CHAPTER TWO
UNIVERSAL EXTENSIONS AND CRYSTALS

In this chapter we describe the crystalline nature of the
universal extension. More precisely we associate with an
abelian scheme (resp. Barsotti-Tate group) G/S a crystal , E*(G),
on S whose value of S, E*(G)s s 1s the universal extension
E(G*) of G¥* by a vector group, By applying the functor Lie
we then obtain a crystal in locally-free modules, D*(G). If
f: G > S 1is an abelian scheme then 1*(G) is nothing but the
usual crystalline cohomology, lecrys*(o(G/S)cryg. On the
other hand when G 1is a Barsotti-Tate group, ED*(G) is the

generalized Dieudonné module associated to G .

One procedure for constructing crystals from the universal

extension was given in [16]. Here we shall use a completely

different approach allowing us to construct the crystals intrinsically

without making use of liftings. Unfortunately, it seems that
in order to verify that our crystals have reasonable properties
(and in fact that the sheaves constructed are crystals) we must
fall back on liftings.

We shall discuss separately the constructions for abelian
schemes and for Barsotti-Tate groups. For abelian schemes the
construction is straightforward. The procedure for Barsotti-Tate
groups is more technical. The reason for the additional compli-
cations is the following: For G an abelian scheme our descrip-
tion of E(G*) uses exclusively the whole group G , while for
G a Barsotti-Tate gfoup we use the individual G(n)'s as

well. But while G 1is smooth (resp. formally smooth)
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and hence amenable to standard crystalline techniques, the
individual G(n)'s are not usually smooth. We assume some

familiarity with crystalline theory [2,3].
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§1. THE CRYSTALLINE NATURE OF THE UNIVERSAL EXTENSION OF AN

ABELIAN SCHEME

Let Soc* S be a (locally)-nilpotent immersion defined
by an ideal I) endowed with (locally) nilpotent divided powers
(Yn)n>0' Let A and B be abelian schemes on S and
fo: A; > BO a homomorphism between their reductions to SO .
fo induces a map on tha dual abelian schemes fg: Bg > Ag
and hence a map on the corresponding universal extensions

E(Bg) -> E(Ag). We've shown in chapter I [2.6.7,3.2.3] that this

is the map
(1.1) Exté(Bo,Gm) > Exté(Ao,Gm)

induced by fo .

We shall construct a homomorphism E(B¥*) - E(A*) lifting
(1.1). Although this morphism depends on the triple (A,B,fo)
we shall denote it by E§(fo). From the construction it follows

that these homomorphisms enjoy the following properties:

(1) transitivity (= functoriality):
f g
Given A,B,C, A—>B—>cC_,
* _ ¥ \ *
ES(goafo) = Eg(f ). Es(go)
(ii) additivity:
Given two homomorphisms fo,fl: Ao e BO
= E¥
Eg(fo+fl) Es(fo) + Eg(fl)
(iii) functoriality in S:
Assume given a commutative diagram

3 &~———> s

O,

\Jy“‘
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where ¢ is a divided power morphism [2,3].
Let A',B' Dbe abelian schemes on S' with A = g*(A'),
B = g*(B') and let f : Ay > B be a homomorphism as above.

The following diagram commutes:

E(B*) E&(f,) 3 E(A¥)
| -
g*(E(B'*)) > #*(E(Ar*))

#* (B ,(£,))

(i;) compatibility with liftable maps:
Given a homomorphism f: A > B with reduction fo: AO > Bo B
E(f*) = EX(f )
(1.2) Remarks
(i) Conditions (i) and (iv) imply E%(f ) is an isomorphism when
£, is (take f = id, 1in (iv))
(ii) Note we do not assert and in general it will not be true

*
that ES(fo) induces a morphism of extensions.

(1 3) The construction of ngfo).

We construct for each flat VS-scheme s T , a homomorphism
Ext§(BT,G ) > Exté(AT, G _). It is functorial in T and passing
m m
to the associated Zariski sheaves yields a homomorphism between

sheaves on the small flat site of S :
Ext§(B,Gm) > Ext§(A,Gm) .

But because E(B¥) is a flat S-scheme, the map "restriction
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to the small flat site":

Hom(E(B*),E(A%*)) - Hom (E(B*),E(A%))
Sflat
is bijective. Thus we obtain our homomorphism

EX(f_): E(B*) > E(A*) .

Because the construction of the map Exté(BT,Gm) > Extq(AT,Gm)
is functorial in T , we shall assume that T = S . Consider

the following diagram

n €
0
né&——

Recall that if X 1is any smooth S-scheme, the category of line
bundles with integrable connection on X is equivalent to the cate-
gory bf invertible modules on the nilpotent crystalline site of X/S.
This equivalence is functorial in the smooth S-scheme X .

Also it preserves the algebraic structure inherent in these
categories, i.e. it is an equivalence of Picard categories l71.
In particular when we pass to the groups of isomorphism classes
of objects, we obtain a canonical isomorphism.

On the other hand since the ideal of the thickening
SOC» S has nilpotent divided powers, there is, for any stack
J , an equivalence of categories between J-crystals on
X % So/S and J-crystals on X/S . 1In particular)with

J = invertible modules,we find invertible modules on (XO/S) in-

=~

~
crys
vertible module s on (X/S)crys . Once again this equivalence is
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functorial in X and preserves the algebraic structure.

Consider the ﬁép

£ -
1 o~ 1 1 5
H(B,085 )P (B0t sy ) 3H O (W H' (A, Ty )

crys

The fact that fo is a group homomorphism}plus the
functoriality (indicated above) applied to the "primitivity maps"
s*-p¥ - pX , shows that our composite maps Exté(B,Gm) to

Ext§(A,Gm). This is the desired homomorphism.

(1.4%) Remark: Given S,~> 5 as above and A, an abelian scheme

on So s we can define for a flat S-scheme T} an abelian group

Prim[H]‘(AO ot ) )} < H'{ Aoy ,0 h
T Oy /T ° AoT /T)crys}
o

crys

to be the kernel of s*-pf—p§.

Passing to the associated sheaf for the Zariski topology we obtain
a group which is canonically identified with the universal ‘
extension of (the dual of) any lifting of A, . This is an
example of an "intrinsie" definition of the crystal alluded to

above.

(1.5) Now pass to tangent spaces. We've already seen that

Lie(E(A*)) is canonically isomorphic to ut (A/S). The genergl
DR

* erystalline machine, [2] tells us that this module is

Hl(O(A/S) ). Alternatively, this result can be deduced in
crys
the standard way from the fact that the tangent space to Gm

Consider the commutative diagram
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T
A¢———Afe]
S é—3[¢]
defining Ale]. Since A 1is smooth we can assume that I is

> (A/8)

induced by T is easily understood (because S[e] » S is flat):

the zero ideal. The morphism of topoi (A[e]/S[e])

crys crys

For F a sheaf on A[e]/S[el, W*(F)(U“> 7,3, 9 = Fulele Tlel,...).

Visibly T, is exact. For any (U~ T, J, Y) in the
crystalline site of A/S we have a split exact sequence of

ordinary sheaves (on T)

0— OT-e W*(oﬁ[e])U“9 7 o*—» o .
This tells us we have a split exact sequence
o— o — T (% )= o
Acrys A[e]crys 2(\-crys
Applying Hl and using the exactness of Ty to know

Hl(n%(oﬁ[ej)) = Hl(OX[e]) we conclude.

(1.6) Remark: In particular we see that the map Hpp (B) > HDR(A)
furnished by crystalline cohomology is precisely the map obtained

from Eg(fo) by applying the functor Lie.
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§2. STABILITY OF (e, L)-HoM T

Fix a prime p , In §2-%6 below we shall work with a pair

(S,N) where S 1is a scheme, and N a number such that pN-ls =

Let G be a Barsotti-Tate group on S and

0 > G(n) ~» G(m+n)-—22—4 G(m) -

(em,n)

0

the doubly indexed family of exact sequences.

We have the push out maps

(em,n+1
(2.0.1) l/ PL ‘i
(en]’ﬁ

and the pullback maps

(€m+l,n

(2.0.2) i | | lP l}’

(ep.n) O~ G(n) > G(mtn) —> G
3

n+l

(m)

) :0 > G(n+l) > G(mn+l) 2 sa(m) > 0

N

) :0 > G(n) —> G(m+n) Jl—————é G(m) > 0O

JO > G(n) » G(m+n+l) - G(m+l) > O

> 0

(2.1) Lemma (Stability in the second index):

For n > N , the maps
(1) (eN’n)-Hom%' (G(n),e,) > (ey,

and (ii) Hom(G(n),G,) = Hom( G(n+1),G,

are isomorphisms.

n+1

)

)-Hom7( G(n+1),G,)

Proof: By the five-lemma it suffices to show the maps (ii)

isomorphisms. Consider the sequence

We must show Hom(G(n+l),Ga) > Hom(G(1),

0~ G(1) » G(n+l)-£> G(n) =+ O.

Ga)

is the zero map.

are

0

.
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N
But because G(n+l) —P 5 (1) is an epimorphism, it suffices
n

to note that Hom(G(n+l),Ga)——R——> Hom(G(n+l),Ga) is zero

since p" kills S .

(2.2) Lemma (Stability in the first index)

v
=

(em,n)-ljg_xg‘?(e(n),aa)z(em,’n)._Ho_m‘ng(n),Ga) it msm

Proof: Consider the commutative diagram

7
o

0 > wy(mr1y™ (epi,n) = Hon’(G(n),G,)— Hom(G(n),G,)
i

)

¥
o

0 > wg () (em,n)_@ﬁ(e(n),ca) — Hom(G(n),G,

and use the fact that i 1is an isomorphism if m' > m > N
[16,1I. 3.3.20]

(2.3) Remark: The analogue of (2.2) remains true when Ga is

replaced by any smooth group, and in particular by Gm

$3. EXTENSIONS OF TRUNCATED BARSOTTI-TATE GROUPS BY Ga

Assume now that S is affine. The following proposition
tells us in particular that Extl(G,Ga) is isomorphic to
Extl(G(N),Ga) via the map induced by G(N)& G and hence that
Ext2(G,Ga) = (0). Undoubtedly this last fact can be obtained via

Breen's method [4] for calculating Ext.
(3.1) Proposition: The coboundary map coming from the sequence

0> G(N) > G(2N) > G(N) » O
Hom(G(N),G,) &> Ext(a(N),q,)

is an isomorphism.

Proof: The proof of (2.1) shows that the map is injective.

Surjectivity is equivalent to the assertion that

Ext(G(N),G,) > Ext'(G(2N),G,) is the zero map. To see that

this is true note that the groups in question are by the appendix
(functorially) isomorphic to Extl(ﬂg(N)*,Ga) (resp. Extl(ﬁ.G(gN)fGa)).
But by [16, II, 3.3.10] this map is zero.

(3.2) Corollary. The map Ext’ G,G.) »> ExtT (G N) 3.) is an
~orol-ary a a

isomorphism.
Proof: Consider the commutative diagram:
0~ G(N) » G(2N) -» G(N) » 0
v |
G

0~>G(N) » ¢ —2— >0

Since the connecting homomorphism is functorial there is
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a commutative diagram ' §4. ON THE EXISTENCE OF 4 -STRUCTURES
8 3 .
Hom(G(N),Ga) = "Extl(G,Ga) Iet T be any scheme, H a commutative group scheme on
T . Fix an extension of H by a smooth commutative group scheme
Hom(G/(1) G, ) g N Extl(G(N),Ga) L (in practice L =G or G,).

