CHAPTER ONE

EXPLICIT CONSTRUCTIONS OF UNIVERSAL EXTENSIONS
§1. GROUP SCHEMES AND THEIR RELATIONS TO VECTOR GROUPS

By group scheme over S we shall mean commutative flat
separated group scheme locally of finite presentation over S .
If Q 1is any quasi-coherent Gs-module, we may regard Q

as a sheaf for the fppf site by the rule:
Q(s') = Tv(5',0%Q)

where o: S' » S 1is the structural morphism. If L is a

locally free Qs-module of finite rank, then L , regarded as a
sheaf for the fppf site over S , is representable by a group
scheme which is locally isomorphic to a finite product of Ga’s.

Call such a group scheme I a vector group over S .

Fix a group scheme G over S and consider the following

two universal problems:

Problem A (Universal homormorphism problem):

Vector group hull of G:

Find a mapping
a: G>V

to a vector group over S , which is universal for mappings of
G , to vector groups, in the following sense:

The induced mapping

a Hom%§V,M) -> Homs(G,M)



is an isomorphism for all vector groups M over S . If finite rank. Set V= EQQOS(EQQ(G,Ga):GS)- Then

such a V can be found, call it the vector-group hull of @G .

Hom(G,M) = Hom(G’Ga)®OSM

Quasi-coherent hull of G:

1]

Homy, (VoM )

Find a mappin
o and consequently V is the vector group hull of G .

a: G >
: (1.2). Suppose that the Cartier dual of G 1is representable
. n
where Q 1is a quasi-coherent sheaf, universal for mappings of by a group scheme. By the Cartier dual we mean the presheaf o
G - to quasi-coherent sheaves over § . t Sch/S given by
i @* = Hom__(G,G ).
Problem B (Universal extension problem): er n
Assuming Hom(G,V) = (0) for all vector groups , V 3 ; Then if

find an extension of group schemes over S :

SC__._E—-—-)G*
(e) 0~>V(G) > EG)>G~>0
( denotes the zero-section of G*/S , let
such that V(G) 1is a vector group, and such that (e) 1is 5 S T ot = Infl(G*)
universal for all extensions of G by vector groups over S .
i . . . -section.
More precisely, we would like the mapping i denote the first infinitesimal neighborhood of the zero-se

1 The commutative diagram
Homg (V(G),M) » Extg(G,M)
S

induced by (e) to be an isomorphism. If such an (e¢) can § s l

be found call it the universal extension of G . Clearly (e)

i -poi S-schemes.
and E(G) and V(G) are determined up to canonical isomorphism is a morphism of S-pointed

. . s T n the category
by their role in problem B , and they are functors on the sub- There is a natural isomorphism of functors o

category of group schemes admitting a solution to preblem B . L Sch/s

~ 1
* = e¥%
Homg . inted S-schemes (%1% o%/s
Examples and discussion: (I. Existence of Solution to Problem A)

x to denote the quasi-coherent

(1.1). Suppose Hom(G,G,) is a locally free Ogmodule of 5 and we shall use the notation u,




sheaf over S defined by either side of the above formula.

We have a natural isomorphism

G¥ = Spec (O®uny ) -
Let a: G - Wy« denote the composition

a: G > Hom(G*,G ) - Egﬂs-pointed S-schemes(G{’Gm) = Wik
(1.3) Examples of groups G  such that G* 1is representable
are the following:

a) G finite and locally-free

b) G locally constant for the f.p.q.c. topology

(11,5645 X 5.3]
¢) G of multiplicative type and quasi-isotrivial
[11, SGA3 X 5.7] .
d) G an abelian scheme (here G* = (0) since denoting
by 7: G > S the structural morphism) W*(ob) = Og uni-
versally)

e) G = Z[T] where T is a finite, locally-free S-scheme.

(i.e. for variable S' over S, ©(8', G) is the
free-Z -module on [Homg(s',T)].

The only example which requires (perhaps) any justification
is e). But here Egggr (G 5G ) = Hom(T,Gm) and hence its g'-
valued points are simply the units in F(T><S"OT><S)‘ The
representability follows now because we cas (1ocal§y) choose a

finite basis for the os—module, OT’ and a unit is a section

such that multiplication by it defines an automorphism.

i resheaf on SCh/S
(1.4) Proposition: Let G be any abelian p

such that G¥* is representable. The functor on quasi-coherent
le b W, and
Os—modules M- Homgr(G,M) is representab N

i i iversal homomorphism
the homomorphism a: G > m,y above 1is the uni

from G to quasi-coherent os-modules.

