrpe(I‘K) and let M’
be a subobject of M in that category. Then

M/M/ = (Mfree/Mf/ree) D (MtOTS/Mt/

OI'S)'

We have just shown that Mgee /M, ..
saw above that Myops/M{,,s is an object of Rep)rs(I'x), hence an object
of Repg;,o(T'i). By (c), M/M" is an object of Repy . (U'x ).

is an object of Rep}kt’yrpe(l"K), and we

*,T
tors

Granting Lemma [3.2.6] and Lemma [3.2.7] which we prove next, this completes
the proof. O

92


http://stacks.math.columbia.edu/tag/03CA

Lemma 3.2.6.
Let + € {st,crys}. Let M be an object of Rep;’yrpe(I‘K) and let M' be a
Mody, -subobject of M.

vaK

(i) If M' is free then M’ is an object of Repg... (U'k).

free
(ii) If M’ is torsion then M’ is an object of Repiors(Lkc)-

(#ii) Writing M = Moo ® Miors for the decomposition of M as a direct sum of
a free Z,-module and its mazimal torsion Zy-submodule. Then the decom-
position M = Mpee ® Miors is preserved by the action of Uy, and Mpee
and Myos are objects of Repg,. (Ui) and Repiors(Txc), respectively.

free

Proof. We may assume M = lim;cz,, M; with M; in Rep; (Tk).

Consider claim (i). Assume the subobject M’ C M is free over Z,,. Since M;
is finite type and torsion, there exists some k(i) € Zs; such that p*@ M, = 0.
Therefore p* @M’ C ker(M — M;), so M'/p* M’ C M;. Since M; is in
Rep;ors (T i), Proposition for Repyor, (T ) implies that M’/pF@) M’ is in
Repiors(Tic). Since the k(i) tend to infinity as i tends to infinity (else M is tor-
sion), we see that in fact each M'/p™ M’ (m € Z>1) is an object of Repyirs (L' k).
Since M is assumed p-adically complete and free over Z,, Theoremimplies
that M’ is an object of Repgl (T'k).

We now prove (ii). We will build a finite direct sum of the M;’s into which
M’ injects. Using Proposition for Repgars ('), we will conclude that M

*,7

is in Repy,s(I'x). Since M is torsion and of finite type over Z,, its underlying

set is finite, so M’ is a finite set, say
M ={mq,...,mq}.

For j € {1,...,d} , write m; = (mj;)i>1 € M C Hi6221 M;. For each j' €
{1,...,d} with j’ # j, choose an index i(j;j’) such that the image of m; —m

in M;;..\ is nonzero. Define
i(J33")

1() =A{i(,5") + " e{L,....d}, j" # 5}, 1= ][ 1()).

d
—

J

By construction, the natural morphism

M — P M,
a€el
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is injective; if m; and m; map to the same element of M, then they agree in the
i(j; j')-th component, which is not possible unless j = j'. As we noted above,
this proves (ii).

We prove (iii). The claim that the decomposition M = Mpee ® Miors is
preserved by the action of I'k is immediate from the fact that, for o € ' and
m € M, om is torsion if and only if m is torsion. Now, the modules M., and
Miors are Mody, 1, -submodules of M that are, respectively free and torsion, so

parts (i) and (ii) prove the claim. O

Lemma 3.2.7.
Let L be an object of Repy.. (T'x) and let V be an object of Repions(T'x). Then

free ors

L&V is an object of Repyy  (Tr)-

Proof. For m € Zx1, let M, := (L/p™L) & V. Define an inverse system as
follows: for m’ < m, let M,, — M, be the product of the mod—pm, reduction
map with the identity morphism on V. Since L/p™L is a quotient of the object
L of Rep;l (I'k), it is an object of Repyors(I'x) by definition. By Proposi-

tion (c) for the category Repiors(L'x), My, is an object of Repgirs(T'x). It
is immediately verified that L@® V =~ lim,,>; M,,. This completes the proof. [

Ezample 3.2.8. Every object M of Repg (I'x) contains an object of Repy, (I'k)
of maximal rank, so that L[1/p] = M. Hence any of the Q,-representations
described in Examples [3.1.12} [3.1.13} [3.1.16] [3.1.17] all give rise to examples of
objects of the categories Repg (I ).

Example 3.2.9. We are particularly interested in representations coming from
abelian varieties. If Ax is an abelian K-variety of dimension g, then T, A is an
object is a I' g-stable Z,-lattice in a 2g-dimensional de Rham representation with
Hodge-Tate weights in [0, 1]. Each of the quotients T, Ak /p™T,Ax = Ax[p™] is
free over Z/p™Z of rank 2g. If Ax has semi-stable (resp., crystalline) reduction
each of T, Ax and Ak [p™] (m > 1) is 1-semi-stable (resp., 1-crystalline).

In Chapter 4] we will use the following result about Baer sums via our use
of Proposition [3:2.13]

Proposition 3.2.10.

Let x € {st, crys}. Suppose we have two short exact sequences

Bi

n(V;) 0 |, v V" 0 i=1,2
in Repyo,s(Tk). Let Vi be the middle term in the Baer sum n(Vy) +p n(Va)
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(i) If Vi and Va are objects of Repions(T'ic), then so is V.

(ii) If any two of Vi, Va and Vi is in Repios (i), then all three are in
Repcrys,r(FK).

tors

Proof. Recall that Rep,,,s(I'x) is an abelian category which is equivalent to
finh.. Therefore, as we saw in Proposition [2.4.10} the set

EXt(VH, V/) = EXtREPcors(FK) (V”, V/)

of Yoneda extensions of V" by V'’ has the structure of an an abelian group under

the Baer sum. We recall this construction. Let
Uy =V xyn Vo= {(1)1,1)2) ceViaoVsy: 51(1)1) = ﬁg(’vg)} cVioV,

and

Uy :={(i1(v'), —aa(v')) : v € V'} C V1 & Va.

Recall from Proposition that the Baer sum is defined to be an extension

n(V1) +8n(V2) 0 v’ v, v 0

where V. := Uy /Us,.

By Proposition Repiors(Ti) is stable under finite direct sums and
passage to subquotients. Therefore, since Uy and Us are visibly Z,[I'k]-stable
inside of V; & V4, they are both objects of Repyars(I'x), so V4 is in Repyors (Lkc)-

Taking a Baer difference, (ii) follows from (i). O

In Definition we defined many categories of Z,[I'x]-modules that are
not Q,-vector spaces. For our later applications, we will mostly be interested in
objects of Repi:l(T'k), Reppy™! (T ), Repio (L) and Repiy®!(T'k). These

can be understood in terms of the following theorem, which is a summary work

done by many people over the course of fifty years.

Theorem 3.2.11 (Tate; Raynaud; Kisin; Kim; see Remark [3.2.12)).
One has the following relationships between 1-crystalline Z, [T k]-modules and

finite flat Ok -groups. Let pdiv,, denote the category of p-divisible groups over
Ok.

(i) The Tate module of any object of pdivg, is an object of RepS™S (T ).

free
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(ii) The generic fiber of any object of fin; s an object of Rep™®H (D).

11) Fvery object o Repcrys’1 T'x) is the Tate module an object of pdiv,. .
Y 00) ] Ox

free

(iv) Every object of Rept™* (k) is the generic fiber of an object of fin}, .

tors

Remark 3.2.12. Part (i) was proved by Tate in different terms in [52], Section
4, Corollary 2. Part (ii) is originally due to Oort (as noted in [9]), but it also
follows Raynaud’s stronger result that every object of ﬁn%K is the kernel of an
isogeny of abelian Ox-schemes (see [4], 3.1.1). Parts (iii) and (iv) were proven
by Kisin in [33] (see also [34]) for p > 2 (and, in some cases, for p = 2), and
by Wansu Kim in the case for p = 2. See [32] 2.3 for an explanation of Kisin’s

work, and 4.1 for the extension to the case p = 2.

Proposition 3.2.13.

. . v 0 . .
Let (n®,v) be an object ofExtﬁn%K and let v,ny be defined as in Definition|2.4.14}
Then (n®,v)% is 1-semi-stable. Moreover, (n®,v)% is 1-crystalline if and only

if vanl is 1-crystalline.