Three sides being isomorphisms, the corollary is established. (#.1) 0O>L>E-H=>O0

Given a L?-structure on this extension we can modify it by adding an

element of r(T,ﬁH®_L;g(L)) to obtain a new #-structure on the

extension. Conversely if we have two 7-structures on the

extension then their difference is an element of T(T,uw;® Lie(L)).
We denote by HodV(H,L) the subgroup of Hom(H,L) consisting

of the maps & H~> L with d3 = OGF(@H® Lie(L)). For an

arbitrary &: H > L the automorphism of the trivial extension
O~>L~>IxH>H~>20

corresponding to &, transforms the trivial & _structure into
the é?—structure given by d® . This discussion explains why

the following sequence is exact:
(4.2) 0 - HomV(H,L) - Hom(H,L) ST (wy® Lie(L)) = Extbf(H,L) > Extl(H,L)

We can also pass to sheaves for the flat topology to obtain

the sequence
(4.3) O > HomV(H,L) > Hom(H,L) > w;® Lie(L) + Ext(H,L) » Ext (H,L)
(4.4) LemmatAssume T 1is affine and let

O>L->E~>H-=>0

be an extension which defines the zero section of T(T,Extl(H,L)).
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. . . ’ Corresponding to this sequence there is an "exact sequence"
Then this extension carries a #-structure. p € a a

(of Picard categories) [7]1[15]:
Proof: For variable T'/T consider the H _structures on the

restriction of the extension to T'. As noted above we obtain 0~ TORS(X’Ga) i TORS(X[é:]’c'm) ~ TORS(X’Gm) »> 0

in this way a sheaf which is formally principal homogeneous This means that we have an equivalence of categories, compatible
under QH® Lie(L) . By assumption, locally this sheaf has sections, with the "addition laws"

and hence the quasi-coherence of o® Lie(L) implies (since T

~ . .
is affine) that it has a global section. TORS(X’Ga)—_» category of pairs (P,%) where P 1is a

(4.8) G,~torseur on X[e]l] and &:P|X > G, is
(4.5) Remark: The lemma can be explained "geometrically" as | an isomorphism of G_ torseurs on X

follows: By assumption our extension is a torseur under Hom(H,L).

Let {Ui} be a cover of T on which it is trivial and This equivalence is functorial in the T-scheme X . Let us denote

§ij er(Uint,Hom(H,L)) a corresponding cocycle. Since the cocycle the above category of pairs by TORS( Tl el /T; X[e]’Gm)’ Because

(d@ij) is a coboundary we can find #-structures p;y on the a E?-torseur P on X under Ga is the torseur P) plus the

trivial extension over U; such that py-p; = df, .. Thus 6, additional structure of an isomorphism of torseurs §7.W1(P) = 7, (P),

1
is an isomorphism of H_extensions over Uint and by gluing (where Wl’v2' 1&(X) > X

satisfying the condition AS(Y) = id,

we obtain a &-structure on our original extension. are the projectionsb it follows from the functorial nature of

the above equivalence of categories that there is an induced

(4.6) Remark: Let H be finite and locally-free and L = Gy, - equivalence:

Since Extl(H,Gm) = (0) it follows that (if T is affine) any

~
extension of H by G, has a H_structure. (+.9) 'I‘ORSb,(X’G'a.)'—’> TORSé(T[e]/T 5 Klel, Gp)

(4'7) The following discussion will be used in the proof of where the category on the right has as objects those pairs (P,Q)

(4%.12) below. Let T be a scheme, and X an arbitrary T-scheme. with P a H-torseur and & a horizontal isomorphism.

Let T[e] be the scheme of dual numbers over T , Let G be any T-group scheme. Extensions are torseurs

P , plus isomorphisms

X[el = 47, X % Tlel,Ty:X[e] > X the structural map. On X

ne.

(D), ¥ *
there is an exact seguence of sheaves: s¥(P)= pl(P) A p2(P)

005G » TG >G -0 satisfying the commutative diagram (1.1.4.1) and (1.2.1) of 711, SGA 7,
a *m m

Exposg& VII]. Thus the functorial nature of (4.8) implies that
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it induces an equivalence:
~
(%.10) EXT(G,G, )= EXT(T[e] /T3 Glel, G)

Combining (4.9) and (%.10) there is an equivalence of

categories
(4.11) Ex1(c,6, )% EXTI(T( el /15 Glel, G)

(4.12) Proposition: Assume T 1is affine, H a finite locally-free

T-group. Any extension of H by Ga admits a % -structure.

Proof: Fix an extension E . View E via (4.10) as an extension
of H[e] by G, together with a trivialization, & , of the
restriction of this extension to T . By (%.11), & _structures
on E are the same as é?-structures on E (thought of as an
extension of H[e] by Gm) which satisfy the additional property
that & 4is horizontal.

Via & we transport the trivial §:structure on HxGm
to E|T to obtain a @-structure Vg . Because H 1is finite and
locally free we can speak of the torseur (under QH[e]) of
k7-structures on E . Denote it by > and denote by 45(= 2/T)
the torseur under g, of §_structures on E|T. Since T
is affinejwe can choose an isomorphism QH[€f=> {,whence an
induced isomorphism Qﬁ!> J, - Viewing VQ as an element in
F(QH>’ the (obvious) fact that r(QH[e])—+ F(QH) is surjective
Shows that E has a S-structure lifting Vg and completes the

proof of the proposition.
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§5. RELATION BETWEEN EXTL7 AND e-—HOM%

(5.1) Proposition: Let n 2 2N . The natural homomorphism
(en’n)-Hom§(G(n),Ga) > Ext%KG(n),Ga) is an isomorphism.

Proof: Consider the following ccmmutative diagram:

(5.2) 0~ G (n) - (en,n)-HpméﬁG(n),Ga) -> Hom(G(n),Ga) >0

2J/A

0~ QG(n)'f Exﬁ(G(n),Ga) ——— Ext(G(n),G_) > 0

a

Here g 1is the coboundary map which was shown above to be an iso-
morphism in (3.1). The result will follow once it is shown that
% (n) > Extq(G(n),Ga) is injective. To do this we must show
that the map

(5.4) Hom(G(n),Ga) > 9 (n)

occuring in (4.2) is the zero map. Consider the sequence
0 > G(n) > G(2n) > G(n) > O

It has been shown in the proof of (2.1) that
Hom(G(En),Ga) > Hom(G(n),Ga) is the zero map,and has been shown
in [16,II 3.3.20] that M5 (2n) ~ % (n) is an isomorphism.

Thus (5.4) is the zero map and the proposition is proved.

(5.5) Remark: The proposition probably remains true assuming only
n >N . What must be shown is that (5.4) is the zero map under
this weaker assumption. For N =1 , it is very easy to show

this.
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§6. CRYSTALLINE EXTENSIONS AND & _EXTENSIONS

(6,1) Here we recall Grothendieck's definition of generalized
extensions, and then we specialize the notion to arrive at the
definition of crystalline extension.

Crystalline extensions will be used in showing that
Lie(E(G*)) 1is "crystalline in nature."
We shall constantly work with the following structure:

(6,2) Fix a scheme T} and G a commutative T-group. For
each T-scheme T' let g, = category of Gp,-torseurs. The

usual contracted product of GT,-torseurs yields a functor

Ip1 X Ipy T TIm

This structure is an example of a fibered category F on
¢ = Sch/T which is fibered in strictly commutative Picard
categories [7,15 .

If 7 is any fibered category in strictly commutative
Picard categories over ~ (any category), and H any commutative

group in ¢ , we may define the notion of F-extension of H:

(6.3) Definition: An JZ-extension of H 1s an object P of

*
Z.. equipped with an isomorphism s*(P)ﬂi~p§(P) A py(P) such

H
that the analogues of the usual diagrams (expressing the

associativity and commutativity of the composition law) are commutative.
If products do not exist in @ , the definition is modified by
requiring that for every pair of points PysPp: X > H we be given

an isomorphism (pl+p2)*(P)Ci pz(P) A p;(P) satisfying the

usual conditions as discussed in [11, SGA7VII].

These extensions form a category EXT(H,J) whose morphisms
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are the morphism & P> Q in J such that the following diagram

H
commutes
* “— - *
5" (P) P1*(P) A py(P)
s*(§i[ ‘l py (8)Ap5 ()
s*(@Q) —=—p1(@) A ps(Q)

The functor A:7 % J > J induces a composition law on
the category EXT(H,J). Passing to isomorphism classes of
objects we obtain a commutative group Ext(H,J). Finally the

category EXT(H,J) varies functorially with H and 7 .

(6.%) We shall give several examples which illustrate the above.
(6.5) ¢ = (Sch/T) , J = G-torseurs,

EXT(H,7) is in a natural way equivalent to EXT(H,G).

(6.6) ¢ = (Sch/T) , G a smooth T-group, J = f_torseurs

under G . EXT(H,7) 1is in a natural way equivalent to EXT%KH,G).

(6.7) Let (T,I,y) be a divided power scheme, i.e. IO, is endowed
with divided powers. Let (Sch/T)' = A be the full sub-category
of Sch/T consisting of those X - T such that the divided

powers on I extend to X . Fix a smooth commutative T-group
G(e.g. G = G, or G= Gm). For any X in (Sch/T)' 1let

Gy be the sheaf of groups on Crys(X/T,I,vy), cf[3], defined by

T((U,T',8),Gy) = G(T') = Homgy(T',G) -

If f: X' > X 1is a morphism in (Sch/T)', then there is an

. * 3
induced map fcrys(GX) ~ Gy, - This allows us to define the
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fiber of 7 at X ,7, , to be TORS(Crys (X/T,I,¥),G,), the
category of torseurs on the crystalline site of X with structural
group GX . The operation A is just the usual contracted
product of torseurs. Since morphisms between torseurs are
necessarily isomorphism this category admits an alternative
description: It is equivalent to the category of crystals in

(small Zariski) G-torseurs, i.e. crystals for the stack

(U, Tt,8) > (GX) )-torseurs. If H is a group in (Sch/T)',

(U,T',A
we denote the category of extensions of H by J by

EXTcryS/T(H,G) and refer to it as the category of crystalline

extensions.

(6.8) Remarks:(i) When G = Gm,TORS(Crys(X/T,I,m),Gm) is equivalent
to the category of invertible modules on Crys(X/T,I, Y.

(ii) Where G =G TORS(Crys(X/T,I,v),G,) 1is

a 5

equivalent to the category EXT (og »Ox

G
xcrys crys crys
(11i) Although the localization allowed in
Crys(X/T,I,y) is quite coarse this will not be bothersome since

for the groups Gm and Ga Zariski torseurs are the same as

(say) f.p.p.f. torseurs. When we do use G, the torseurs

we'll consider will in fact have sections over closed sub-schemes
defined by nilpotent ideals (c.f. §11). Because, previously,
"torseur" was used with reference to one of the large sites
(ZARISKI, ETALE, F.P.P.F.: for Gm and Ga the notions coincide)
we recall how to pass from torseurs on the small site to torseurs
on the large one. For simplicity let's work in the

Zariski topology. For any
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sch ' - isms. i: p :
cheme Y there gre two morphisms. of topoi: p : YZAR > Yzar s

r: Y,,> Yyppe The morphism p is defined by T(Z,p*(F))

]

r(Z,g*(F))) if g:2>Y and F 1is an ordinary Zariski sheaf on
Y . The morphism r 1is defined simply by restricting a sheaf
J on the large Zariski site to the sub-category of opens of Y .

)

The functor p* (0%
pe pH(p) AT e
establishes an equivalence between Gm-torseurs on the small and
large sites of Y (similarly for Ga-torseurs). The functoriality
of this equivalence follows from that of the morphisms p in a

straightforward manner.

