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This is paper is based on H. Bersinsky’s article, “On prime ideals with
generic zeros z; = t" ” [1]. Our goal will be to understand the proof laid
out in this paper.

Let n;,1 < ¢ < r,r > 3 be coprime natural numbers. We will consider
the homomorphism 0 : K|z, xo,...,2z,] — K[t] defined by z; — t™, for an
arbitrary field K. Let P = ker(f). We will be considering the minimum
number of generators for P as we vary the n;’s over the set of valid natural
numbers. It is shown in Ernst Kunz’s book entitled “Introduction to Com-
mutative Algebra and Algebraic Geometry” [2], that for r = 3 the minimum
number of generators is either 2 or 3. Here, we will first consider r = 4
and show that the minimum number of generators is unbounded. Finally,
by induction, we will conclude that the minimum number of generators is
unbounded for all » > 4.

1 Preliminaries

For a given r-tuple of natural numbers {n;};_; we denote the additive semi-
group {z|z = >\, zin;, z; a non-negative integer } by (ni,ns,...,n,). We
will also need that (ni,ng,...,n,) =1and n; ¢ (ny,...,1;,...,n.).

For K an arbitrary field, let P = P(ni,...,n,) = ker(0) for 0 : K[z1,x2, ...

K|t], for t transcedental over K. We let m =the minimum number of gen-
erators for P denoted by |P(nq,...,n,)|. P(r) = the least upper bound of
m over all r-tuples (n,...,n,) satisfying the conditions above.



2 The Theorem
Theorem 2.1. Forr >4, P(r) = cc.

The proof will follow by induction on 7.

2.1 The Base Case

Initially let » = 4. Set q1 = g2 + 1,q2 even, g2 > 4,d; = g2 — 1. Let:
n1 = q192

ng = q1dy
n3 = q1q2 + dq
ng = qgody.

Using Macaulay, for qo = 4, it is easily verified that these n;’s are co-
prime and none are conatined in the ideal generated by the rest. Further,
for go = 4, Macaulay tells us that m = 8, and for g0 = 6, m = 12. In fact this
pattern continues for all ¢go < 10, where m = 2¢o. For go > 12, Macaulay
cannot compute the map 6.

1 go— - 1
Al:{fu’fu:xlf ng M_x? 'uxf_ A <u<g@p}cP

d
{g1 = 27' — 2P g0 = w324 — X211} C P

Remark. Tt should be noted that g; and go will always be two of the gener-
ators for P that Macaulay gives.

Lemma 2.2. ainy € (1, ni,nj,ng) with a; minimal = a1 = di,a2 =
q2,a3 = dy, and as = q1.

Proof. The idea here, is to express one n;, as a linear combination of the
other n;’s, and given the way these are defined in terms of ¢, g2, and dy,
we can infer the necessary relations on their coefficients. For example, if
aini = caNg + c3ng + c4ng, then a; > c3 since ng > nq, we can also see that
di|(a1 — ¢3) = a1 > di. Thus a; minimal, gives us a; = d;. O

Ay = {f|f = ay'a}! — afaf b, e3 < dy, f € P}
A=A UAU{q, 9}, A =AU{f|f = :L“lilxi“ —z3’xs’, f € P}

Let (A) and (A’) be the ideals generated by these sets. From Lemma 2
in [1] it is shown that (A') = P = (A) = P and then in Lemma 3 also in
[1] that (4’) = P, thus (A) = P.

Next we must consider P¢, the extension of P in K{x1,x9,x3,x4}, the
formal ring of power series.



Lemma 2.3. f, € P¢/P%(x1,29,23,24),1 < p < ga, are linearly indepen-
dent over K.

Proof. Let ¢ be the substitution homomorphism:
xr1 — T,JJQ — Sql,xg — TS,$4 — S92,

Then ¢(g1) = T% — 57 = w,§(f,) = ST~ #w,1 < u < g2, and (g2) = 0.
f=abalt — 2228 € Ay = ¢(f) = TP §h1a2 — Geaateses,
Since d; 1 q1g2, we have that:

bing + byng = cong + c3ng
<

(b1 — ¢3)q1q2 = (c2q1 + ¢3 — baga)dy
e

by = c3 and bsg2 = coq1 + 3.

Substituting above we get ¢(f) = 0.

Applying ¢ to /qf:l cufu € Pé(x1,x2,23,24), ¢y € K, yields fo:l cuStH €
¢(x1,x2,x3,24). Since any non-zero polynomial f € K[S] N ¢(x1, x2,x3,24)
has degree > ¢2, ¢, = 0forl < pu < gz. Thus we have shown linear indepen-
dence over K. O

Corollary 2.4. |P(ni,n2,n3,n4)| > qa.

Proof. If we have found g2 many linear independent elements, then clearly
any generating set must be at least this large. O

Corollary 2.5. P(4) = cc.

Proof. Since all the n;’s are determined by g9, just allow g2 — 0o and we
see that P(r) = oo. O

2.2 The Induction Step

This is a very natural induction step. It seems intuitive to expect that if
3 (n1,n2,n3,n4) s.t. |P(n1,ng,n3,ng)| = mo, then 3 (11, n2, 13, 14, 15) s.t.
| P (11,12, 13,14,M5)] > mo. And in fact that is exactly what is shown by
Bresinsky in [1].

If P(r) = oo, for some r > 4. Let |P(ny,...,n,)| = m. Set n) =
2n;,1 < i < 7, and let n.; be a sufficiently large prime. It follows that
|P(nf,...,n5 )] = m. Thus, P(r + 1) = oo also.



3 Geometric Interpretation

One geometric interpretation of P = ker(#), is that it is a vanishing ideal of
the curve with parametrization
] =1t 29 =1, 23 =1, 14 = ™.

4 Examples

For K = Q, we can use Macaulay to calculate the genrators of P exactly.

Using the construction from the proof and starting as small as possible,
g2 = 4. Thus ¢1 = 5,dy = 3, and (n1,n2,n3,n4) = (20,15,23,12).

The generators of P(20, 15,23,12) are:

1. —xi + x:f

2. T1T9 — X374

3. —xi + x%

4. —woxf + xiw3

5. —x3x3 + 1123

6. —x12] + T373

7. —x3rd + 13

8. —zir} + x3x3
Note that there are 8 generators for go = 4 and that 1. = g; and 2. = gs.
If we try go = 6, then ¢; = 7,d; = 5 and (n1,n2,n3,ng) = (42, 35,47, 30).
Macaulay tells us that the generators of P(42,35,47,30) are:

1. —$Z + x‘;’

2. T1T9 — X34

3. —xZ + :z:g

4. —332332 + a:‘llxg

2,5 4 3,2
9. —xyTy + TIT3



6. —z12§ + 2513
7. —x3x} + vl
8. —x2x] + w32}

9. {—x3x3 + 2123}
10. {—a32% + 23}
11. {—a3x] + z323}

12. {—afxd + 2223}

Here we have 12 generators.

Again note that 1. = g; and 2. = go. Further, we notice the similarities
between 3. — 8. in the cases ¢o = 4 and ¢» = 6. Each term has one of the
exponents raised by exactly 2. The last four generators (shown in curly
braces) appear to be of a different form than the generators obtained when

q2 = 4.

Based on the calculations for g2 < 10 it seems as though the number of
generators is always 2¢o, but this result was not proved in my paper, and
to my knowledge there is no such proof. But it seems to be a reasonable
conjecture, worthy of further investigation.
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