Proof. An object of Extgn% is a pair (n°®,v) where 7°® is a three-term complex
K
in degrees —1, 0, 1

nt =t —n’ — ]
of objects of ﬁn%,K with n! étale, and where v is a homomorphism

vint(l) — 7t
Let n be a power of p large enough to kill *. Recall that we construct a torsion
Zp|T' k]-module from this data, which we call the “generic fiber” of the pair

(n°®,v), as follows. Tensor the short exact sequence

07 1 0 [in, K B xln] — Z/nZig — 0 (3.2.14)

over Z/nZ with nk, and push out by v as in

07 i @ Nk 0 —— nx(1) — g ® Bgx[n] —— ng —— 0
Vi (0F i ® i) 0 s vin Nk 0

96



The generic fiber (n°®,v)k is the Baer sum in Extpnr. (nk, 77;{1)
(0, 0)c = 1 +1 . (07 @), (3.2.15)

By Theorem all of the terms of n} are l-crystalline as Z,[['k]-
modules. By Example N is unramified, which by Example means
that nk is O-crystalline. Since E k[n] is 1-semi-stable , it follows from Propo-
sitionthat nk ® B, i[n] is 1-semi-stable. Therefore (ni, ® E, r[n]) ®nj’
is 1-semi-stable. Since v.nY%, being the pushout of nk (1) — nk @ E, x[n] by
v, is a quotient of (nk ® F, k[n]) ® nx', we see that v,n% is 1-semi-stable. By
Proposition the degree-zero term (n®,v)% in (n®,v)k is 1-semi-stable.
Proposition also shows that (n®,v)% is l-crystalline if and only if v.n%
is 1-crystalline. O

3.3 Fully faithfulness theorems

Let L € Rep} ! (T'x) and assume L is not an object of Repf2s” (I'x). By The-

free

orem we know that L/p™L is not an object of Repins (I'x) for all m
sufficiently large. However, it can happen that, for finitely many values of m,
the Z, [T k]-module L/p™L is r-crystalline. This is a phenomenon of central im-
portance to our study of Néron component groups in Chapter [d} Example [3.3.5
illustrates this phenomenon.

The crystalline condition has a special relationship with the subgroup I'g
defined in Situation Let Repg..(I's) denote the category of finite free

Z,-modules equipped with a continuous action of I'.

Proposition 3.3.1 ([33] [2]; [§] 3.4.3 in the case r = 1).

For any r € Z>, the restriction functor

Resgg : Repp" (T ) — Repgeo(T's)

free
18 fully faithful.

Remark 3.3.2. Note that the construction of the category Repgo. (I'x) (like
the construction of Be,ys) does not depend on a choice of uniformizer; our choice

of pseudo-uniformizer @ of ﬁg with 0-th component w plays no special role.

In practice, Proposition means that one can detect whether a Qp-linear

map of r-crystalline representations is I' x-equivariant by testing whether it is
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equivariant for the actions of the subgroup I's C I'x. In general, the analogous
statement for torsion Zy[I' x]-modules fails for subtle reasons which are related
to the bound in Raynaud’s theorem (Proposition [2.2.1)). Recall that ey is the

ramification index of K/Q,.

Proposition 3.3.3 ([43] 1.2; others in special cases, e.g. r =1 p > 2 case by
[8] 3.4.3. See the introduction to [43] for a detailed history of this result.).
Let r € Z>o. Suppose ex(r —1) < p—1. Then the restriction functor

Resgg : Repore (Tk) — Repiors(T'a)

tors
18 fully faithful.

Ezample 3.3.4. The Galois closure of K (&™) in K is K (&™) ™). The
group I'z fixes @™ but, since K /Q, is finitely ramified, the group I'xz does
not fix €™ for m > 0. This shows that I's remembers ‘most’ of the action
of the p-adic cyclotomic character on I'g,. Since K may contain finitely many
of the roots of unity €, the mod p™-cyclotomic character may be trivial.
However, if the mod p"*-cyclotomic is non-trivial, then its restriction to 'z will

be nontrivial.

Ezample 3.3.5. Let m € Z>; Consider a Tate curve E, . Since E, i is not
1-crystalline, Theorem shows that, if m is sufficiently large, E, x[p™] is
not l-crystalline. It can happen, however, that E, x[p™] is l-crystalline for
finitely many values of m. To see this, recall that for any nonzero z € Ok we
may define a 1-cocycle ¢, pm : I'x — Z/p™Z by choosing a sequence z € Ajns

with 2Y = 2 and sending o € ' to the integer mod p™ satisfying

o (M) = (&m))ezpm (@) zm)

where € is the element defined in Situation Kummer theory asserts that

z —+ ¢, pm gives an isomorphism of groups
KX/K*P" = HY (T, 2/p™Z(1)). (3.3.6)

Here, the group structure on K*/K XP™ is the obvious one, and the group
structure on H'(T'x,Z/p™7Z(1)) comes from addition of cocycles. As we saw
in Example E, i is attached to the cocycle ¢4 ,m. Write ¢ = uw® with
uw e O and v = vg(q) € Z>1. Since is a homomorphism we have an
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equality
Cqpm = Cypm + Ve pm : U —> Z/p" L.

It is well known (see [9] 9.2.8, and take the reduction) that the cocycle ¢, pm
give a l-crystalline class in Ext(Z/p™Z,Z/p™Z(1)). Therefore, if p™|v, then
cq,pm gives a a 1-crystalline extension. We will now relate this fact to the size of
the Néron component group of F, . We find it helpful to rephrase the above
argument along the way.

Choose g, " € Aing, and define U € Ajyg by a(™) =g m)/g’(m). Since w is
a uniformizer of O, there are no roots of w in K, so 'k acts non-trivially on
every p™-th root of w. However, it can happen that K contains a p™-th root
of w"; this happens if and only if p™|v. Recalling that the Néron component

group of E, g is cyclic of order vk (q), we have
Covpm =0 if and only if  m <w,(vk(q)) = #Pg, . [P™] (3.3.7)
For o0 € T'k, we have

(g(m))cq,pm (fﬂ@(m) — U([](m))

= o(@™)o (=)

— (E'(m))cu,pm (o) (E(m) )va pm (o) Z]{m) ]

By (337,
Cqpm = Cupm if and only if  m < #0p, . [p™]. (3.3.8)

As we described above, the rank-2 Z/p™Z-module E(c, pm) is l-crystalline.
Hence we obtain that
=

Eqk[p™] is 1-crystalline if m < #®p, . [p

In fact, by Proposition this is an equivalence. To see this, note that when
r = 1 then the condition ex (r — 1) < p — 1 is always satisfied, even for p = 2.

By definition, the elements of I's all fix @?, so Cozo pm (c)=0foralloc €'z, so

Cqpm(0) = cupm(o) (0 €T5).
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This shows that there is an isomorphism of Z,[I'z]-modules

By x[p"lrs =~ E(cupm)lrs-

If B, x[p™] is 1-crystalline then Proposition implies that in fact there is
an isomorphism of Z,[I' x|-modules

By k[p™] =~ E(cypm).

In particular, we have the following: if ¢ has a v-th root in K, which is to say
that u has a v-th root in K, then l-crystallinity of E4 x[p™] is equivalent to
splitness of E, i [p™] as an extension of Z/p™Z by Z/p™Z(1).

3.4 Crys, and its continuous derived functors

Following Marshall’s thesis [39], we define functors Crys, and construct their
derived functors. As we shall see, the derived functors are not constructed in the
usual way, but rather are constructed using inverse systems of torsion Z,[I'k]-
modules. As we noted in [39)], this technique for defining derived functors has
its origin in Jannsen’s work [25].

We first define the maximal r-crystalline subobjects, then show that there

is a functor picking out such things.

Definition 3.4.1 (Crys,.).
For each object M of Modz, v, and for r € Zxq, define Crys (M) as the sum

in M of all C'C M such that C is an object Repy) ) (T'k).

Proposition 3.4.2.
Let M be an object of Modgz, r\.. Let r € Z>o.
(i) The object Crys, (M) of Modz,, r, is an object of Mod%r::?;.

(i) If M is finite type and torsion with the discrete topology, then Crys, (M)
is an object of Repras” (k).

tors

(ii) If M is an object of Repy, (I'x), then Crys, (M) is an object of Repgos”" (U'kc).

(i) If M is an object of Repg, ('), then Crys, (M) is an object ofRepSZS’T(FK).

Proof. We prove (i). We need only verify that the sum defining Crys,. (M) is
a colimit. Let S C 2™ be the set consisting of those submodules of M that
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are objects of Repg>" (I'x) so that Crys, (M) =Y . C C M. Let .# be the

ftype

category such that Ob.# = S and for C,Cs € S,

the inclusion Cy; — Cy if C7 C Cy
Hom 4 (C1, Cs) :=
o otherwise.