(iv) Given X/T , there are functors
(6.9) TORScrys/T(X,Gm) > ToRs ¥(x,G, )
(6.10) Tonscrys/T(x,Ga) > TORS¥(X,G,)

If X/T 1is smooth and Crys(X/T) is replaced by the nil-
potent crystalline site, then (6.9) is an equivalence of
categories [2]. Using the fact that the "standard" connection
of OX is nilpotent together with the interpretation of an
object in TORSqYX,Ga) as a short exact sequence of modules with

integrable connection:
6.
( ]_]_) o~—>QX—>7,q—>OX—>o

we see that (when X/T is smooth) (6.10) is an equivalence of
categories.

(6.9) and (6.10) are functorial in X . Furthermore they
are compatible with the "composition laws" with which both source

and target are endowed. Let H be a T-group such that
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H, HfH s HﬁH%H all belong to (Sch/T)' (e.g. H/T flat, I
principal). There are induced functors (compatible with the

composition laws):
(6.12) EXTcryS/T(H,Gm) > EXT§ZH,Gm)
(6.13) Ext®™5/ T (m,0.) > EXTV(H,G,) -

If H/T 1is smooth and we restrict to the nilpotent
crystalline site (resp. no restriction) then (6.12) (resp.(6.13))

is an equivalence of categories.

(6.14) We shall need one last example of generalized extensions.
Let (T,I,v) Dbe as above and let T, = Var(I). Let ¢ = (Sch/To).
Let G Dbe a smooth commutative T-group and define g exactly

as in (6.7), i.e. K= category of Gx—torseurs on Crys(X/T,I,¥Y)
for any To-scheme X . If H is a group in ¢ we shall

denote the category EXT(H,7) by EXTcryS/T(H/TO,G)/ and if it

is clear that H 1is a T -group we shall drop the "TO" from

the notation.

(6.15) Remarks: (i) The reason for distinguishing between
(6.7) and (6.1%) is that a T_-group scheme is never a T-group
scheme.

(i1) If T' 1is a closed subscheme of T_ and
@ = (Sch/T!'), then with J as in (6.14) there is the category
EXTcrys/T(H/T',G). This category dirfers from that of (6.1%4)
since (because the ifeal of T' in T need not have divided

powers) even if H can be lifted to T , the category of

81

crystalline extension of a lifting can be different from

this category.

(6.16) Let us indicate the functorial variation of examples
(6.7) and (6.14%) when (T,I,y) varies. Let (T!',I',Y') ~ (T,I,Y)
be a divided power morphism. First assume X 1is a flat T-scheme,

X' a flat T'-scheme,and assume we are given a commutative diagram

)

X' —>X

l

(T'JI',Y') > (T,IJY)

Let G be a smooth T-group, G!' = G%T' . Since crystalline
torseurs are crystals the general procedure for taking the
inverse image of a crystal [3, IV 1.2; or 16, ITI, 3.8] permits

us to define a functor

(6.17) TorsCTYS/T (x,6)— TorsSTYS/T! (x1,61)

This functor varies functorially with (X',X). In particular
if H 1is a flat T-group, H' = H%T') there is an induced

functor
(6.18) ExrCTYS/T (4,6) > mxr®TYS/T" (41 )

If we assume X (resp X') is a To(reSp. T ') scheme,the
)
map (6.17) is still defined. Furthermore, if H is a T, group,

H' = H;'TO'J there is an induced functor

xS/ T (5yr L) > w6
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§7. THE CRYSTALLINE NATURE OF EXTéY-,Ga)

Here we let S be a scheme on which p 1is locally nilpotent.
and let (I,¥) be a divided power ideal of 05 - Let G bea
Barsotti-Tate group on S . The inclusions G(n)—* G(n+l)

induce functors

crys/s crys/S

EXT (G(n+1),G,)— EXT (G(n),G,)

EXT&’(G(n+l),Ga) — EXT‘7(G(n),Ga) »
By passage to Lim,[9], we obtain from (6.10) a functor
(7-1) Lim EXTcrys/S(G(n),Ga)—} im EX‘I‘?(G(n),Ga) .
(7-2) Theorem: The functor (7.1) is an equivalence of categories.
Proof: Note that (7-1) is induced by the functor
(7.3) Lim TorRs®TYS/5(G(n), 6, )—> Lim ToRs7(G(n),G,).

Since the category of crystalline extensions (resp. 4 -extensions)
is defined as consisting of crystalline (resP.§ ) torseurs, P ,
endowed with an isomorphism s*(P)cipi(P) A p;(P) (satisfying
the associativity condition) and since the functor (7.3) is itself
functorial with respect to the Barsotti-Tate group, G ; it suffices
to show that (7.3) is an equivalence of categories. Assuming
momentarily (7.7) below)we shall show that (7.3) is faithful, full
and essentially surjective.

1) faithful. Let (@n),(tn) be two morphisms between the
object (P,) and (Q,) of (LQTORSCI‘yS/S(G(n),Ga)v. Assuming

(QnG(n) ig*G(n)) = (wnG(n)lQ+ G(n))) we must show (én) = (¢n),
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Fix an n and let (U= T,J,8) be an object of the crystalline
site Crys(G(n)/S,I,Y). Obviously it is permissible to assume
T is affine. By (7.7) below we can find for m sufficiently

large a commutative diagram

Uy ¢&——7T

¥) h /
(7. G('ﬂ) 7/
/ f
7/
G(nt+m)
Let us use a vertical bar "|" to denote restriction

(or more properly inverse image). By hypothesis there are

commutative diagrams:

Pﬁ_—;:i——_‘Pn+m|G(n)

(7.5) 4 \L ‘L §n+m|G(n)
Qﬁ—_—__——_—_Qn+m|G(n)
Pz, lo(n)

b, ¥p4m | G(0)
Qn———J:L___—Qn+mlG(n)

But by definition of the inverse image of a crystal

[3,IV 1.2, or 16, III, 3.8] we have

(8416 (0))yesp = f*(@n+mG(n+m)ig—>G(n+m)

and similarly for (¥, .l1G(n))y_,p- Hence the commutgtivity

of the diagrams (7.5) allow us to conclude (in)UL4T= (*n)UﬁaT .



84

2) full: Here it will be convenient to denote the image of
an object (Pn)(reSp. on arrow (gﬂ) of Lim TORScryS/S(G(n),Ga)
under (7.3) by (?h)(reSp.(Qn)). Let (an): (?h) > (Qh) be a
morphism in ‘LiméTORS (G(n),Ga). We must show that there is a
morphism (@ ): (P)) > (Q,) in Lim ToRsCTYS/S

(gn) = (o,) - Just as in the proof of faithfulness above

(G(n),G,) with

ywe fix

an n and an object (U T,J,g) of Crys(G(n)/S,I,y). Using

diagram (7.4) we define to be the map obtained via

Dyesr

transport of structure using the isomorphisms Péﬁ-P 1G(n)

n+m

~ *
and Q= Q , |G(n) from f (e It must be shown that this
n  “n+m

n+m)'
definition is independent of the choice of f:T > G(n+m)} a

lifting of U < G(n)~> G(n+m). Let f f, be two liftings.

1’
By definitlon of the divided power neighborhood [3,I 4.32j
A
. % i . (21
of A: G(n+m)— G(n+m)S G(n+m), there is a map f: T »Dé%n+mi/s

A

A
with Py f =71 Pse f = f2 . Augmenting m if necessary

l 3
we can assume that Qé(n+m)/s is locally-free of finite rank
[16,IT 3.3.20]. Since a Y-torseur under Ga can be interprated
as an exact sequence of modules with integrable connection)it

*
follows from [3,II,4%.3.4,4.3.10 ] that pl(c ) is identifiable

+
ith py ) identify pr i
wi Po(opim ) once we identify p; (P, .y) with Pn+mG(n+m¥hﬂX2)
* g
(and similarly for pi(Qn+m»' Hence we can identify G(nﬂqyé

* * . A%, * A%, % .
f1(onm) and folopy) with £7(py(op,y)) =T (po(op,y,)). This

shows our definition of Qh
U<~ T

of lifting and completes the proof that (7.3) is full.

is independent of the choice

3) essentially surjective: The proof here is quite similar

to the proof of fullness above. Given an object (Pﬁ) in

. . . . erys/s
Lim TORSé(G(n),Ga)) we obtain (Pn) in Lim TORS®YY / (G(n),Ga)
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by defining P to be f*(P' ), where f is any morphism
Nyeg n+m’) —

making (7.4) commutative. The fact that this definition makes

sense and yields an object (P,) such that (Ph) 9’(Pﬁ) follows

by again invoking the above cited results in Berthelot's thesis

[3,IT %.3.4, 4.3.10].

(7.6) Remark: The proof of faithfulness is valid if G, 1is re-
placed by any smooth commutative S-group. For fullness and
essential surjectivity the interpretation of Ga-torseurs as
extensions of ¢ by @ (and hence as modules with additional
structure) was necessary in order to apply the results in [2,3].
But if we modify the target by replacing TORSé(G(n),Gm) by

ToRs Pit "%(G(n),Gm) (i.e. the category of line bundles endowed
with a nilpotent integrable connection) or if we modify the source
by using the nilpotent crystalline site (s) , then the above

proof carries over to yield equivalences

(7.6.1) Jin ExT°T5/5(a(n) 6, )% Lim mxr™t 'Q(G(n),Gm)
(7.6.2) Lim ExTVII-CTYS/S(G(n),6 )% Lim EXT7(G(n),G,)

In the course of the above proofluse was made of:

(7.7) Lemma: Let G be a Barsotti-Tate group on S . G 1is
formally smooth for nilimmersions (i.e. if X 1is an (absolutely)
affine scheme over S) and Xo is a closed sub-scheme defined
by an ideal in which every element is nilpotent, then any morphism

X, > G can be lifted to X ).
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Proof: Let (X,X ) be as in the above explication. Write
X = Spec(4), X, = Spec(A/I). For & L = (set of finite subsets

of T ),1et I, be the finitely generated sub-ideal of I

b

generated by X, and let X, = Spec(A/IX). Since Xo is affine

A
the map X = G factors through some G(n). Because G(n) is

J

locally of finite presentation over S and Xo = ]lim XX) it fol-
lows from [lo,EGAIV8.13.l] that XO -+ G(n) can be lifted to

X£;> G(n) (for some ). But Xi‘» X is a nilpotent immersion.
The result now follows since Barsotti-Tate groups are formally

smooth [16,II,3.3.13].

(7.8) Corollary (of 7.2):The category Lim EXT°TV*/S(g(n),c,)

is rigid.

Proof: By (7.2) this category is equivalent to Eim EXTélG(n),Ga).
The automorphism group of the zero object (G(n)xGa, trivial con-
nection) of this category consists of compatible families of
homomorphisms g : G(n) » G, with dg =0 . But

(gn) € lim Hom(G(n),Ga) = Hom(G,Ga) =(0) and hence each g,

is zero.

crys/S

(7.9) Let wus denote by EXT (G’Ga) the category

im EXTcryS/S(G(n),Ga). Similarly we write
EXT7(G,G, ) (resp. TORS%ZG,Ga), EXTRIG(G,G,),.-. for the categories

Zim EXT§(G(n),Ga)(resp. Zim TORS‘KG(n),Ga),<g;g EXTRIG(G(n),G,),...).

crys/S

Finally we write Ext (G,Ga), etc. for the abelian group

of isomorphism classes of objects of EXTcrys/S

(G,Ga), etc.
_ Observe that the action of T(S,84) on G, gives Extcrys/s(G,Ga)

a module structure.
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Having introduced all this notation we can state the following

immediate consequence of (7.8):

(7.10) Corollary: The (small) Zariski presheaf on 8
Ut ExtcryS/U(Gm,Ga) is a sheaf of Og-modules.