Proof: Let us first show that the functor is representable.

e affine
For M a quasi-coherent os—module let SM be th

D i an algebra by
S-scheme S ec(GS®M), where Og®M is made into g
requiring W = (0) (i.e., it is the "dual numbers" on  M).

hism (resp. unit
Denote by WM(reSp. nM) the structural morp (

i algebra homomorphisms
section) of sy which corresponds to the alg |
ed to zero).
Og > Og®M (resp. O4®@M > 0g, M being mapp

hich
There is an obvious homomorphism WM*(GmSM) > Gms W

i = TM¥o T%* and because there
arises functorially because ld(séh/s) nM? b

i = i . The kernel of the
is a map WM* > ﬂﬁ since WM onM 1ds

initi ee that there
map is M and using the definition of Gm we S

is an exact sequence:
0O~ M-~> WM*(Gm ) > Gm > 0
Syt S
= }) - Hom G, )
Thus Homsr(GaM)= Ker[Homgr(G,vM*(GmSM, ar (G, g ]
*
=] Ker[Homgr(ﬂM(G),GmS ) = Homgr(G,GmS)]
M

* S,G*
=dfn. Ker[I‘(SM:G ) > 1"( b )]

*
= Ker[r(sM,G*sM) > T(S,My (6%)) ]
=4 Homos (wG*® GSM,M) , by
M .
[8,II &, 3.5] since G* is representable. Finally, by
k]

adjointness we have



Homos (_@G*®OSM , M) = Homos(g_jG*,M).
M
Because all of the above isomorphisms are functorial in

the quasi-coherent module M , it follows that W represents
the functor M I— Homgr(G,M).

To calculate what the universal map G -~ e is , let us
Wox SM is the first infinitesimal
neighborhood of the unit section of G*,Infl(G*). From the

first observe that for M =

explicit definition of the mapping

oty o1 (qx) (%% Conel(ox)uge) > Ker(n(Inf'0%,6%) > n(5,0%)]

given in [8,II ¥, 3.2] it follows that id@G*e Hom, (e » )

S
corresponds to the inclusion Infl(G*)C—v"ﬂE>G* .
From this point on, the remainder of the proof of the
A . . * =
proposition is entirely formal. Recall that G danomgr(G’Gm)
and hence there is a tautolegical pairing G x G* - Gm which

defines two group homomorphisms G d Gm ) the

G
G
knowledge of which allows us to reconstruct the pairing. The

% GmG* and G*G
homomorphism Ggy = GmG is (by very definition of G%)
*

universal in an obvious sense. Thus the morphism Inf%G*)» G*
defines a homimorphism GInfl(G*) - GmInf%S*)&a well as a
morphism Inf G*G > Gm . In particular for any S-scheme T

G
and point EZeG(T) we obtain a morphism InflG*T > Gmp which
1

is simply the restriction of the map G*T > GmT to Inf G¥*

T .
This element is a(g) and hence the proposition is proved since
the two ways of obtaining a map T=x Infl(G*) > TxG

a) viewing GInfl(G*) > GmInfl(G*) as giving for

1
£eG(T) a map Inf(G*), > G
( ( T M

b) Inflo* > Gp as the restriction of G¥; GmT
T . .
both come from restricting the map Gx G* - Gm o

T x Inf L (G*) > G x G*.

(1.5) Corollary: For G an abelian scheme and M quasi-

coherent, Homgr(G,M) = (0) .

Proof: In this case G* = (0) by 1.2(d) and hence .y = (0).

(1.6) A given group scheme G/S may have a vector group hull
and a quasi-coherent hull which differ. Consider S = Specczp)
and G = Z/p. Its vector group hull is zero, whereas its
quasi-coherent hull, by the previous proposition, is @“p'

A related issue is the question of commutation with base
change. The guasi-coherent hull, constructed by the previous
proposition commutes with all base changes, whereas the vector

group hull constructed in (1.1) does not.

2. EXISTENCE OF SOLUTIONS TO PROBLEM B

(1.7) Suppose that
(a) Hom(G,Ga) =0
(b) Ext(G,G,) is a locally free Gg-module of finite rank

as sheaves for the Zariski topology over S . Set
v(G) = HomGS(Ext(G,Ga),GS)

Then a universal extension of G exists with the above V(G)

as vector group.

This assertion follows easily from the evident



Ext(G,M) = Ext(G,G_) 8 M Explicitly, ¢ admits a factorization:
X1 LXT a
S

G —_— Q
St St
where M 1is any locally free os-module of finite rank.