Define a functor F' : .# — Repgo.. (I'x) by sending C' € S to the same object C

ftype
of Repoo (') and sending any morphism of objects of .# to the corresponding
inclusion of objects of Repgy " (I'x). We claim that Crys, (M) is isomorphic

to the filtered colimit colim .y F'. We must show that Crys, (M) satisfies the
universal property characterizing colim s I. Let Z be an object of Modz,
and let (pc : C — Z)ces be a compatible collection of morphisms. Then
the ¢ determine a unique morphism ¢ : Crys,.(M) — Z compatible with the
inclusions C' C Crys,.(M). To see this, let € Crys,.(M). Then z lies in some

crys,r

some finite sum (in M) of objects of Repg

(T'k), which is again an object
C € S. Define ¢(z) = pc(z). We claim this is well-defined. Indeed, suppose
that x € C' C M for some C’ € S which is possibly distinct from C. Then
C'NCisin S. By compatibility of the pc’s, vo(z) = woncr () = per (x). This
has shown that ¢ is well-defined. Now let x,y € M. Then there is some C' € S
such that x +y € C, so p(z +y) = pc(z +y) = pc(z) + pc(y) = o(z) + ¢(y).
We see that ¢ is a homomorphism. It follows that Crys.(M) =~ colim s F', as
claimed. This has shown that Crys, (M) is an object of Mody 7" .

We prove (ii) and (iii). When M is finite type, the Z,-submodule Crys, (M) C
M is finite type and torsion with the discrete topology with Z,-rank bounded
by that of M. It is therefore equal to one of the summands defining Crys,. (M)
as a sum of finite type submodules of M. If M is torsion (resp., free), then

Crys, (M) is torsion (resp., free). We are then done by Lemma O

Ezample 3.4.3. We look at the example of a Tate curve. Recall that L = T, E, g

Cq

has a basis 1, x2 where the action of I' ¢ has the matrix form , where ¢,

is the limit of the cocycles ¢, pm described in Example It is obvious from
the explicit matrix form of the action that the only proper I x-stable subspace
of L[1/p] is the copy of Q,(1) spanned by z1, which is crystalline. Therefore,
any l-crystalline I'x-stable subspace of L is a copy of Z, (1) of the form p™Z,x1

for some m > 0. Since L is not 1-crystalline, we see that
Crys, (L) = Z,z1 C Qpz1 = Crys, (L[1/p]).
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In Example we saw that tha L/p™L can be l-crystalline. In fact, letting
c=#®Pg, . [p™], it follows from Example that

Crys,(L/p™L)=L/p™L ifm<e

and
Crys(L/p™L) D Z/p™Zx1 +p"~“(L/p™L) if m > c.

It will follow from Proposition [4.2.22] that this containment is an equality.

Proposition 3.4.4.

Let v € Z>o. There exists a functor Crys, : Modz, r, — Modgﬁi; that sends

an object M of Modz, r, to Crys.(M) as defined in Definition m This
crys,r

functor is right adjoint to the forgetful functor Modeer — Modz, r,, and

hence it is left exact and commutes with limits.

Proof. We have shown in Proposition [3.4.2that Crys,. is well-defined on objects.
Now, for any morphism f : M — M’ of objects of Modyz, r,, define Crys.(f) :=
flcrys, (ary- For this to be well-defined, we need that f|c.ys (ar) factors through
Crys,.(M'). Writing Crys, (M) = colim M; with M; € Repy " (I'x), each far,
factors through its image, which is an object of Repy )" (I'x) contained in M’
By the universal property of the colimit, we conclude that f |Crysr( ) factors
through Crys, (M’).

We check the claimed adjointness property. Let F' be the relevant forgetful

functor. We must show that there are natural bijections
Homyiody, ., (F(C), M) = Homyjeqersr (€, Crys,. (M)
Pt K

for C € Mod%iy’ii; and M € Modz, r,,
homomorphism f : C — M factors through Crys,.(M). Writing C as a col-

which is just to say that an equivariant

imit of finite type objects and arguing as above, we see that f factors through
Crys,(M). The claim that a right-adjoint functor is left exact and commutes

with limits is standard. O

For L € Repy (I'k), the relationship between Crys, (L) and Crys, (L[1/p])
can be understood via the following basic lemma.

Lemma 3.4.5.
Let L € Repy (I'k), and let W C L[1/p] be a stable Q,-subspace. Then W N L

is a lattice in W.
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Proof. Let wy,...,wq be a basis for W and let ey, ..., e, be a basis for L. Write
each w; as w; = Z?:o cije; with ¢;; € Qp. Choose m such that p™c;; € Z,, for
all ¢,7. Then the p™wy,...,p"wy, which still form a basis for W, all lie in L.
This proves the claim. O

Remark 3.4.6. Applying Lemma[3.4.5]to W = Crys,(L[1/p]) we find that
Crys, (L)[1/p] = Crys, (L[1/7]). (3.4.7)

One could take this as a definition.

We wish to study the derived functors of Crys,., but to define these using
the usual formalism of Grothendieck we must restrict Crys, to some category
with enough injectives. Let us illustrate one potential issue. We might wish

to restrict to Repy, (I'x), but the category Rep; (I'x) does not have enough
crys,r
free

injectives. To see this, suppose that I € Rep (Tk). Consider the diagram

I 257

-
-

z’/;b?

I
If I is injective, then there is a morphism ¢ : I — I such that ¥(pz) = z for all
x € I. But then x = py(x), so I is p-divisible. This is not possible for a finite
free Zy-module of positive rank. A natural divisible avatar for L that preserves

the information of the quotients of L is the Pontryagin dual L ® Q,/Z,.

Proposition 3.4.8.
Let L € Repy, (I'k). Then L ® Qp/Z; is naturally an object of Modtz(;;er. The

natural morphism
colim,,>1 Crys,(L/p™L) — Crys, (L ® Qp/Zy),

where the colimit is with respect to maps L/p™L — L/p™ L given by multipli-

cation by p, is an isomorphism.

Proof. By definition of Crys,., Crys, (L®Qy/Z;) = colim,» F with F'(i) an object
of Repg; o (I'xc) for each i € 7. Since L&Q),/Z, is torsion and each F'(7) is finite
type and r-crystalline, we see that for each ¢ € I there is some m(i) € Z>1 such
that F(i) — Crys, (L ® Q,/Z,) factors through Crys, (L/p™" L). This induces

an inverse to the map colimy,>; Crys, (L/p™L) — Crys,.(L ® Q,/Z,). O
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Proposition 3.4.9.
tors tors

The categories Modz, r,, Mody T and InvMod; T, (defined via Defini-
tion each have enough injectives.

Proof. We essentially follow the proof given by Marshall. The claim for Modz,,
follows from |[51, Tag 04JE|, which is the stronger result that this category ad-
mits injective hulls. Let M be an object of Modtzzr}K. Let M — I be an
injection of M into an injective object of Modz, r. Since M is torsion, this
injection factors through Iios, so we need only show that I is an injective
object in the category Mod%‘:} - Suppose we have morphisms f : T — Iiors
andg:T — T in Modtz(;r} - Then f and g are also morphisms in the category
Modz, 1y, so we get a morphism f’ : 7" — I such that f = f'og: T — I.
But T” is torsion, so f’ factors through Io,s. This shows that I, is injective,
finishing the proof of the claim for Modtz(;r} «- The claim for Inv Modtz(;r} . 18

immediate from what we have. O

The following definitions will let us define, for each L € Repz, (T'k), groups
that can reasonably (because Theorem holds) be called R! Crys, (L). We
note again that this method of defining the derived functors R’ Crys,.(L) is
due to Marshall and Kim-Marshall in [39] and [31], who credit Jannsen for
introducing the style of definition in [25].

Definition 3.4.10.
Let M be an object of Modtzir}K. Define the following objects of Inv Modth;SFK.

(i) T(M) = (Tyn)m>1 with T,, = M[p™] and transition maps Ty, — Ty, for

’
m—m

m' < m, given by multiplication by p

(11) V(M) = (Vi)m>1 with V,, = M and transition maps V,, — V., for

’
m—m

m' < m, given by multiplication by p

(111) M = (My,)m>1 the constant system with M,, = M and each transition

morphism s the identity.