(7.11) ILet us denote this Og-module by Extcrys/S(G,Ga). The
following proposition tells us that ExtcryS/S(G,Ga) is canonically
isomorphic with Lie(E(G*)), the tangent space of the universal

extension of the Cartier dual of G .

N xills S . The

(7.12) Proposition: Assume S 1is affine and p
natural map ExtcryS/S(G,Ga) > Ext9(G(n),Ga) is an isomorphism

provided n > 2N .

Proof: By (7.2) we may replace the source by Ext%(G,Ga). Let
(Pi) represent an element in Exté(G,Ga). To demonstrate injectivity

we must show that

[Pn g trivial “-extension of G(n) by Ga]

U

[(P;) ¥ trivial 9-extension of G by Gl

Let 0; denote the trivial 5 -extension of G(i) by G, -
We are to produce for each 1 > n an isomorphism ei: 0123 Pi

such that these form a compatible family.

Let (?i) be the object of EXT(G,Ga) obtained by forgetting
the 4 -structure on each P, . Since our definition of EXT(G,Ga)
as JLim EXT(G(i),Ga) coincides with the usual definition as the

category of extensions of fppf sheaveglit follows from (3.2)
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that there is a unique isomorphism (Ti):(Pi):; (Ei). By

-1
n

is (by the proof of (5.1)) where it is shown that (5.4) is

hypothesis there is an isomorphism o: PdCQ 0, - But ger

the zero map) a horizontal automorphism of on . Hence T

is actually an isomorphism between Py and On (and not

only between the underlying extensions). It remains to explain
why each T is horizontal. TUsing Ty we obtain, via transport
of structure, a % structure on 0;. This corresponds to an
element T; of T(S’QG(i))‘ By hypothesis 1 = 0 and since
for 1 >n the maps QG(i) -> QG(n) are isomorphisms it follows
that each Ny o= 0 . Thus for i > n) T is horizontal and
injectivity is established.

Let R be a %-extension of G(n) by Ga . To prove
surjectivity we must establish the existence of an object (Pi)
in EXTé"(G,Ga) with P2 R. By (3.2), there is an object (F;)
in EXT(G,Ga) with PﬁiR » R being the underlying extension of
R . Choosing an isomorphism # between Ph and H} we endow,
via transport of structure, Ph with a % -structure so that ¢
becomes a horizontal isomorphism. We must endow each Fi(i > n)
with a %-structure so that the given maps Pﬁﬁ-?ilG(n)
are horizontal. Via transport of structure we put a 4 -structure
on f&lG(n). Since § is affine,(4.12) tells us that P, has
at least one 4-structure. But the set of %-structures on
;;(resp.?iIG(n)) is principal homogeneous under
T(S’QG(i))(reSP’r(s’QG(n))' Surjectivity now follows since the

map F(S:QG(i)) > F(S’QG(n)) is onto.

89

(7.13) Corollary: Let p be locally nilpotent on S,(I,y) De
a divided power ideal in Og s G a Barsotti-Tate group on S .

There is a (functorial in G) exact sequence
(7.1%) 0> w; > Extcrys/s(G,Ga) > Ext(G,G,) > O

which is canonically identified with the sequence obtained from
*
the universal extension of G by taking tangent spaces.

In particular Extcrys'/S

(G’Ga) is a locally-free (of finite

type) 0g-module.

Proof: This follows immediately from (8.7), (3.2),(5.1) and
(7.12).

(N.B.) The reader can check that our forward reference to

(8.7) does not involve any logical circularity.
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§8. PASSAGE TO LIE AIGEBRAS

To apply the results of §2-87 to the universal extension
we must relate Homrig(-,Gm) to Homrig(-,Ga) and Homé(-,Gm)
to Homq(-,Ga).

Consider as usual an exact sequence of finite locally free

S-groups

(e) 0>A->B->C~>0

giving rise to the sequence

(8.1) 0 > wy > (¢)-Homrig(A,G_) > A" > 0

For affine 8 , the sequence of S-valued points is exact.
Thus the snake lemma together with a previously noted fact
(passage to Lie algebra commutes with passage to associated

Zariski sheaf) tells us that the corresponding sequence
*
(8.2) 0~ wy > Lie((e)-Homrig(A,Gm)) > Lie(A') = 0

is also exact.

If we replace G, by G, we have the analogue of (8.1):
(8.3) 0 > wy > (e)-Homrig(A,G,) > Hom(A,G,) > 0

ILet 7: S[e]l] > S Dbe the structural map so that there is

an exact sequence on S
0~>aG, ~ W*(Gm) > G, >0

Iet 3°? A~ Ga be a homomorphism and ¢ be a rigidification

on the resulting extension
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0— A— B—> C —0

'L

0—- G—E—>C—> 0
a ®

c\\
Inf(C)

Applying T to the whole diagram and "pushing out" along the

* * : .
map T (Ga) > T (W*Gm) - Gm) we obtain an element of
Lie((e)-Homrig(A,Gm)). This prodedure defines a homomorphism from

the extension (8.3) to (8.2))which is an isomorphism on end-groups.

Hence
Lie((e)-Homrig(A,G, )) = (e)-Homrig(A,G,)

(8.%) Remark: The above discussion is valid also when "Homrig"

is replaced by "Hom%¥ ",and hence Lie((e)-Hom9(A,Gm)) 4 (e)-Hom§(A,Ga).

(8.5) Let S be a scheme with p'-1y =0 and let G be a

*
Barsotti-Tate group on S . The universal extension of G by
a vector group is

(8.6) 0~ g ()= L ey, ) Hon7 (6 (), Gy) = ¢ 0

Because "1lim" is exact and Lie is defined as a kerneljit

follows from the preceeding discussion that

Lie(lig(ey ,)-Hon? (6(n),G,))

Lig Lie((ey, ,)-Eon? ((6(n),G,,))

]

Lin, ey, ) -Hon”(¢(n)G,)
)-Eegé(G(n),Ga) (by 2.1))

(SN,N

Summarizing)we state
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(8.7) Proposition: If p' kills S and n > N , then the
tangent space Lie(E(G*)) 1s  (ey n)-Homé'(G(n),Ga).
Lie ,n)-Hom
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0. THE CRYSTALLINE NATURE OF THE LIE ALGEBRA OF THE
UNIVERSAL EXTENSION

Fix a scheme S on which p is locally nilpotent and let
G €B.T.(S) , the category of Barsotti-Tate groups on S .
Let us explain how to endow Lie(E(G)) with a crystalline

structure. More precisely we'll define a contravariant functor

P*: B.T.(S)" > (Crystals in locally-free modules on S).

Iet U be open in S and let U -+ (T,I,y) be a divided
power thickening and assume p 1is locally nilpotent on T . Let
G pe a Barsotti-Tate group over S and let G (again) denote its restric-
tion to U .Let G' be any lifting of G to T . Using the
abuse of notation indicated in (6.14)’we know
EXTcryS/T(G,Ga) g5E)(Tcrys/i]:‘(G',(}a) since reduction module
a divided power ideal induces a functorial equivalence between
crystals (of any species whatsoever) on G'(n)/T and
crystals on G(n)/T . As a consequence of the work of Grothendieck
and Illusie [13, 14 ] we know that, locally on T , we can
find such a G'. If H' is a Barsotti-Tate group on T and
H= H'vE U then a homomorphism u: G > H induces a map
@_Crys/T(H,Ga) > :Ex_tcrys/l‘(c,ea) . Thus we obtain a map
f,: Lie(E(H'*)) > Lie(E(G'*)). If u is an isomorphism, then

u
fu is an isomorphism. In particularjit follows that whenever
G' and G" are liftings of G to a divided power neighborhood)
Lie(E(G'*)) and Lie(E(G"*)) are canonically isomorphic.

Let V < (T',I',Y}—% U~ (T,I,y) be a morphism in the

crystalline site of S . If G' is a lifting of G to T
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then @*(G') is a lifting of G|V to T'. Thus we obtain a

commutative diagram of isomorphisms

(9-1) 3% (Lie(E(G%))) — > Lie(E(e*(G'*)))
| !
§_,)(-(P£CI‘YS/’I'(G,G3‘) ) _.’:9 E}SECI‘YS/T' (G‘V,Ga)

Thus the functor ID¥ can be explicity defined by -

(9-2) D*(Gyes (1,1,y)" Ext™V(0,0,)

(9.3) Remark: The above definition of D* is intrinsic, i.e.
it is defined entirely in terms of S (without using liftings of
Barsotti-Tate groups). Liftings are used to show that

- to show that ID¥*(G is
ID*(G)U¢+ (T,1,7) ig locally-free and to sho a (@)
a crystal rather than just a sheaf on the crystalline site.
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§10. A DEFORMATIONAL DUALITY THEOREM FOR BARSOTTI-TATE GROUPS:

AN EASY CONSEQUENCE OF THE THEORY OF ILLUSTE

Let S be an affine scheme on which pN is zero. Let
SOC» S be a closed subscheme defined by the vanishing of an
ideal I &0g with "1 = (0). Let G be a Barsotti-Tate
group on S . Denote by G(S/SO) the kernel of G(8) - G(S_)
and denote by EXT(S/SO; G, Gm) the category of extensions of
G by Gy trivialized over S0 We write Ext(S/SO;G,Gm)
for the group of isomorphism classes of objects of EXT(S/SO;G,Gm).

In [16,appendix, 2.5] under the additional assumptions

1) S = spec{(R), R an artin local ring
2) S, = Spec(k), k = residue field of R , k perfect

3) G-= Qp/Zp

it was proved that there is a canonical isomorphism
(10.1) w(R)= ExtS(Qp/Zp G,)

Since ju = G¢* is a formal group and since S = Spec(k), and k is
a field§ w(s) = G*(S/So). On the other hand the fact that k
is perfect implies Ext(S/SO,G,Gm)ﬂiExt(G,Gm). Thus the isoc-

morphism can be written as

G*(s/so)'—v Ext(S/SO;G,Gm)
Making extensive use of L. Illusie's deformation theory

[14, vITI ], we prove the following generalization:

(10.2) Deformational duality Theorem: If S, SO, G satisfy the

initial conditions above then there is a canonical (functorial)
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isomorphism
G*(S/8,) & Ext (S/5_3G,G) «
We shall give two constructions of a map
G*(S/So) > EXT(S/SO;G,Gm).
(10.3) Let &: G(n) > G be an element of G*(S). By pushing

out the Kummer sequence we obtain an extension of G by Gm

0—> G(n)— G— G— 0

Vo

0—=G—> E—>G—>0

If % ¢ G*(S/SO), then the restriction of the extension

E to So has a canonical trivialization.