' fS' ////ﬂ section
There are three important cases where hypotheses (a) '

St
and (b) hold:
() £, = Os1
(1.8) Barsotti-Tate groups over bases S such that p is 1 N
Rf = R°f ] is locally free of rank d .
nilpotent on S . (e) *0G, %0g® Ogr 1 y

If G 1is a Barsotti-Tate group (i.e. a p-divisible group) Here is a proof of a):

over such an S , let a¥ denote the Cartier dual of G , and

. : t f: A> S Dbe an abelian scheme and M a
let G(n) be the kernel of multiplication by p° . If n is Lemma: Le e an 1

uasi-coherent -module. Any map A > M is constant.
sufficiently large so that p" = 0 on S, then w,y = wn) quasi-coherent  Gg-mo ¥ map

i1s locally free of finite rank over S and the argument of Proof: A map A > M , may be viewed as an element of T(A,f*(M))

( 16 1v,1) shows that Ext(G,G,) is EQQOS(&G*’OS)‘ Therefore the ' = T(S,f4f*(M)). The map T(S,M) > T(S,f f*M) corresponds then

hypotheses (a) and (b) above hold. The construction given to M: S>M > Tef: A > M. Thus to conclude it suffices to

shows more. Namely, there is the commutative diagram ) | show the map T(S,M) + T(S,f,f*M) is bijective. ILet us form
n

the cartesian square:

0~>G(n) »G~——>G~>0
A | - e A5l
0~ QG*——»E(G)—» G~> D0 £ f
M
. where the vertical map a is the vector group hull of G(n). S < -S[M]

This construction clearly commutes with all base changes.
- Then T(S,05) ® T(S,M) = r(S[M], 0qg) => r(S[M],fM*(oAS[M ))

T(Agry1#Ca_, ) = T(A,0,) ® T(A,%(M))
S[M]
T(A,0,)® T(S5,T4f M)

(1.9) Abelian schemes over any base S .

If G 1is an abelian scheme over S of dimension d , it

satisfies the following hypotheses for all S'/S: since (b) f«(0y) = 6g, universally.
a) Any morphism of sheaves of sets over 8! Let
q): GS' > QS'

w = Iig5—"(9.3(le*0(5:’°5) .

to any quasi-coherent sheaf § over S! is a constant map.
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(1.10) Proposition: If G satisfies the above hypotheses

(a), (b), (c), then G possesses a universal extension,
0~ w-=>EG)>G~>0

which is indeed universal for all extensions of G by quasi-

coherent sheaves. (We assume G - S is quasi-compact).

Proof. (After Rosenlicht, and Serre , [22,25])
Let M denote a quasi-coherent sheaf. By our assumptions
(notably a) the category of extensions, EXT(G,M) is rigid.

Thus, the presheaf for the flat topology
1
St v Ext (GS"MS')

is a sheaf.

We shall show that the composition
¥*
v Extl(G,M) > BY(G, £ M) > T(8,RLE,E*M).

is an isomorphism. But by the above remark, we may assume

S affine.

) 1s injective:

For let E be an extension of G by M and assume ¢: G > E
is a section (as sheaves of sets). By subtracting o(0) we
may suppose that o(Q) = 0 . The map .GxG - E which expresses
the obstruction to ¢ being a homomorphism actually maps GXG
into M and brings O to O . After hypothesis (a), one may see

that this obstruction is zero.

11

% 1s surjective:

Let E be a principal homogeneous space for M over the
base G . Since S 1is affine, E admits a section e lying
over the zero-section of G . We now follow Serre’s prescription
for imposing a group structure on E with zero-section e ,

which establishes E as a group extension
0O>M->E~+>G~>0

[25, VII, 15] . To follow out this prescription one need only
know that the cohomology class in Hl(G,f*M) representing the
principal homogeneous space E 1is primitive. But Hl(G,f*M)
consists entirely of primitive elements as follows from the Kunneth

formula if G 1is an abelian scheme and [21 bis, III,%.2] in general.
Our plan is to establish the isomorphism
1
Hom, (wsM) = Ext~(G,M)
S

and, consequently, representability of the functor

M b Ext’(G,M)
We do this by demonstrating these isomorphisms:

T(S,RYf £%M) = 1(s,R1f,0, ® M) = Hom _ (w,M)

G Og

To establish the first isomorphism above, we need a lemma:

(1.11) Lemma: R'£,0.® M > R'f,f*M is an isomorphism, for

M any quasi-coherent os-module.

(N.B« This follows from (c) but the following proof is valid

whenever R*f*oc is a flat Gs-module).