Proposition 3.4.11.
Let L € Repy, (I'k), j =0, r > 0. Then R Crys,.(L[1/p]) has no p-torsion.

Proof. Every element of V(L ® Q,/Z,) is sequence of the form (a;/p™%7);>0,
where m € Z>1, a; € L for all j € Z>o, and a;11 = a; modulo pmti. We
claim that the morphism p : V(L ® Q,/Z,) — V(L ® Q,/Z,) is an isomor-

phism. It is surjective because (a;/p™"7);>0 = p(a;/p™ 1) ;>0. Suppose that
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p(a;/p™t9)j>0 = (0)>0. Then pa;/p™t =0 € L ® Q,/Zy, ie., p™~1 | aj.
But a; = a;j—1 modulo p™ =1 so (a;/p™*7) ;50 = (0)>0. This has shown that

multiplication by p on V(L ® Q,/Z,) is an isomorphism. Taking the the long

exact sequence associated to this isomorphism using the usual derived functor

cohomology, we find that p is an isomorphism on R’ Crys, (V(L ® Q,/Z,)) for

each j > 0. In particular, R Crys, (L[1/p]) has no p-torsion.

Theorem 3.4.12 ([39], Proposition 3.2).
Let L be an object of Rep;, (I'x) and let v € Z>o. Then

lim Crys,.(T(L ® Qp/Z,)) = Crys,(L)
lim Crys, (V(L ® Qp/Zy)) = Crys,.(L[1/p])
lim Crys,. (L ® Qp/Zp) = Crys, (L ® Q,/Z,).

For i > 1, define

R Crys, (L) := R'(lim Crys,)(T(L ® Q,/Z,))
Ri Crys, (L[1/p]) := R (lim Crys, )(V(L © Qy/7,))
R Crys, (L) := R(lim Crys, ) (L ® @p/Zp) .

The morphisms

T =1d@p™ : L®Qp/Z, — L®Q,/Zy

O

tors

defined for m € Z>, give rise to a short exact sequence of objects of Inv Mody, '

0 —T(L®Q,/Z,) — V(L®Q,/Z,) — L®Q,/Z, — 0,

hence a long exact sequence in Mod5 %"
Zp’FK

0 — Crys, (L) —— Crys,(L[1/p]) —— Crys,.(L ® Q,/Z,)

Rl CI‘yST(L) — Rl CryST(L[l/p]) — Rl CrysT(L ® QP/ZP)

e

R2Crys, (L) ——— -+~
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Proof. Since the transition morphism in the system L ® Q,/Z, are all identity

maps, it we clearly have
lim Crys,. (L ® Q,,/Zp> = Crys, (L ® Q,/Zy).
By Proposition [3:4.4] the functor Crys, preserves limits, so
lim Crys, (T'(L ® Qp/Zy)) = Tlr}Ian Crys,.(L/p™L) = Crys,(L).
Consider the modules

lim Crys, (V(L®Qy/Zy)) = wlggw Crys,(L®Q,/Z,) = Crys,( (L®Qy/Zy)).

lim
T—pT
An element of limg, ., (L ® Q,/Zy) is a sequence (a;/p™);>1 with each a; € L
such that

a; a;
p F S €L®QP/ZP.

pit+l pi

Then mj41 =mj+1=---=my+j and the a; satisfy a;11 —a; € p" L. Then

lim a; exists in L, and so we have a map

lim (L ®Q,/Z,) — L[1/p]

T=pT
a; lima;
J N J
(pm+j )JZl pm

which is clearly an isomorphism. Hence we have
hl'Il CI‘yST(V(L ® QP/ZP)) = CI‘yST<L[1/p])

We now construct the short exact sequence . Let i = (im)m>1 :
T(L®Qp/Zy) = V(L ® Qp/Zy) be the morphism of inverse systems obtained
by taking i, : p™L/L = (L ® Q,/Z,)[p"] - L ® Q,/Z, to be the inclusion.
Represent any nonzero element z of L& Q,,/Z, as a/p™ "’ witha € L and j > 1.

106



Writing a = >~ < amp™ with a,, € L, we have

a a0+...+aj71pj71+ajpj+...+an+jpm+j

Cag+-+aj_pl ! N aj+ -+ Ay p™
- perj pm
. j—1 1
= Gt a4 mod — L /L.
pm+] P

We see that the cokernel of i, is isomorphic to p~™ (L ® Q,/Z,) C L @ Q,/Z,.

But this subgroup is isomorphic to L&Q),/Z,, so we have a short exact sequence
1 0% s
0— —L/L" %" L& Q,/Z, ™ L®Q,/Z, — 0
pm

Explicitly, writing x € L ® Q,/Z, as before, the map m,, = id ® p™ can be

described on representatives of equivalence classes by

a ao+...+aj_1pj71

T (2) = T (

pm+j ) pJ

We check that the short exact sequences involving the 7, give a short exact
sequence of inverse systems. The transition maps in the systems T'(L ® Q,/Zj)
and V(L®Q,/Z,) are both multiplication by p, so they commute with the maps

[p™] © iym,. We must also check that the squares

L®Qy/Zy % LeQ,/Z,

gl |

L®Qp/Zy ——> LRQy/Zy
commute. This follows from the congruence

(0 ) (-0 yz ST e
Tm, ppm+1+j = Tm pm+j pm+j = Tm+1 pm+1+j

1
mod —L/L.
pm
We have constructed the short exact sequence (3.4.13|).

As we saw in Proposition the category Inv Modth;SFK has enough in-

jectives. With this, the existence of the long exact sequence is standard. O
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Chapter 4

Maximal 1-crystalline
submodules and Néron
component groups in the

semi-stable case

Let K be a p-adic field, let Ax be a semi-stable abelian K-variety, and let
m € Z>1. We have seen that the finite Z,[I'x]-modules Ag[p™] are torsion
1-semi-stable in the sense that they are objects of the category Rep?ﬁejé(F K)
defined in Definition It is sometimes the case that Ax[p™] belongs to

a smaller category, the category Repcrys,l

o (i) of torsion 1-crystalline Z,[I' k|-
modules. In general, we have a functor Crys; (defined in Proposition
that produces the maximal l-crystalline Z,[I' k]-submodule Crys,(Ax[p™]) C
Ak [p™] whose homological properties were developed in Section In this
section, we undertake a careful study of Crys; (Ax[p™]). This allows us prove a
formula for the p-primary part of the Néron component group ®4, of Ag; in
Theorem we construct an isomorphism of unramified Z,[I" k]-modules

(I)AK,H [poo] = Rl CI"ySl (TpAK)tors~ (401)
In Chapter [0] write more on the history of this formula, its proof under restric-

tions on K in [31], and its older l-adic analogue (I # p) proved in [19].
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We outline the strategy of proof. Our approach stems from Kisin’s result
(see Theorem [3.2.11)) that a torsion Z,[I'x]-module is 1-crystalline if and only if
it is the generic fiber of a finite flat O'x-group. By work of Fontaine, one knows
that crystalline Q,-representations of I' are classified by filtered ¢-modules,
and that semi-stable Q,-representations are classified by filtered ¢-modules with
the additional structure of a monodromy operator. One might hope, then, that
torsion 1-semi-stable representations can be classified by finite flat Ox-groups
with additional monodromy structure. This idea was pursued in some depth
by Kato in his theory of log finite flat group schemes. We refer the reader to
the introduction of Section [2.4] for more on the history of log finite flat group
schemes.