(10.4) ©Let us write TORS(S,Tp(G*)) for the category

Lim TORS(S,G*(n)) (i.e. the category whose objects are compatible
families of torseurs, P(n) a torseur under G*(n), where the
transition morphism  G¥(n+m)— G*(n) 1is ™. Similarly we
write TORS (S/So’Tp(G*)) for the category of torseurs under
Tp(G*) equipped with a trivialization over S, -

Because the G(n)'s are finite and locally-free
Ext'(G(n),G_) = (0) and hence TORS(S,G*(n))% EXT(G(n)sG_).
Explicitly an equivalence is given as follows:

Given a G¥*(n) torseur P we twist GmX-G(n) by the torseur-P.
In down to earth terms this means we take the sheaf-theoretic

quotient of P X(Gmx G(n)) by the action of G*(n) given by

(prgsx) + & = (p-3 , g-3(x),x)
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where peP(S'), g€G (S') , xeG(n)(8'), 3&: G(n)g~ Gms' s
S' an S-scheme.
A quasi-inverse to this functor is given by assigning to

an extension
i T
0>G, —>E —>G(n) >0

the G¥(n)-torseur of splittings of this extension, i.e. the

torseur P with

P(S') = {o: E>G lo o 1=1d; }

T
where ot = 4.p ot 3 o T, fér §:G(n)s, > GmS' . Since
TORS(S,TP(G*))/—’”VQL_J;._IQ EXT(G(n),G ) & Exr(c,6,)
we define a map G*(S) » EXT(G,Gm) by composing the
above equivalence with the map G*(S)-2» TORS(S,Tp(G*)) whose
definition is as follows: if g* € G*(S), let a(g*) be the
family (P(n)) where P(n) is the G¥*(n)-torseur (p“)'l(g*)

arising from the exact sequence
n
0 > G*(n) > G* —2— g* > 0
Clearly this induces a map G*(S/So)—+ TORS(S/SO,TP(G))o

Remark: The fact that the two definitions in (10.3) and (10.%)
are equivalent is a trivial exercise in the use of the defini-
tion of the Cartier dual. For the proof of (10.2) it is more
convenient to work with (10.4) while for the eventual application

to the construction of crystals (10.3) is more convenient.

(10.5) Let us observe that the category EXT(S/SO;C-,Gm) is rigid.

For 1f we identify an automorphism of the trivial extension
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0~ Gm -> Gmx G->G-=>0
with an element f , of Hom(G,Gm) then to say this automorphism
defines a map in EXT(S/SO; G,Gm) is equivalent to saying
f|So = 0 . But from [16,IT 3.3.17 + proof of 3.3.21] we know
this implies f = 0 .

(10.6) Let us prove the map G*(S/So) > Tors(S/So,Tp(G*)) is
injective. Given g*EEG*(S/SO) , to say the corresponding
torseur P(g*) is trivial means that there is a sequence of

elements (g,) , gnEiG*(S) such that

1) Pprey = &,
2) pl, = e*
3) gnISo =0 for alln

But G*(5/S)) = T(S,Inf"(6*)) = G(Nk) [16,II 3.3.16].

Nk .
Hence p kills each g . Tt follows that
g¥ = 0.
(10.7) The proof of the surjectivity of the map

G*(S/SO) > Tors(S/SO,Tp(G*)) seems to be more difficult. Since
this is an assertion about any Barsotti-Tate group, we shall drop

the "x",

(10.8) Let P_ be a torseur under Tp(GO)(GO= G % SO). Denote
by D(PO)(feSp. D(Po(n)» the set of isomorphism classes of
deformations of P_ (resp. P_(n)) to a Tp(G) (resp. G(n))

torseur on S .
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(10.9) Froposition (using Illusie):

(1) For each n , D(Po(n)) #£ 4
(i1) For n > n' > N, D(P_(n)) > D(P_(n')) is surjective

¥

(iii) D(PO)
D(P)) # & .
(iv) For n > n' > kN , the map D(P_(n)) - D(P, (n')) is

lim D(P,(n)) is onto and hence by (1) and (ii),

bijective.

(v) If n > kN , the map D(P,) » D(Po(n)) is bijective.

Proof: (i) By using an induction on k , we can assume k = 1 .
Then from the theory of deformations of torseurs [14,VII:2.4.%,
2.4.4.1, 4.1.1.3] we know that the obstruction to 1lifting Po(n)
lies in H2(S,lé 5 1). Usingzﬁhe notation of [16,II 3.3.9],
,Eé g I "is" the complex LZ ® I ~> Lzl® I, a complex of quasi-
coherent sheaves on S . Since S is affine the H2 is
zero and Po(n) can be lifted.
(11) Once again using induction on k) leads us to the case
k= 1.

From [14,VII 2.4.4, 2.4.4.1, 4.1.1.3] we know that D(P_(n))
is principal homogeneous under Hl(S,.lé g I). Since
n, n'* >N , it follows from [16,IT 3.3.6,3.3.20] that this Hl
is r(gg(n)® I)(resp r(gg(n,)® I)). But by [16,II 3.3.%4,3.3.7,
3.3.16] we know the projection G(2n) - G(n) (resp. G(2n) > G(n'))
induces an isomorphism % (n)” Dg(2n) (resp. EG(n'f_> EG(En))
From the functorial nature of the co-Lie complex follows a

commutative diagram
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4 (n1) —————>"G(n)

S

EG(2n)

Thus the map Eé(n)® I~ Eg(n')® I is an isomorphism and

(ii) follows now from the fact that D(Po(n) # 4.

(iii) Let (gn) € Jim D(Po(n)) and choose for each n a represen-
\ G(n) ~

tative P~ of g . Then P "A G(n-1)&P_ _, and we can

sucessively choose these isomorphisms so that (Pn) is a

"torseur" under Tp(G) which lifts P_ . The remainder of

(iii) is clear.

(iv) For k = 1 , the assertion follows from the fact noted in
(ii) that 5 (n)> B (n1) Let us filter S by the closed
sub-schemes defined by powers of I : SO: Sl S ...C Sk-lg Sk =5 .
By induction on k , we can assume (iv) true for the pair
55> 8, 1 - Let P(n), P'(n) be two deformations of Po(n)
such that the induced G(n')-torseurs P(n'),P'(n') are isomorphic
deformations of Po(n'). We are to prove that P(n)=P(n').
Let u(n'):P(n') => P'(n') be an isomorphism of deformations.
By the induction hypothesis we can find an isomorphism
v(n: k_l(n)—+ Pﬁ_l(n) (where the subscript "k-1" indicates restric-
tion to Sk-l)'

v(n') and uk_l(n') are two isomorphisms between the deformations
Pk-l(n') and Eﬁ_l(n'). Their "difference" is thus an element of
Ge_1(n") (s, _;/8,). But from [16, IT, 3.3.16] we know

Infk‘l(ek_l) = Infk“l(Gk_l«k-l)N). Thus multiplication by pf-1)N
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kills this difference. Since n' > kN, this tells us that
v(N) = uk-l(N)' Observe that via v(n), P'(n) becomes a defor-

mation of Pk-l(n)) while P(n) 1s via id a defor-

;Pk_]_(n)
mation of Pk-l(n)' The equality v(N) = uk-l(N) says precisely

that P(N) and P'(N) are, via u(N), isomorphic as deformations
of Pk-l(N)' Thus we may apply the result known to be true for

the case k = 1 , to the pair Sk_ila S and the integers

kT S 1is a first order thickening). Thus

there is an isomorphism v': P(n) = P'(n) which lifts v .

ny N (after all,s

This completes the proof.

(v) Let P,P'eD(P)) and assume P(kN)=2 P'(kN). We are to show
P is isomorphic to P!'. From (iv) we know that for n > kN,
P(n) is isomorphic to P'(n). For any n and any 1 let

§ and | be two isomorphisms between P(n+kN+i) and P! (n+kN+i).
Their "difference" is an element of G(n+kN+i)(S/SO). As noted
already in the proof of (iv), this group is killed under
multiplication by pkN. Thus § and ¢ induce the same iso-
morphism between P(n) and P'(n) $ call it o, . It is clear

n

that the 's fit together to give an isomorphism between P

o
n
and P'!'. This completes the proof of the proposition.

(10.10) To complete the proof of (10.2) we must establish
surjectivity. From 10.9 (v), it suffices to establish surjecti-

vity for the composite map
(10.11) G(8/8,) > Tors(S/S,, TP(G)) > Tors(S/So,G(kN))

(10.12) Lemma. Let S be a scheme on which p 1s locally nil-
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potent, G be a Barsotti-Tate group on s, and P be a torseur

on S under G . Then, P is formally smooth.

proof: We must show that there is an arrow rendering the following
diagram commutative (where X 1is affine and X/ is defined by

the vanishing of an ideal of square-zero).

Pf—————XO
~
N
S(L___:LX
By making the base change X > S, we can assume S is affine

(hence killed by a power of P ). We are given a section of

P over S_ and our problem is to 1ift it. Since G 1is
o

formally smooth, and P 1s & G-torseur, it suffices
to show that P 1is trivial (i.e. has a section). Since §
. . 1 . 1
is affine, [11,5GA,VI (5.2)] tells us that H (8,G)=1lim H (S,G(n)).
Hence we can assume that for some n , P' 1is a G(n;-torseur
G(n
on S which has a section over SO and that P' A G=P .
Viewing P! as a deformation of the trivial Go(n)-torseur on
S it defines an element in Exth% ,I). From [16,II 3.3.9]
o) o(n)
we know that if n , m are taken sufficiently large}the map
1 1 . . .
Ext (xGo(n)’I) > Ext @Es(n+m);) is zero.. This tells us in
particular that P‘ﬁ(n)G(n+m) is a trivial torseur.

Hence P has a section.
(10.13) We consider the exact sequence
n
0->G(n)»>e¢2—>ac-~>0

where n 1is an integer > N . The functor

TORS(S/SO,G(n))—> TORS(S/S,,G) induces an equivalence of
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categories between TORS(S/SO,G(n)) and the category of pairs
(Q,s))where (Q,8) 1is an object of TORS(S/SO,G) and s is

a section of Q A MG such that s|S_ = 8§ A —ENGO (s being

an element in r(SO,Q)). This follows immediately from a
momentary perusal of the proof of the corresponding fact when
S, 1is supressed [9,IIT,3.2.% The point is that the quasi-inverse

functor is given by ((Q,8),s) > W'l(s)) where T 1is the ob-
G pn
vious map Q - Q A._iN .

(10.1%) It is now standard [12, p. 17-18] that from the exact

sequence
n
0= G(n)— G E—>c—> 0
we obtain a long exact sequence:
(10.15) 0 > G(n)(S8/8,)>G(5/5,)>G(5/S )2 Tors(s/s,,G(n))>Tors(/5,,C)

where O 1is the map (10.11).

From this sequence the surjectivity of o follows immediately
since (10.12) tells us in particular that the map
Tors(S/So,G(n)) > Tors(S/So,G) is the zero map. Hence (10.2)

has been proved.
(10.16) Corollary: A.ssume the extension

oG -—>E ->G_ ~>0
Mg o] o
o

arises from pushing out along g €T (SO,Gg). The set of iso-

morphism classes of extensions lifting Eo is in bijective

correspondance with {g €T (5,G*)|g 1lifts g_3.
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Proof: One checks immediately that the set of extensions lifting
Eo is principal homogeneous under Ext(S/So;G,Gm)) and hence
the assertion follows immediately from (10.2).
(10.17)It is quite simple to globalize the above result. Let

S be a scheme on which p is locally nilpotent and let G be
a Barsotti-Tate group on S . Since G is locally of finite

presentation we know

G(S/Sp.q) = U G(s/s,)

SX defined by a

nilpotent ideal
whenever S 1is affine. By abuse of notation we shall continue
to write this even if S 1is not affine. On the other hand

if Sd: S.cS and S is an infinitesimal neighborhood of SO )

1
then there is a natural functor ‘EXT(S/Sl;G,Gm) -> EXT(S/SO;G, Gm)
which is easily seen to be fully-faithful. By abuse of

notation we shall write EXT(S/Sred;G,Gm) for the category
EEQ;EMT(S/S ;G,Gm) where the limit is taken over the index set
of sub-schemes SX defined by a nilpotent ideal. Notational
consistency dictates that we further abuse notation by writing
Ext(S/Srad;G,Gm) = _‘_L_i&Ext(S/sx;G,Gm). It is easy to show that
we are guilty of a genuine abuse of notation for even if S con-
sists of one point and 1is of characteristic p , there are
extensions of Qp/Zp by G which split over S_4 but do not

split where pulled back via a nilpotent immersion.