In Proposition we showed that the object (2L [p™], Nym) of ﬁn%iv
defined in Definition has generic fiber isomorphic to Ax[p™]. As we noted
above, Crys; (Ax [p™]) is the generic fiber of a finite flat &' k-group. Such a finite
flat O'k-group need not be unique or have good functorial properties. Nonethe-
less, we construct such an object in a fairly natural way from (2L [p™], Nym) by
killing monodromy as in Remark In this way we obtain a finite flat O
group that we call *2L [p™]. We stress that, while it is clear *2L [p™] gives a
large 1-crystalline subobject of Ax[p™], it is not clear that * 2L [p™] is equal to
all of Crys;(Ag[p™]). To show this, we appeal to the torsion fully faithfulness
result of Proposition

Our application of Proposition [3.3:3] to prove that

* 2L [p™ Kk ~ Crys, (Ag[p™]) (4.0.2)

involves a decomposition of V' = Ag[p™] into a 1-semi-stable piece N, W built
from the torsion in a Tate curve and a l-crystalline piece W; that this de-
composition exists is (essentially) the content of the statement that Ag[p™]
is the generic fiber of an object of ﬁn%’,iv, which is defined to be a certain
Baer sum. Our strategy is to understand Crys;(N.W). Since N.W has an
explicit construction involving the monodromy homomorphism N = Npm, the
connected-étale sequence of 2L [p™], and the torsion subgroup Ey k[p™] in the
Tate curve with parameter o, we are able to understand Crys, (N, W) with suf-
ficient precision to describe Crys; (V). Ultimately, this rests on a simple lemma,
Lemma [4.2.12] pertaining to the the Kummer cocycle attached to E g [p™].
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With (4.0.2)) established, it is straightforward to prove that the Raynaud
extension /Nl, defined as in Proposition , satisfies

T,Ax = Crys, (T,Ax). (4.0.3)

If Ak has bad reduction, Crys, (T,Ax)/p™ Crys; (T, Ax) may be strictly smaller
than Crys; (A [p™]). In fact, the difference in size between these two groups
is directly related to size of the p-primary part of the Néron component group
® 4, attached to Ak; by a direct analysis of *2L [p™]x using results of [19]
relating to the monodromy pairing, we show that there are isomorphisms of

unramified Z,[I' x]-modules

*20 "k Crys|(T,Ax @ Z/p™Z)
Aglpm] — Crysi(TyAr) ® Z/p™Z —

Ba, ™). (4.0.4)

The isomorphism on the right was constructed in [39] and [3I] under the as-
sumption that p > 2 and K/Q, is unramified. This was done by constructing
a finite flat Ox-group with generic fiber Crys,(Ax[p™]). This construction
makes use of the strong result Proposition of Raynaud that requires that
the ramification index ex of K/Q,, satisfies ex < p—1. Our construction, which
removes the restriction ex < p — 1, gives a new description of Crys, (Ax[p™])
as a submodule of Ax[p™]. In a sense, we replace Raynaud’s result on torsion
1-crystalline Z,[I" x]-modules with the torsion fully faithfulness result described
earlier.

With (4.0.4), we are able to follow the strategy of [39] and [31] to construct
an isomorphism as in using the long exact sequence constructed in The-
orem [3.4. 12

Conventions

In this chapter, assume the notation of Situation [I.6.11] in the case where A
has semi-stable reduction. We sometimes reiterate the choices made in Situa-
tion to emphasize the dependence of our constructions on these choices.
We will be interested in understanding the modules Crys, (Ax[n]) as defined in
Definition[3.4.1] It should be noted here that this module is torsion 1-crystalline
as a I'i-module, but the dependence on K is suppressed. For instance, we will

sometimes write “is 1-crystalline” to mean “is an object of Repgoe (I )”.
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4.1 Preliminaries

Let n € Z>» be a power of p. We have seen in Proposition [2.5.10| that Ax[n] is

isomorphic to the degree-zero term in the complex
(c6(25,[n]), Nu) i = c6(2,[n)k +B Noyu (07 ¢ @ 25, [n] ). (4.1.1)

Let us recall what this means. Since A is semi-stable, it has, by Proposi-
tion an associated log 1-motive 2k . With respect to our fixed uni-
formizer w, we can attach to 2k an Og-l-motive 2L. The monodromy
pairing gives a homomorphism N,, : 2L [n]*(1) — 2L [n]° of finite flat O-
groups. The pair (2L [n], N,,) is an object of the category ﬁn’é’,g, which is to
say that the connected-étale sequence cé(2L [n]) gives an object (cé(2L [n]), N,,)
of Extgn% o The generic fiber in the sense of Definition is the Baer sum
in Extg,r (2L 0%, 2L [n)%) of two terms. The first term is the generic fiber of
the connected-étale sequence cé(2L [n]). The second term is constructed from
N, as in Definition[2.4.14] By Proposition[2.5.10] there is a short exact sequence
of Z,[I' k]-modules

0 — 2L [n]% — Ag[n] — 2L [n]%t — 0. (4.1.2)

To lighten notation, define

V= Ag|n], W = o@;[n]K,
, , (4.1.3)
Vo= Ol V= QL
Then (4.1.2]) becomes
00—V —V V%0 (4.1.4)

Using, as we did before, (—)° to denote the term in degree zero of an object of

Extgn% , define
K

N:=N,g, NW:=(N(0F, @ 25 [n5%))°. (4.1.5)
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Since W and N,W come from objects of Extﬁnz;((a@}ﬂ [n]S¢, 2L [n]%), they fit

into short exact sequences

0 Ve W yét 0 (4.1.6)

and
0——> Ve — s NNW — V¢ — . (4.1.7)

Definition 4.1.8 (SubMod(M, V°); (=) and céyo on SubMod(V, V°)).

Let M be one of V, W, or N,W. Define SubMod (M, V*°) to be the subcategory
of Modz, 1, consisting of those Zy[I'k]-submodules of M containing the image
of the map (V° — M) of @.1.4]), or (4.1.6) or (4.1.7), as the case may be,
where the morphisms of SubMod (M, V?°) the inclusions of submodules. For U
in SubMod(M, V°) we define

Ut .=u/ve. (4.1.9)

Writing i : U < M for the inclusion of the submodule U C M, we regard U as
a submodule of V¢ wia the injection i : Ut < V¢ induced by i. In this setup,

write céyo (U) for the natural short exact sequence

céye(U) 0 Ve U Ut 0.

Thus, the sequences (4.1.4]), (4.1.6) and (4.1.7) are céyo(V), céyo(W) and
céyo (N W), respectively.

Lemma 4.1.10.
The category SubMod(V,V?°) contains a unique object C maximal with respect
to the property of being 1-crystalline, and this is equal to Crys, (V).

Proof. First, note that V°, being the generic fiber of the finite flat &x-group
21 [n]°, is 1-crystalline. This shows that SubMod(V,V°) contains a unique
object C' maximal with respect to the property of being 1-crystalline. Recall
that Crys, (V) is defined in Deﬁnitionas the internal sum of all 1-crystalline
submodules of V. From this, it is clear that V° C Crys;(V), so that Crys; (V) is
an object of SubMod(V, V°). By the maximality property of C, Crys, (V) C C.
By the maximality property of Crys;(V'), Crys,(V) C C. O

112



Using the monodromy morphisms v,, and N,,, we will characterize Crys; (V)
among the objects of the category SubMod(V, V°). This amounts to character-
izing a particular subgroup of V.

Remark 4.1.11. This notational convention of adorning Z,[I' k]-modules with
the symbols ét and o must be used with care. Given a finite flat Z,[I"x]-module
V, the notions V° and V¢ are not well-defined without a preferred finite flat
Ok-group scheme giving rise to V. For instance, If V' is the abelian group Z/pZ
with the trivial action of 'k, and if K contains a p-th root of unity, V can
be realized as both (p, ok )k and (Z/pZey ). But py e, is connected and
Z/pZe, is étale. If we thought of V' as coming from u, ¢, , then we would have
Ve =V and V¢ = 0, while if we thought of V as coming from Z/pZg, then
we would have V° = 0 and V¢ = V. Thus, the notation is dangerous for the

o

uninitiated. We only apply the notation (—)° in one case V°, where there is a

preferred finite flat Ox-group scheme with generic fiber V°, namely 2L [n]5-.

Our use of the notation (—)% is always via the definition in (4.1.9).

4.2 Description of Crys,(Ax[n])

Until Proposition fix U in SubMod(V,V*®) with ¢ : U < V the inclu-
sion. Let i : U®* «— V¢ be the induced injection. We are concerned with
i* céyo (N W) € Ext(U®, V°), the pullback of céye (N, W) € Ext(V¢, V°) un-
der i. This is defined so that the rightmost square in

i* céyo (NW) 0 —— Ve — s *NW — s U% — 5 0
cbyo (NW) 0 Ve N.W yeé 0
(4.2.1)

is Cartesian. Write U’ for the degree-zero term in

cbyo(U) —p i* cbyo (N W) 0 Ve U’ Uét 0.
(4.2.2)

Proposition 4.2.3.

The morphism i induces an injection i’ : U' — W of Z, [ k]-modules.

Proof. Define
—Bi*N.W := (—pi* céyo (N W))".
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To be sure, this is isomorphic to the term in degree zero (i* céyo (N, W))? as a
Zp|I' k]-module, but it has a different extension structure; we find the notation

psychologically useful. Similarly, define
—gN.W := (—p céyo (N.W))°.
By definition (see Proposition [2.4.10)), the Baer difference has the form

U, - U X et (*BE*N*W)
Ap (Ve)

We explain the notation. The Z,[['k]-module U x e (—pi*N.W) is the fiber
product of U and i* N, W over U®" taken with respect to the natural surjection
U — U® and the surjection i* N,W — U in —gi* céyo (N, W). By definition of
Baer negation, the surjection —i* N,W — U®" in —pi* céyo (N, W) is obtained
by negating the surjection i* N,W — U® in i* céyo (N.W). The map Ay, is
the morphism V° — U X e (—pi* N.W) given by taking obvious diagonal map
and negating the second coordinate. By , we have

cbyo (V) = céyo (W) +5 céyo (N V).

Using this, and the same notational conventions we just described, we have

W= V XVét_(—BN*W)
Ay (Vo)

There is a commuting diagram of Z,[I" k]-modules

U xye (—pi*N.W) U
14 Xyrét (—BN*W) Vv
J (4.2.4)
—BE*N*W J Uet
—sN.W pét

constructed as follows. Start with the bottom square, which is Cartesian. Add

the rightmost face, then form the front and back faces as Cartesian squares.
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The morphism ¢ is induced by the Cartesian property of its target.

To show that ¢/ induces a morphism U’ — W, we must show that the diagram

Az, -

Ve U U xye (—pi*NJW)

H l (4.2.5)
A

Ve —5 vV X et (—BN*W)

commutes. To see this, note that the injection A, is induced by the morphisms

Ve — U (4.2.6)
Ve — —pi*N,W (4.2.7)

(the second one one being negated) appearing in the complexes céy.(U) and
—pi* céyo (N, W), respectively. Since 7’ induces the inclusion U C V on U
we see that 7' sends V° C U to V° C V. Since ¢ agrees with the morphism
i*N.W — N, W of , it sends commutes with the morphisms V° — * N, W
and V° — N,W. This has shown that commutes. We conclude that i’
induces a morphism
iU — W

We show that 4’ is injective. Let (z,y) € U X e (—pi* N.W) and write [z, y] for
the class of (x,y) in U—pgi* N,W. To say that i’ ([z,y]) = 0 is to say that i'((z, y))
lands in Ay, (V°). Suppose i'((z,y)) = Ay (2) for z € V°. By commutativity
of ([:2.5), we see that (x,y) = Ay, (z). This shows that [z,y] = 0. We conclude

that i’ is injective. O

Proposition 4.2.8.
U is 1-crystalline if and only if i* N.W is 1-crystalline.

Proof. Recall that U’ was defined in (4.2.2) to satisfy
cbyo (U") = cbyo(U) —p i* cbyo (N.W). (4.2.9)

Since W is defined to be the generic fiber of the finite flat &x-group 2L [n], W
is 1-crystalline by Theorem [3.2.11] We just showed in Proposition that
U’ is isomorphic to a Zy[I'k]-submodule of W, so by Proposition U'is

1-crystalline. Applying Proposition [3.2.10| to (4.2.9) completes the proof. O
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We now develop a precise criterion for 1-crystallinity of i* N, W. Combining
the diagram defining N, W as a pushout and the diagram defining i* N, W as a
pullback, we have a commuting diagram of Z/nZ[I k]-modules with exact rows

0 —— V(1) —— Ep g[n]@V® —— V& —— 0

J» Js |

0 Ve N*W Vét 0 (4210)
0 Ve PN Uét 0

Note that we abuse notation by using N for both the map from V¢ and the

map from FEy g[n] ® V¢, Recall that the top row arises by tensoring

HzK : 0 Hn, K EWJ([H} E— Z/nZK — 0

with V. Choose the ordered basis {z1, 72} of Ex r[n] constructed in Exam-
ple[3.1.17] In this basis, the action of 'k is via

X Comn
1 .

where x is the mod-n cyclotomic character and ¢ 5, is the Z/nZ-valued cocycle
(13.1.20)) in the case ¢ = w. Suppose now that n = p". Recall that the cocycle

Cw.n Satisfies the the relation
o(@™) = (@m)e=nl)gm), (4.2.11)

for all ¢ € ', where @ and € are as in Situation We will need the

following result.

Lemma 4.2.12.
There exists 0 € 'k such that ¢ n(0) € (Z/nZ)*.

Proof. Suppose p | ¢ n(0) for all o. Recall that n = p™ with m > 1. Raising
the relation defining ¢ ,, to the p™~!-th power, we see that (15(””L))”W1 is fixed
by all of 'k, which is to say that K contains a p-th root of w. Since w is a
uniformizer of Ok, this is impossible, so we conclude that ¢y (o) € (Z/nZ)*

for some o. O
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With our choice of basis of Ex x[n], we may write elements of the tensor

product Eg i[n] ® V€ uniquely in the form
1 @Y1+ T2 @ Y2 (y1,y2 € V).

Using this basis for E, k[n], the morphisms in the top row of (4.2.10)) are simply

the inclusion

V) =2Z/nZ(1) @V —  EggneVE®

1QYy1 > T1QY
and
EwyK[n] ® Vét — Vét
T1Q0Y1 +22QY2 —> Yo

Recall that N,W is defined so that the upper-left square in (4.2.10) is co-
Cartesian. This is to say that

(Ezkx[n]@ V") @ Ve
{(xl ®y1,0) — (O,N(.’El ®y1)) Y1 € Vét}.

N W = (4.2.13)

Given (71 ® Y1 + T2 ® Ya,2) € (Ew x[n] ® V&) @ V°, we denote its class in
N.W by [11 ® y1 + 22 ® y,2]. Hence (using the monodromy relation in the

denominator of (4.2.13])) we have
NW ={lz2®ya, 2] : y2 €V, 2 €V}

By definition of the fiber product, the vertical injection i*N,W < N,W in
(4.2.10]) is the inclusion of the submodule

FNW ={[ra®u,2]: uec U, 2 € V°} C NW.

There is a homomorphism of finite abelian groups

vt — PNW
s (4.2.14)

u o [22 ®@u,0]

which is a section of the quotient map ¢*N, W — U®. The morphism s need

not be I' g-equivariant, but we will now show it is I's-equivariant.
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Lemma 4.2.15.

The homomorphism of finite abelian groups s is Iz -equivariant.

Proof. Restrict (4.2.10) to I'z. It is immediate from (4.2.11)) that ¢ »|ro =0,

which is to say that
Es k[n]lr, = (Z/nZ(l) @ Z/TLZ)h"% (4.2.16)

with 1 spanning Z/nZ(1)|r and x5 spanning Z/nZ|r_. The homomorphism
Yo — To ® Yo is a ['z-equivariant section of the quotient map

(Boxn] @ V) |r, = V& r_.
We see that the extension
0— Vg — *N.W]r, — U¥|r. — 0 (4.2.17)

is split by the section U®|p_ — i* N.W/|r_ induced by s. O

The following key proposition uses the difficult “torsion fully faithfulness

theorem” described in Proposition [3.3.3

Proposition 4.2.18.
The Z, [T k]-module i* N,W is 1-crystalline if and only if the Tz -equivariant
section s defined in (4.2.14)) is I x -equivariant.

Proof. Recall that a torsion Z,[I'k]-module is 1-crystalline if and only if it
is the generic fiber of a finite flat Ox-group. Therefore V° = 2L [n]5 is 1-
crystalline. Since V' is the generic fiber of the étale Ox-group 2L [n]St, V&
is unramified. Therefore, the Z,[I ]-submodule U C V¢ is also unramified.
By Example U and V® are l-crystalline. Suppose first that s is k-
equivariant. Then i* N, W ~ V° & U as Z,[['k]-modules. Since U® and V°
are l-crystalline, i* N, W is l-crystalline.

Now suppose that i* N,W is 1-crystalline. Since U¢' is 1-crystalline, Propo-

sition [3:3.3] implies that the I'z-equivariant morphism s is I' x-equivariant. [

Remark 4.2.19. In Proposition we have made use of non-canonical choices
using our chosen element @ € ﬁ%. On the one hand, @ gives a subgroup 'z C
I'k that we use when applying Proposition [3:3.3] On the other hand, we used

w = @ when we formed E, x[n] and performed Raynaud decomposition.
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We could have used a different uniformizer, say uw where u € &}, to perform

Raynaud decomposition. In that case, Ey, i [n] is not split as a Z,[I'z|-module;
see Example
Returning to the situation of the above Proposition [£.2.18] we now relate the

splitness of i* N, W as an extension of U* by V° to the monodromy morphism.
Recall that N(—1) : V¢ — V°(—1) is a morphism of Z,[I' k]-modules.