We've defined above a homomorphism of presheaves on (Sch/s)

*
(10.18) Tr G (T/'I‘red) > T p Ext(T/Tred;GT,,Gm).
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Furthermore (10.2) tells us that this is an isomorphism

whenever T is affine.

(10.19) If F 1is an abelian presheaf on Sch/S we denote

by F the presheaf on Sch/S defined by Ti» UF(T/TK))

Tx running through subschemes of T defined by the vanishing

of a nilpotent ideal. As an exception, if G is a Barsotti-Tate
group on S , "G" will be used to denote the formal Lie group
associated to G. Passing, in (10.18) to associated sheaves for
the Zariski topology on Sch/S we obtain an isomorphism

(10.20) &% &> IXE (G, G )

w:ere Ext is the presheaf T > Ext(T/T,q4;Gn,G ). (N.B. Since
G 1s ind-representable by affine schemes (relative to S)
sheafification for the Zariski topology gives us an f.p.p.f.
sheaf whose sections over an arbitrary S-scheme T can be
explicitly described: T®(T) = {xGG*(T)I x restricted to any
affine open U of T , dies when further restricted to a closed

sub-scheme U, € U defined by a nilpotent ideal?l) .
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§11. THE CRYSTALLINE NATURE OF THE FORMAL COMPLETION OF THE

UNIVERSAL EXTENSION

Let S5 (s,I,y) be a nilpotent immersion defined by a
divided power ideal I . Let Go be a Barsotti-Tate group on
. : =%
S. . We wish to assign to G, a formal group E (GO)SOC—+ S

o
which will be canonically isomorphic to the formal group associated

*
to E(G*), E(G ), wherever G is a lifting of G, to S .
We shall give an explicit description of the points of this functor

with values in a flat S-scheme S'.

(11.1) et s} = S'>§S, and let GJ = Goéasé . As explained
1
in (6.1%) we can consider the category EXTcryS/S (Gé,Gm)
crys/S!
im EXTCTYS/ (G2 (n),Gp) -

For any closed subscheme §;C—» S) defined by a nilpotent

“dfn

ideal, we have the notion of a crystalline extension of

G} ggsg by Gm(relative to S') as given in (6.15). This allows
us to speak of the category whose objects are pairs (E,n) where

P 1is an object of EXTcryS/S,(Gg,Gm) and 1 is a trivialization
of the underlying 4 _extension of P restricted to Sg . When
S; is allowed to vary we obtain a direct system of categories
and taking the direct limit we obtain a category which we denote
by EXTCTYS/S'(s1/81 | 5G1,6,). We write Y5 (6,6,)  for

the group of isomorphism classes of objects of this category.

(11.2) Let G' be a Barsotti-Tate group on St' which 1lifts
Gé . For any closed Subescheme BT , of S' which is defined

by a nilpotent ideal there is the category of BT-trivialized
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é-extensions of G!' by Gm . Passing to the 1limit over such
closed sub-schemes and then taking isomorphism classes of objects

we obtain a group ExféYG',Gm).
(11.3) Proposition: The natural functor
rys/St
EXT® (Gr,e,) > mé’(a',am)
is an equivalence of categories.

Proof: The fact that the functor is fully-faithful is proved
exactly as was done in the proof of (7.2). 1In fact it follows

immediately from (7.6.1) since ExT

(G',G,) is a full
sub-category of EXT%QG',Gm).

Let E be an object in EXTéTG',Gm). Since E becomes the
trivial %5-extension when we pass to a closed sub-scheme
ST< s' defined by a nilpotent ideal, if we view E as a family
of line bundles with integrable connection, #, en G'(n), each of
these line bundles becomes trivial on T'. Fix an n and let
D be a nilpotent S' derivation of OC!(n) to itself. For
N> 0 'V(D)N(gn) < (ideal of BT in §'). 2 (since
2, |G (n) E'ST 2¢ (0, standard connection). Since the ideal of
8T in S8' 1is nilpotent, V(D) is a nilpotent endomorphism of
#, - Thus the connection on each 2, 1is nilpotent [3,II,%.3.6]
(N.B. Berthelot defines this notion only when Q; is docally-free
of finite rank so a more correct assertion would be for n >> 0
the connection on each £, is nilpotent). Thus our £7-extension
E 1is isomorphic to a crystalline extension and the proof is

complete.
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(11.4) Corollary: The natural functor ! comes from a unique -rér(S,QG) and since the restriction

of & to So is compatible with trivializations it follows

ETCTYS/S (61,6 ) > EXT§(G',Gm)

that Tér(s/sred’QG) and exactness at Exf§(G,Gm) has been

is an equivalence of categories. | established.

It remains to check the surjectivity of EXT 7 (G,Gm) > Exf(G,Gm).

Proof. Since the closed sub-schemes of Sc') defined by a nil-
_— Let E be an extension of G by G_, and ¢ a trivialization

potent ideal define by composition with S!<> S' a co-final m) o
.9 of E % S, . From (%.4) it follows that each of the induced
system of closed sub-schemes of St! (defined by a nilpotent ideal))
extensions
and since the ideal of Sc') in S' has divided powers, (11.4)
follows immediately from (11.3) plus the usual equivalence 0= G, — E % G(n)— G(n)— 0

)
Exr®TYS/S' (61,6 ) & Exr®TYS/5 (61,0 ). 5
o' ' m has a -structure. Since for n large the maps

(11.5) Proposition: Let S be affine. There is a natural T(s"”G(n+1)) - F(S’QG(n)) are onto it follows that E itself
exact sequence carries at least one §-s‘cructure, p . The "difference"

4 ) between Po and the %-structures on Eo obtained via & 1is
(11.6) 0 - w.(S/S..5) » Ext/(G,G ) > EXT(G,G_) > O .
Yo red m m an element of T(SO,QGO). Since the map r‘(S,@G)—? F(So;g)c_o)

is onto we can modify p to obtain a new & _structure on E so
Proof: Given e’-"-G(S-/Sred) let «+' denote the 4 _structure
—_— that Qo is horizontal. This completes the proof.
on G X G defined by r . Assume (Gmx.G,-r') is isomorphic to

the trivial ¥-extension (Gm % G, trivial) via an isomorphism (11.7) Corollary: Assume p is locally nilpotent on S , G
% which reduces to idGmx G modulo some nilpotent ideal. Then 3 a Barsotti-Tate group on S. Sheafifying the sequence (11.6)
is necessarily equal to idGmx G and hence r must be O . we obtain an exact ®sequence

Let E be a trivialized §-extension whose underlying

(11.8) 0 > G > EEEY(G,G ) > ERE(G,G_) > O »

extension is isomorphic to Gmx G via an isomorphism, § , respec-
ting the trivializations (all trivializations over some Sof—-> S " This sequence is canonically isomorphic to the exact sequence of
defined by a nilpotent ideal). Using § let us equip Gmx G formal groups obtained by completing the universal extension of
with a %-structure, ', by transport of structure. Since G* along the identity section:

(12.9) 0>, > E(G*) »G* >0 «
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Proof: The exactness of (11.9) is proved in [16,IV (1.2.1)].
From (4%.6) we know that for S affine T(S,E(G¥)) is equal to

1im (en)—-HomélG(n),Gm) where (en) is the exact sequence
n
(e) 0>aG(n) »e¢—L>aG~>0

and where (en)-Hom%(G(n),Gm) is the group whose elements are

pairs (#:G(n) ~» G P 2 §_structure on the extension ¢;(en)).

Thus using (10.3) we obtain a commutative diagram

O-—>w—>E_t'E"(GG)———9E"’6'(GG )—> 0

_g(e )-Hom7(G(n),G )—> & ————> 0

The corollary now follows from (10.20) and the five lemma.

(11.10) Let S_ - (S,I,y) be as in the beginning of this
section. Assume given two Barsotti-Tate groups G,H on S
and a homomorphism ug: G6—+ Ho between theéir restrictions
to S_ . We shall associate to u, a homomorphism

o
v: E(B¥) > E(G®) which lifts E(uf).

If T is flat over S , the isomorphism (11.4):
g, rys . \
=t (GT,Gm)2=E§EC y /T(QIT ,Gm)) together with the corresponding
isomorphism with H replaging G) gives us an arrow Vo

rendering the following diagram commutative:
rys ~
e /T(GOTO,Gm) = ’EBE?§(GT,Gm)

-E—_ECI‘yS/T (11‘ ,CT ) /}’T

TECTYS
% ry /T(HOT ’Gm) — <t §(H’I"Gm)
o
Sheafifying and using ( 11.7) we find for T flat over S a

morphism E(H¥*)(T) > E(G*)(T).
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The: existence of the homomorphism E(H*) - E(G*) now follows

since E(H*) = lig Infk@:'(H*):} and each Inf® is flat over S .

(11.11) It follows immediately from (11.10) that if G and

H are two liftings of the Barsotti-Tate group Go on So »

then E(G) is canonically isomorphic to E(H) Exactly as in
(7.17), (7.18), the functor E¥ 1is explicitly defined by
setting for S!' an S-schéme

) = (s, BT 56 ,6))

—=
T(S',E (Go)soc»(s,I,y)

where EXEC I'ys/s(cyc),e ) denotes the prolongation to (Sch/S) of
the sheaf on the small flat site of S assoclated to the pre-
sheaf':

m

T Exfzrys/T(Go ,G )
T
(11.12) Remarks}
3 —* Iy
(1) In order to know that IE (Go)s5~> g 1is a formal group we
have made use of a lifting G of G0 . In order to know that
if
S, <> (81, 3,y

f

(s,I,Y)

is a commutative diagram where f 1s a divided power morphism,

then f£¥( E*(GO)SS+S) e-ﬁ#(GO)SOC» g1 1s an isomorphism; we

make use of a lifting of G (If we don't assume the existence

of a 1lifting then there doesn't appear to bz any standard termi-

nology which describes what E#(Go) is).
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(ii) ﬁﬁ(Go) is a crystal relative to a crystalline site which
sits in-between the nilpotent site and the full Berthelot
site: objects are divided power thickenings SO‘> (S,1,8)

where I is a nilpotent ideal, but the divided powers are not

necessarily nilpotent. The reason for this was alluded to in

(10.16).

(11.13) Let us check that Lie(E¥(G_)) is canonically isomorphic
to ]D*(Go) on their common domain of definition:'Let 85;>(S,I,Y)
be a divided power thickening of S0 by a nilpotent ideal.

Assume S 1is affine. We shall define a map

Extcrys/s(Go’Ga) > Ker[ﬁitcrys/s[el(Gos[e]Gm) > EitcryS/S(Gon)]

For any So-scheme X , there is a commutative diagram

9

X[e] — S[e]

RS

f—————>>5

which gives rise to a morphism of topoi

Lk (X[el/s[e])cr:;g—9 (X/S)crys s

Using the definition of 7 [3,III,2.2.3] one checks
easily that for any object (U= T,J,8) of the crystalline site
of X, TH(UeT)=ulele> Tel. Thus Ty(G)ye, p = ©
and there is an exact sequence of sheaves of groups in (23g§1rys

0> G, > Te(G,) > G, >0

Thus we obtain an equivalence of categories
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c S =~
(11.1%) TORS rys/ (X,Ga)—Ker[TORScryS/S[E]Qx[ el,G ) > TORScryS/S(X,Gm)]o

This equivalence if functorial in the So-scheme X and

hence we obtain

(11.15) EXTcrys/S(GO,Ga)’—‘iKer[ Extcrys/s[e](q}e],:(}m)»EXTcryS/S(GO,Gm)] .