Proposition 4.2.20.
The section s is T i -equivariant if and only if Ut C ker N(—1).

Proof. Suppose U® C ker N(—1). With reference to our basis {1, z2} for
Ew k[n] @V, this means that N(z; @ u) = 0 for all u € U, Let 0 € T'x. We

have

os(u) — s(ou) = olza ® u,0] — [22 @ ou, 0]

Con(0)T1 ® ou+ 2 @ ou, 0] — [z2 @ ou, 0]
Con(0)r1 ® ou, 0]

yN(21 ® e (0)ou)]

=
=
~ [0
= [0,0].

This shows that s is I'g-equivariant.
Conversely, suppose s is I' g -equivariant and let u € U¢t. For any o € I'g, we

see from the above calculation that we have an equality of elements of i* N, W
[0,0] = os(u) — s(ou) = [0, N(z1 ® o n(o)ou)],

which is to say that, for some y; € V¢ depending on u, we have the equality of
elements of (Ey r[n] ® V) @ Ve

(0, N(z1 ® com(o)ou)) = (21 ®y1, —N(x1 @ y1)).
We see that we must have y; = 0, hence N(z1 ® y1) = 0, hence
N(z1 ® ¢on(o)ou) = 0. (4.2.21)

By Lemma [4.2.12) we may choose o such that cs (o) € (Z/nZ)*. It follows
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from (4.2.21) that
0= N(z; ®ou) = x(c")oN(z; @ u),

whence N(xq ®u) = 0. As u was an arbitrary element of U, we conclude that
U® C ker N(—1). O

Proposition 4.2.22.
Let U be an object of SubMod(V,V°). Then U is I-crystalline if and only if the
induced injection U = U/V° — V¢ = V/V° factors through

ker N(—1) c V¢,

Proof. This results from combining Proposition Proposition and
Proposition More specifically, by Proposition U is l-crystalline
if and only if 7*N,W is l-crystalline. By Proposition N is 1-
crystalline if and only if the morphism s defined in is I'k-equivariant.
By Proposition the morphism s is I'x equivariant if and only if the in-
clusion U® < V¢ factors through ker N(—1) C V¢ Altogether, we have the
claim. O

Theorem 4.2.23.
Let p be any rational prime. Let K be a p-adic field in the sense of Section[0.]
and fix a uniformizer w of Ok . Let Ak be a semi-stable abelian K -variety, and

let n € Z>2, be a power of p.

Let (2L [n], N,,) be the log finite flat O -group of Proposition|2.5.1(1 Then
there is an isomorphism of Z, I k]-modules

Axk[n] X 91 e ker Ny i (=1) = Crys, (Ak|[n]) (4.2.24)
given by projection onto the first factor of Ak [n] X o1 e ker Ny ke (—1). After
fizing an isomorphism (2L [n], N,)% ~ Ak([n] as in Proposition there

is a canonical isomorphism of Crys,(Ak|[n]) with the generic fiber of the finite

flat Ok -group
*20[n] := 2L [n] X g1 (e (ker Ny)(—1), (4.2.25)

where the Tate twist is as in Proposition|2.2.25,
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Proof. Recall that the generic fiber (in the sense of Definition [2.4.44)) of the log
finite flat O-group (2L [n], N,,) was shown in Proposition [2.5.10| (which uses
the semi-stability assumption) to be isomorphic to Ax[n]. By definition of the

generic fiber functor, we know that in fact Ax[n] lies in a short exact sequence
0 — 2L[n]% — Agn] — 2L[n]% — 0. (4.2.26)

Since ker N,, x C 2L [n]5(1), exactness of twisting (Proposition gives
an inclusion ker Ny, r(—1) C 2L [n]S%t. The fiber product in the statement of
the theorem is taken with respect to the surjection in and the inclusion
ker N, x(—1) € 2L[n]%t. The fiber product consists of those pairs (z,y) €
Ax[n] x ker Ny, r¢(—1) such that = and y map to the same element of 2L [n]t
under the two maps to 2L [n]%. Writing a bar for the surjection in (4.2.26), we

therefore have
Ag[n] X QL [n]ét ker N, k(1) = {x € Ag[n]: T € ker N, k(—1)}. (4.2.27)

Said differently, Ax[n] X g1 [nje ker Ny g (—1) is the maximal Z,[I']-submodule
M C Ag|n] containing 2% [n]5- with the property that the natural injection of
M/ 2% [n]5 into 2L [n]¢ factors through ker N, x(—1).

We saw in Lemma that Crys;(Ak|[n]) is an object of the category
SubMod(Ag[n], 2L [n]% ), and that it is the object of SubMod(Ax[n], 2L [n]%)
maximal with respect to the property of being 1-crystalline. We showed in
Proposition that an object of SubMod(Ag|[n], 2L [n]%) is 1-crystalline
if and only if its quotient by 2L [n]% is contained in ker N, x(—1). As we
explained above, the maximal such module is the fiber product . We

conclude that
Ag[n] X g1 e ker Ny i (—1) 2= Crys, (A [n])

via the projection onto the first factor.

For the claim that *.2L [n] has generic fiber Crys, (Ax[n]), recall from Re-
mark that the object (*2L [n],0) of ﬁn%’,iv is a subobject of (2L [n], N,,).
By Proposition 2:4.37, and Proposition [2.4.45]

"2z [nlk = (" 25[n],0)x € (25[n], Nn)x = Ax[n].
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By its definition in (4.2.25) as a pullback, *.21 [n] gives a class in
EXtﬁnI(’7 ((ker Ny, )(—1), Qzlw [n]°),
K

so its generic fiber * 2L [n]x gives a class in Extg,r (ker N, k(=1), 2L [n]%).
The description in (4.2.24), Crys,(Ax[n]) shows that it is the pullback of the
class of under the inclusion ker N, x(—1) C 2L [n]S¢. This shows that
Crys, (Ak/[n]) gives a class in Extg,e (ker Np i (—1), 2L 1n]%). Tt follows that
* 2L [n]k and Crys, (Ak[n]) are 1-crystalline Z, [ k]-submodules of A [n] hav-

ing the same order. By maximality of Crys;(Ax[n]), we have
* 2L [n]c = Crys, (Ax[n]) € Ax[n]

This completes the proof. O

Theorem [£:2.23]is our main technical result. In the next section, we provide

some applications to the study of T, Ax and the p-primary part of ®4,.

4.3 Néron component groups and R! Crys, in the

semi-stable case

Recall that the Tate module Tpﬁ k is the Tate module of a p-divisible group (see
Example [2.2.11)). We therefore know that TpZK is an object of Rep{™*! (k).

free

Theorem 4.3.1.
Fiz notation as in Theorem[[.2.23. Then the isomorphisms of Theorem [{.2.23

Ag[p™] X g1 jpmjer ker Nym jc(—1) 2= Crys, (Ag [p™])
for m € Z>1 are compatible in m, and give rise to an isomorphism
Crys; (T Ak) ~ TPZK.

Proof. As noted in Remark the morphisms vm : Y/p™Y — A[p™] are
compatible in m. Since Np= is obtained by pre-composing with canonical mor-
phisms 2% [p™]% (1) — (Y/p™Y)(1) (see (2.5.4)), we see that the N,m are com-
patible in m. It follows that the finite flat &'x-groups ker N,~ are compatible in
m. The compatibility of the isomorphisms of Theorem follows from the
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description of these isomorphisms as pry g on Ag[p™] X g1 [pm)é ker Npm g (—1).
By Proposition [3.4.4]

Crys, (T,Ak) = ligln Crys, (TpAx /p"TpAK) = ligln Crys, (Ax[p™]),
so by Theorem [£:2:23] we have isomorphisms
Crys, (TpAx) ~ lim* 2L [p™]k. (4.3.2)

Since Tpg[poo] is 1-crystalline, it is contained in Crys;(T,Ax). The quotient
Crys, (T, Ak)/p™ Crys, (T, Ak) is torsion 1-crystalline, as is Alp™]k, so we find

Alp™]i C Crys,(TpAx)/p™ Crys, (T, Ax) C Crys; (A]p™]x) = * 2% [P"]x-
The finite flat O-group * 2L [p™] is defined by pullback as in

0 —— 2Lpm° —— *2L[p™] —— (ker Npm )(—1) —— 0

H ! !