This permits us to define the map

(1.16) Extcrys/spo,aabxgr(Eﬁcrys/s[s](c;o[el,am) > BT/ (6,6 )) .

Before we prove the bijectivity of this map, let us note
that the category EXTCTYS/ S(GO,Gm) is rigid. This follows im-
mediately from (11.4) (and hence we use once again the fact that

Barsotti-Tate groups can be lifted).
Let P,Q be representatives of elements of Extcrys/s(Go,Ga).
To say they define the same element in Ker is equivalent to

asserting that there is an isomorphism of crystalline extensions
Gg G
pr P A Te(G,) o2 a R m(a)

such that‘ pAG, induces the identity automorphism og the

4 -extension G _x G_ (once we identify P AaGm and Q X G, with
G xG_). But using the rigidity of EXTcryS/S(GO,Gm) noted
above, it follows that p A Gm is actually the identity auto-

morphism of the crystalline extension Gmx Go’ It now follows

from (11.15) that P=~Q .

On the other hand the surjectivity of (11.16) is clear
since a crystalline extension, P , of Go[e] by Gm trivialized
as J-extension over some closed subscheme T < S[e]) and

which is trivialized over S as crystalline extension (in a
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compatible fashion over S N T < S[e]) defines a crystalline
extension of GO by Ga » Q, which is isomorphic to P as a
crystalline extension (an isomorphism certainly compatible

with the trivialization over S n T).
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§12. THE CRYSTALLINE NATURE OF THE UNIVERSAL EXTENSION (ON

THE NILPOTENT CRYSTALLINE SITE)

In this section we shall show that the universal extension
of a Barsotti-Tate group can be extended to a crystal on the
nilpotent crystalline site.

Let S_ be a scheme,(S,I,y) a nilpotent divided power
thickening. Fix a ﬁBarsotti Tate group GO on ﬁj . Following
the procedure(s) usé& in previous sections we shall define for
St a flat S-scheme,a group E(GO)S§4> g(8'), such that sheafifi-

cation gives us the value of our crystal on (S,I,y).
(12.1) Consider the category whose objects are triples:

i *
(12.2) (i) an element g, ET(S,,G,)

(ii) a nilpotent crystalline extension of G, by G
(relative to ), E€EXT™IT STVS/S(g g )
(i1i) an isomorphism p between the extension P_ ,
associated to &, > and the ordinary extensign
underlying E .
Morphisms between (gO,E,p) and (gé,E',p') are defined
only if g, = gs and then a morphism is a morphism of crystalline

extensions E - E' which is compatible with p and p'.

¥
12.3) Definition: Let E (G.) S) = group of isomorphism
—_— o) saL»s

classes of objects of the above category.

(12.4%) Let G be a lifting of G, to S which we assume to be
. *4 4
affine. We construct a map T(S,E(G ))—> E?GO)SSL>S(S) by
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interpreting an element of r(S,E(G*)) ‘as an element, &, of
1ig$en)-HoméKG(n),Gn) (as in the proof of (11.7)) and assigning

to @ the isomorphism class of the triple:

(1) g, = restriction to S  of the element of T(5,6*) which
is the image of § under E(G*) > g¥

Nil-crys/S

(ii) E, the object of EXT (Go’Gm) corresponding to

§ via the equivalence (7.6.2) plus the equivalence

Nil-crys/S Nil-crys/S(G ¢ )
E
m

e~
EXT (Gg»Gpy )= EXT

(1ii) the canonical isomorphism P_=2 E (i.e. the identity map).

€o

(12.5) Proposition: The map defined in (12.%) is an isomorphism.

Proof: To show injectivity let & & r(S,E(G*)) be given, let
g = image of § under E(G*) > G*. Assume the triple defined
by & is isomorphic to the triple (0, trivial crystalline extension,
identity), i.e. there is a map ECﬁGox Gm of crystalline exteh-
sions and the map on underlying extensions is the identity.
Since we can interpret the crystalline extensions E and
G G, as 7-extensions of G by G_, it follows from (10.3)
that g = 0 . Hence § is given by an element of F(S’QG)' The
rigidity of the category EXT(S/SO;G,Gm) insures that the iso-
morphism ECiGox Gm‘,when interpreted as a map of §_extension
of G by Gm) is the identity. This forces the element of
P(S’QG)) and hence & , to be zero.

To prove surjectivity, let (gO,E,p) be a triple. We

interpret E (as explained in 12.4(ii)) as an object of
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EXT%(G,Gm) whose underlying structure of extension we denote
by E'. From (10.16) the pair (E',p) determines an element
g, of r'(S,G*) which 1ifts g_ . Let V be the 5_structure
on Pg obtained via traﬂSport of structure from E using the
isomorphism PgﬁiE'. If & = (g,V) then, by construction, the

image of & is the class of the triple (go,E,p).
(12.6) Corollary: Sheafifying the map
* *
T(S,E(G)) » T (GO)SS_)S(S)

we obtain an isomorphism (of sheaves of groups on the small

flat site of 8)
* *
E(G) T (G,)ge,g

(12.7) Let G,,G, be two liftings of G, to 8§ . Just as in
*
(11.10), (11.11) there is a canonical isomorphism E(G*{)ﬁE(GE).

In fact more genersglly we can sfate

(12.8) Corollary: There is a functor

B.T.(So)0 > Crystals in groups on the nilpotent site of S

. * * o s
given by Goi——>IE (Go) (where [E (GQ)SO"—> g has been explicitly
defined via (12.4)),

(12.9) We now wish to shor that "completing along the identity

element" the crystal E*(GO) gives us a crystal in formal groups
=

which is canonically isomorphic to the crystal E (GO) (of §11),

when the latter is restricted to the nilpotent crystalline site.
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Let S=> (S,I,¥) be a thickening of the nilpotent site
of §2¥. In order to show the formal groups on S iE (Go)Sgas)
and [E (Go)s <, g are isomorphic, it suffices to show that their
o
values on flat S-schemes are functorially isomorphic. Thus by
localization it suffices to treat the case when S is affine.
% ,
Since [E (GO)SOC___> S is ind-representable by affine groups it

J
follows that

F(S’OE*(GO)S<—98>> = group of classes of
o

triples (g,,E,p)

such that for some nilpotent immersion T<> So , the inverse
image to T of the ?-extension underlying E becomes isomorphic

via py to the trivial §-extension of G by Gy -

T
To check that this description is correct we use the fact

* K% . .
that [E (GO)SO idys = i (E (GO)SO(__> S)J i: 8&> S Deing
the inclusion)and the fact that the crystalline extensions of

Go by Gm (relative to So) are simply the é-extensions,

Consider now the map
crys/S

(852Esp) Poyags of (BsPIT)  in ExT (GgsCiy)

The injectivity of this map follows from the injectivity of

*
map GO(SO/T) > Ext(So/T;Go,Gm). For if (gg,E',p') is a second
triple and (E!,p¥T)=~(E,p/T) , then there is an isomorphism of
crystalline extensions T: E > E!' such that 1{T - p|T = p!|T.

But TMep and p! are then equal by (10.5).

N.B. We view E as an object of EXTcrys/S(GO,Gm) using
(11.3). The surjectivity of the map follows immediately from

the assertion of surjectivity implicit in (10.3).

4

119

§13. RELATION BETWEEN THE UNIVERSAL EXTENSION CRYSTAL OF AN

ABELIAN VARIETY AND THAT OF ITS ASSOCIATED BARSOTTI-TATE

GRoUP ,<

We shall now show that our construction of the crystals
(of various sorts) associgted to a Barsotti-Tate group is com-
patible with our earlier construction of the crystals associated
to an abelian scheme.

Let S, De a scheme (with p locally nilpotent), AO/So
an abelian scheme, G = ;12>Ao(n) the associated Barsotti-
Tate group. Fix a nilpotent divided power thickening Sa=> (S,I,y)

and assume So is affine.

(13.1) Lemma: Let the triple (go,E,p) define an element of
* 3 ) .

T(S,E (GO)SO(_> g)+ Then up to isomorphism there is a unique

crystalline extension E!' in ExTRil-crys/ S(a,,G_) such that

there is an isomorphism p'! between the extension of AO by

Gm defined by go and the extension underlying E’) such that

(go,E'lGo, p'IGO) is isomorphic to (go,E,pL

(N.B. p' is necessarily unique).

Proof: Let A/S be any abelian scheme lifting A  , let G De
the associated Barsotti-Tate group. Corresponding to the triple
(go,E, p) , there is a pair geT(S,G%),V a &structure on the

extension
(13.2) 0~ Gm > 8>G >0

obtained by pushing out the "Kummer sequence" along g . This

élstructure defines a rigidification on (13.2). But
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(13.2) 1is obtained by restricting to G an extension
0 - Crm'> gt > A~>0

Since Infl(G) = Infl(A), this extension has a canonical rigidi-
fication, i.e. a canonical é?-structure. It follows immediately
from [I,(3.2.3)] that this é—structure extends the given

9-structure on (13.2). Via the equivalence of categories

EXT7(A,G_ )% gxpil-crys/ S(a,,6,) &' defines an object E' of

ExT?11-CTYS/S(4 G ) such that E'XG = E, and E' clearly
o2’ m AO o) )

satisfies the conditions with p' = "id".

Let E" be a second object of EXT'I! CI'3>’S-/S(1x.o,c;m) which
satisfies the conditions, i.e. so that there is a p". By
hypothesis there is an isomorphism & :E'|G02$ E"IGO of crystalline

extensions such that the following diagram commutes

]
hﬂé "
E'IGO E ic-o
"
P :h /; iGO
P
gO

We must show that E!' and E" are isomorphic crystalline
extensions. Corresponding to E" 1is a § _extension 4" of A
by Gm . Since % 1is a map of crystalline extensions there is
amap ¥: 8'|G > 8"|G which 1lifts s§ . As the extension under-
lying the ¥_extension 8"-8' is trivialized over So , this
extension is obtained via pushing out a "Kummer sequence" along
an element, g' , of r(S,G*)J such that g'ISo =0 [19,(19.1)].

*
But g and g+g' are two sections in T(S,G ) 1lifting g,

121

with the corresponding extensiong}yielding via FIGo iso-
morphic deformations of Pgo. Hence from (10.16) it follows
that g' = 0 and hence that the extensions underlying @' and

8" are isomorphic via a unique isomorphism t . By the rigidity
of EXT(AO,Gm), TISOO p= p") and hence by the rigidity of the
category of deformations of Pgo , T|G =F . Since Infl(A) cG
T induces an isomorphism of the rigidified extensions 4!

and &". But from [I,(3.2.3)] we know this means 1t is an iso-
morphism of é?-extensions, Via the equivalence
EXTé(A,Gm)fﬁEXTnil cryS/S(Ao,Gm)) we see r induces an iso-

morphism between E' and E". This completes the proof.

(13.3) Remark: Although we have used a lifting in the proof
of (13.1) the result is clearly independent of any such

choice.

(13.%4) Let A and B be abelian schemes on S , G, H the
corresponding Barsotti-Tate groups. Assume u,: AO -> Bo is
a homomorphism inducing ﬁoz G, > H, . In §1 (resp. §12))
there is associated a homomorphism E(B¥*) - E(A¥)

(resp. E(H¥) » E(G*)). It is an immediate consequence of

(13.1) that the following diagram commutes:

(13.5) E(H*) ————— E(¢™)

!