0 —— 257" —— 2Lp™] ——— 257" —— 0

It is immediate that the upper row is the connected-étale sequence of *2[p™|°.
It follows from (2.2.17) that *2[p™]* = ker Nm (—1) fits into the short exact

sequence
0 —s A[p™]* — * 2L [p™] I ker vym (—=1) — 0.

By Proposition [2.3.7) (since ® 4, is finite), Tp((ker vpm (—1))m>1) = 0. It fol-
lows that lim,, *2L [p™|x = lim, Ax[p™] = T,Ax. By [@3.2), we have
Crys; (TpAk) ~ TPXK. This completes the proof. O

Corollary 4.3.3 ([10] 4.7; also [7] 5.3.4 when p > 2 (see also Breuil’s Remarque
5.3.5 for earlier special cases)).

An abelian K -variety Ax has good reduction over Ok if and only if its p-adic
Tate module T, A is a 1-crystalline Z,y[I ik |-module.

Proof. Our proof will essentially follow the proof of Theorem 4.7 of [I0], ex-
cept we will invoke Theorem [£.3.1| where they invoke their equivalent statement

Corollary 4.6, which they prove by very different means.
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Suppose that Ax has good reduction. Then T}, Ak is the generic fiber of the
p-divisible group A[p*°] over O, which is 1-crystalline by Theorem

Suppose T, Ak is 1-crystalline. We wish to prove that Ax has good reduc-
tion. In the proof of Theorem 4.7 in [10], it is shown using the results 7.3.3
and 7.5.1 of [I4] that we may assume without loss of generality that Ax has
semi-stable reduction. Make this assumption, and adopt the notation of Situa-
tion [I.6.11] By Proposition there is a short exact sequence

0 — TyAx — TAx — Y @ Q,/Z, — 0

where Yx has Z,-rank equal to the dimension of the torus in Agk. By Theo-
rem the first morphism in this short exact sequence is an isomorphism.
Therefore Y = 0, so T = 0 and A = B. Since /NlK = Ak, we see that B,
which is an abelian Ok-scheme, has generic fiber Ax. By Proposition [1.3.2] B
is the Néron model of Ax. Thus we see that Ax has good reduction if T, Ak is
1-crystalline. O

Recall that A is the Néron model of A, which is assumed to be semi-stable,
and that ® 4, (defined as in Definition |1.3.8) is the component group of A. It
is shown in [19] that (taking generic fiber after taking finite parts)

Alpmf
D [p7] = S i
Ac[p™y

This fact is used by Kim and Marshall (in the case where p > 2 and K is

unramified) to prove (4.3.5) below. We give a different proof of (4.3.5) using
Theorem [£2.23 and Theorem 37

Lemma 4.3.4.

Let @4, be the component group of the Néron model of A. Let n € Z>o be a
power of p. Choose a uniformizer w of Ok and fix an isomorphism of finite
K-groups (2L [n], N,)% ~ Ak|[n] as in Proposition . Associated to these

choices is a canonical isomorphism of unramified Zp[I k|-modules

_ Crys (T, Ag ® Zp/nZy)
 Crys (TpAk) ® Zy/nZy

4 [n] (4.3.5)
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Proof. Choose a uniformizer w of O and form the finite flat Ox-group * 21 [n]
of Theorem [4.2.23] Recall that * 2L [n] is defined by pullback as in

0 — A[n]° —— *2L[n] — (ker N,)(—=1) —— 0

| | |

0 —— An]° —— 2L n] ——— 2L )% —— 0

By the universal property of *.2L [n] as a fiber product, we obtain a homomor-
phism A[n] — *2L [n] arising from canonical morphism A[n] — 2L [n] in the
complex 7(2L, n) (defined as in (2.2.13)) and the zero map Aln] = KerN,,(—1).
We claim that the generic fiber of the morphism A[n] — *2L [n] has cokernel

isomorphic to ® 4, [n]. Recall the short exact sequence
0 — An]* — 2L [n]* ™% Y/nY — 0
of , and recall that NV, is defined in as
N, - 2L [ (1) ™% y/ny (1) 22 Tln] — 2L [n]°.
By restricting 7, (1) and untwisting, we obtain a short exact sequence
0 — A[n]* — (ker N,,)(—1) — ker v, (—1) — 0,

where the morphism A[n] — (ker N,,)(—1) is the one obtained by descending

the canonical homomorphism A[n] — *2L [n] to étale parts. We see that

ker N,,)(—1
* 9L ] —> (ker Np)(—1) — EEN)(ZD)
A[n]et
induces an isomorphism

"] (ker Ny (1)
Al A

= ker v, (—1). (4.3.6)

From our choice of isomorphism (2L [n], N,,)% =~ Ag[n], we obtain
* 9L [n] =~ Crys, (Ag[n]) and T,Ag ~ Crys,(T)Ax)

as in Theorem [£.2.:23] and Theorem [£:3.T] respectively. Using these, we obtain
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from (4.3.6) and the canonical isomorphism ker v, (—1) ~ ® 4, [n] of Proposi-
tion an isomorphism

_ Crys (T, Ag ® Zy/nZy)
~ Crys,(T,Ax) ® Zy/nZ,’

Py [n]

This completes the proof O

Theorem 4.3.7.
Let @ 4, [p™°] denote the p-Sylow subgroup of ®a, . Then the isomorphisms of
Lemma[{.3-] give rise to an isomorphism

D4, [p™] = (R' Crys; (T,Ax))tors- (4.3.8)
Proof. By Proposition [3.4.8
colim,,,;>1 Crys; (T, Ax ® Z/p™Z) = Crys; (T, Ax ® Qp/Zy).
Hence, by exactness of directed limits, gives

_ Crys; (T, Ax ® Q,/Zy)
Crys, (TpAr) ® Qp/Z,

D4 [p™] (4.3.9)

On the other hand, consider the long exact sequence

0— Crysl(TpAK) B Crysl(TpAK) ®Q, — Crysl(TpAK & QP/ZP)

R Crys, (T,Ax) — R!' Crys;(V,Ag) ——— -+
(4.3.10)
attached to T,Ak using Theorem The kernel of the morphism f :
R! Crys, (T,Ax) — R'Crys,(V,Ak) is exactly the right-hand side of (£.3.9),

which is torsion, so we have
(DAK [pOO] C (Rl Crysl (TpAK))tors~

On the other hand, R! Crys,(V,A) is torsion-free (Proposition [3.4.11)), so the
kernel of f contains the full torsion subgroup of R! Crys,(T,Ak). This proves
the desired equality. O
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(-)*, Bl Repy, (T ), 00

(—)P, k1] Repg, (Ix), [90

(—)&t, [114 Reppee (Tx),

()Y, [T Repgors (I'r);

(*)Av TG, @

(_)f’ Z/’I’LZ@K,

(), ay, B3

(F,T)-regular, cé(H),

(25[n], No), céye, [14]

+,[64] ﬁn%”g’

A°, fin2¢",

B-admissible, finf,

Dg,[B3 K,

K, 1, 38

X/nXo,, n, B8

X[ Vi

CGpg, [ 2k,

DD'(R, I), A,

DD(R, I), p-adic field,

DEG(R, I), v, [

Extgn 1-motive, 3]]

FEtg, .

Iy IEI abeh.an. scher?e, ’

T, [ admissible eplmorphlslr.l, (0]
— admissible monomorphism,
Modz, 1y Baer sum, [64]

MOdth,sF K Barsotti-Chevalley decomposition,
Mult, [T§] biextension,

Da,,

Cartier duality, 55|
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character group, split torus,

component group, 23] Tute Lot
ate 1-motive,

Tate twist, [56]

torsion in a l1-motive, [31]

connected Néron model, 23]

connected-étale sequence,

degeneration datum, torus, [I§]
dual semi-abelian scheme, twisted constant,
exact category, [50] variety, [17]

exact functor,

exactness structure, [50]

finite part,

generic fiber,
good reduction, [24]

inverse system,

log 1-motive,
log finite flat Ok -groups,

modeled on,

monodromy homomorphism of level n,
monodromy pairing,

multiplicative type, [I§]

Néron Ift-model,

Néron mapping property, [2]]
Néron model,

period homomorphism,
Poincaré bundle,
Pontryagin duality,

Raynaud decomposition,
Raynaud extension, [27]

semi-abelian scheme,

semi-stable reduction, [24]
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