E(B¥) ——— E(4%)

Passing to tangent spaces we find that the map
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% . *
D (Ho)sg» s > D (Go)sof» s

coincides with the map Hl(B,GB ) = Hl(A,oA
erys
(from uo) by crystalline cohomology.

crys

)

induced
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§14. GROTHENDIECK'S DUALITY FORMULA FOR THE LIE COMPLEX

Let S be a scheme, G a finite, locally-free (commutative)
S-group. In the course of the proof given below we shall recall
a construction of the co-Lie complex,,ﬂg, associated to G . Let
M be a quasi-coherent Og-module. From [1%,VII,1.1] we know
it is entirely harmless to identify ﬁg and M with the corres-
ponding objects that they define on the flat site of S . With

this understanding the formula is:

(14.1) R Hom S( 28, ) ~ o Hom,, (™, 1)
C T

This isomorphism is functorial in both arguments and when S
is affine there is a similar isomorphism with "Hom" replacing
"HOm"o

Taking M = GS we find a formula for the Lie complex:

VG

(14.2) L. R Hom, (G*,G,)

TRt Hoty

If S 1is affine applying H1 (to the formula involving R Hom)
yields

(14.3) Ext (1, M) 22 ExtL(G*, M)

(a formula used above in (3.1))

If instead we took H° the formula becomes

(14.4) Hom y {wg»M)= Hom (G*, M)
S

Proof (Grothendieck): From [11,SGA, VII,3.5] we know there is

a partial resolution of G .
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€
(14.5) L, > L > L —5¢

Each Li is a sum of sheaves of the form ZTTi] where T, is
a finite product of copies of G , L  is simply 2[G]. This

resolution is functorial in G . From (I,(1.3)) it follows

that Gi = 4fn L§ is a smooth commutative group scheme. Because
i - i :

Ext (Z[Tj,Gm) =R fT*(GmT) =0 (fT: T > S being the structural
map for a finite locally-free S-scheme)lthe complex

e =6°-»gl>a?
has

*

H(G*) = ¢

(14.6)

1
H (6*) = Ext'(G,6 ) = (0) since G is finite,
locally-free
2
)

Thus if G = Ker(Gl > G we obtain an exact sequence

(14.7) 0>G¢ »G°>T~>0

It follows from [8,11,5.22] that & 1s a smooth S-group. We

*
define the co-Lie complex of G by:

*
G _
(14.8) A8 mgen g o
(where w~ 1is placed in degree -1)
In (I,(l.2)) we!ve defined a map

Ly > o1

Applying Hom( ,M) (resp. Hom( ,M)) we obtain a morphism of

complexes

125

Hom(mGo,M)-—+ Hom(mGl,M)~+ Hom(QGz,M)

(14.9)

Hom(L_,M) —> Hom(L,,M) — Hom(L,,M)

(I,(1.4)) tells us that (14.9) is an isomorphism of complexes.
Observe that Ext®(z[T],M) = RifT*(MT) = (0) for 1i>0
since the map fT is affine and M 1is quasi-coherent. Further-
more if § 1is affine  Ext'(Z[T],M) = (0) for i >0 . Since

each E%i is locally-free, it is also true that

Extj(.,., .sM) = (0) for J > O (resp. Extj(m M) =0 if S is
— i =i

affine).

Since L 1is a partial resolution of G , the complex
Hom(L_,M) - Hom(Ly,M)> Hom(L,,M) has H° = Hom(G,M), = _Ex_tl(G,M)
(resp. without underlining if S 1is affine). In fact "killing"
the H2 of this complex we obtain the complex T<1R gggzﬁG,M).

On the other hand by applying ) to (14%.9) we obtain

ﬁgl(

Hom(w ,M) -_—> Hom(m ’M)
— %0 —'T

T<1(R Homz(G,M))

*
Since the source of this arrow is R Hom(ﬂ? ,M)  (14.1) is

established.
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§15. COMPARISON WITH CILASSICAL DIEUDONNE’THEORY

(15.1) Denote by W, = Spec(ZwWo,...,wn_l]) the group scheme
of Witt vectors of length n and by L Wh > (Ga)’l the
homomorphism given by ghost components. Let T: Wn »swn+m be
the homomorphism defined on S-valued points (S any scheme) by

T(wo,...,wn_l) = (o""’o’WO""’Wn-l)

and let R: W%+l -> Wh be the homomorphism defined on S-valued

points by
R(Wgseoeswy) = (Woseuosw )

Using the mappings T , the Wh's form an inductive system and

we denote by %’ the direct 1limit.

(15.2) Let k be a perfect field of characteristic P -
Classically [18 bis,3,12], one defines the Dieudonné module of

a unipotent p-divisible group, G ,as

D*(G) = Homy o (G )

This definition can be extended to a toroidal p-divisible group,
G , by setting
D*(G) = D*(a*)
In (9.2) we defined for G a Barsotti-Tate group over an
arbitrary base S (with p locally nilpotent) a crystal on S
in locally-free modules, D*(G). The category of crystals in
locally-frece modules on SO = Spec(k) (relative to 25) is equi-

valent to the category of free W(k)-modules. Explicitly the
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equivalence 1s given by

M F‘)élinl Mwn(k)
where M 1is a crystal and Mw (k) denotes its value on the
n
thickening §5> S = Spec(wn(k))
Regarding D%*(G) as a free W(k)-module we can ask about
its relation to D*(G). The answer is provided by the following

theorem of Grothendieck.

(15.3) Theorem: There is a canonical isomorphism of functors

D¥* —> ¥ (which will be explicitly constructed below).

(15.4) Because of the decomposition of the category of p-divisible
groups/k into the product of the category of toroidal p-divisible
groups and the category of unipotent p-divisible groups, it suf-
fices to consider only unipotent groups.

The key to proving (15.3) is Grothendieck's observation that,

over Z , the extension

R
(15.5) 0= G ki, —> W —> 0

is endowed with a canonical structure of % -extensions.

To see this one first considers the extensions

R

(15.6,) 0> €,—T>W —

>4Wn —> 0 .
Let s: Mh—-»\wn+l be the set-theoretic section given by:

s(wo,...,wn_l) = (wo,...,wn_l,o)

The section s determines a trivialization of the

Gﬁwn-torseur Mh+l. Using this trivialization, endow W

with a structure of @Ltorseur, Vg

n+1l



128

We modify VO by defining a new 4 -structure

(15-7n) Vn = V,:., - Wy

where

(15.8n) w, = wp 'ldw +...+wnl°1 “1q W 1€ F(Z,ﬂl\w )
n

As will be shown in (15.10) V, makes the extension
(15.6n) into a -extension. From the explicit construction of
Vn it is immediate that the following is compatible with

l?-structures

0> TN B> W —> 0

(15.9) “ lT I

0> G~ _sBs_—>0

Passing to the limit we obtain Vw , the desired structure

of H_extension on (15.5).

Let us stop here to check

(15.10) Proposition:

)n+l

(1) Let t:(€)%> (6, be the map

(x

o""’xn-l)‘-} (Xo""’x‘n-l’o)' View t as a splitting of

the extension

o—>@——>«;m-"-l-—-—>(rz——>o

and endow this extension with its trivial "—'t'-structure.

Over Z[%—] the diagram

(15.11) 0—> G —>W ,lw—->o

n+l

0 ——)Ga——)a}ryl—-—) a;g—a 0
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allows us to transport the just-described K -structure on the

lower row to (15.6).
Assertion: This 5 -structure coincides with v, .
(i) Vn makes (15.6 ) into a § _extension.

Proof: (ii) is an immediate consequence of (i) since the

obstruction to the isomorphism

s* (W n+l)"'9 pl(mn+l) A pg(\wml)

being horizontal is an element of the free abelian group

( lexw ) which dies when we tensor this group with Z[i.].
n 'n p

Let t' = &_ +1 ot ¢ 3 be the splitting obtained by transport

n
of structure. It suffices to show

(15.12) d(t'-s) = -w,

But tt-s (wo,...,wn_l) = (O,...r,)o,wn)

n n-1 P o_
where p W, + D wﬁ_l teet wh =0
That is W = -l_ (an+ + n-lwp )
n ot o <eeTP n-1
-1 -1
Thus d(t'-s) = VP AW +...+Wp Cyaw,_q) = -y -

(15.13) Remark: It follows from (15.10) (i) that the rigidification
on (15.6 ) associated to V  is the restriction of s to

Ine(W,).

(15.3%) We can now define the map D¥(G) » D*(G). For each n
interpret the restriction to W (k) of the §_extension (15. 5)
crys/w (k)@
as being an object in EXT k’Ga W (x))* Pulling back



this object by a homomorphism @G ~>\W kK

in
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gives us an object

EXTcryS/wn(k)(G,Ga). These objects, for variable n , piece

together and we obtain the desired map

Proof of (15.3):

D*(G) > D*(G)

Hom,__..(G 1, ) in Ext®TS/ M (%) (q,q )

By Nakayama's lemma it suffices to prove

that the reduction mocdulo p of this map is injective since

the source and target are free w(k)'modules of the same rank

(

of

as

height (G))
Let ©: G >, be such that o*( V) is the trivial structure

q-extension. We are to show that ) admits a factorization
~

P

By assumption there is a unique arrow ¢: G = W which

makes the following diagram commutative.

‘ lw
(15.15) ®
O‘f>Gé—f>W ? > 0

We

_ T F
b= G N

0— ——9&; x G > 0

want to show that ¢ can be written as

, for some «~ . To show this it suffices to

show leer(FG) = 0 . Continue to denote this restricted map by

b

. For n > 0 (15.15) induces a diagram

0 —» G———>\Wn+l x Ker(F,) ——> Ker(F —>0

\\W —30

0—> &
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From our assumption that @*(V;) = trivial structure of

S_extension and (15.13) it follows that

(15.16)  seRo y|Inr’(Ker(F,)) =y}Int* (Ker(Fy))-
The following lemma shows that this implies § = O .

and completes the proof of (15.3).

(15.17) Lemma: Let H be a finite commutative k-group satis-
fying

a) Fy=0

b) V; 1is nilpotent

Let :H —>\Wn+l have components | APEERIL and assume
. Infl(H) =0. Then ¢ =0 .

Proof. We use induction on the index of nilpotency of VH .

If Vy = 0, then ¢ factors through Gd—ig—aww and we may

n+l

view v as a homomorphism H-—ﬁ4>Ga The assumption
¢|Inf1(H) = 0 implies Lie(y) = O and the result follows from
[8,II, &7, 4.3(b)].

Assume the result for groups killed by V™ and that v™'%

kills H . Consider the exact sequence (which defines K):
m -
0-> k— Hi—L>u(P ),

Because Vm+1 kills H , /K = 0 . The induction assumption

tells us that ] factors as

i > H/K

n+1l



132

~ .
To conclude we must Show Lie(?) =0 .

K

Because F

0~ (H/K)* > H¥ > K¥ > 0

gives rise to an exact sequence of Dieudonne modules

H

=O,

N * .
Vs VH* 5 V(H/K) are all zero The exact sequence

0—> D*(K*)—>D* (H*) ———>D¥(H/K)*) —>0

|

|

0 —>Lie(K) —>Lie (H)——> Lie(H/K)——>0

But |Inf (H) = O implies Lie(s) =

onto Lie(H/K) it follows that Lie(§)

0]

and since

o .

Lie(H) maps

1.
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