Mathematisches Forschungsinstitut
; L-Walke
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Proof. We shall force the Kunneth theorem (10, EGA 115 6.7.8)
to yield this result, resorting to a technical trick. ILet
S[M] denote the scheme, affine over S , whose underlying space

is S , and whose structural sheaf is 0,5 M , taken to be a

S
ring in the obvious say. Form the diagram,

G[M]

7 \
G ' s[M]
e
\i;\\k i &s
S

1 S 1
and note that R F*( GG[MD = R f*ﬁG @ R

f.f*M , using that gg
is affine.

But, by Kunneth,
R, 0,1 )= RIELO. ® (0.0 M)
* CalM]) *G s"

using that gg is affine.

The lemma follows, and so does (1.10).

(1.12) If A 1is an abelian scheme over the base & s where p

is nilpotent on S, let G denote the p-divisible group associated
to A over S . It is an easy exercise to see the pullback to G
of the universal extension of A over S 1is the universal exten-

sion of G over S . More explicitly, consider the map
Al (”G* -—> (”A*

which determines the pullback to G of the universal extension

of A . This map ) 1is easily seen to be the natural isomorphism.

13

2. RIGIDIFICATION OF HOM AND EXT

(2.1) Fix an S-group scheme G and an exact sequence (of

fppf sheaves of abelian groups over S)
(e) 0+>G>E->F~>0

Let F, = Infy(F) ¢ F denote the first infinitesimal

1
neighborhood of the zero section of F over S . Regard

F as an S-pointed sheaf.

1
By definition a rigidification r of the extension (e)

is a homomorphism of S-pointed S-schemes making the following

commutative diagram:

A rigidified extension of F by G 1is a pair consisting

in an extension (e) together with a rigidification of it , r .

If H is an S-group scheme, an (¢)-rigidified homomorphism

from G to H consists in a homomorphism of S-groups
w: G > H

together with a rigidification r of the induced (pushout)
exact sequence (mye).
If
" (¢) O0O>G>E->F-=>0
(¢') 0>G>E">F~>0

are two extensions, provided with rigidifications r , r‘



14 15
L= cas . f abelian
respectively, then on the Baer sum (T) of (e¢) and (e1) (2.2.1) Proposition There is an exact sequence o
there is a natural rigidification T s Which we shall call groups:
the Baer sum of the rigidifications r and r'. This is ob- . * 0
o : (2.2.2) 0 > T(Swy ) > (¢)-Homrig(G,Gy) > T(S,6%) >

tained from the natural rigidification on the external product:

Proof: The map (e)—Homrig(G,Gm) > 1(S,G6*) 1is defined by
(exe'): 0> GXG> EXE — 3 Fx " -0 rrooz

» 1 forgetting the rigidification r of the rigidified homomorphism
7 \ rxr o .G > G consider the corresponding extension
(FxF)l-——-—>F&3Fl (psr). Given o m? :
Denote by Extrig (F,G) the set of isomorphism classes of (e¢) 0> Gy > G HE 9‘F >0
rigidified extensions of F by G . Denote by (e)-Homrig(G,H) G

It makes G_JALE a principal homogeneous space over F under
v m
the set of isomorphism classes of ~-rigidified h i oTe
P °f (e)-rigidi omomorphisms the group @& . Thus by descent [11,10; S.G.A; XI 4.3, EGAp, 17.7 3]
from G to H . One checks easily that Baer sum induces an

G o )
G 1l E is a smooth F-scheme. Viewing Fl as an F-scheme via
abelian group structure on Extrig(F,G) and on (e)-Homrig(G,H). m

the inclusion Fl c F we view S as an F-scheme defined by
Extrig(F,G) is bifunctorial in F and G . As for

( e) -IIOInI lg G H t S f 3 s . t] e van Sh 11N, of ar dea 1 of SI[ e zZero: name ly . Because
) > unc g 1 uar o] I)F
( ) tOI‘la in H ’ and_ i f‘ c(‘."G > G‘ .

G ﬁ_E is smooth over F , the identity section can be lifted
a homomorphism of S-groups, one gets a natural homomorphism m

so as to obtain a commutative diagram:

- ; 7 _ . .
(pxe)-Homrig(G!,H) - (e) Homrig(G,H). e e %y ar oo

m m ~. I
There are two objects of this section: ‘ (2.2.3) \\‘Fl
To express the universal extension of a Barsotti-Tate ’

group (over a base S on which p 1is locally nilpotent) as a ~8

direct limit of c-Homrig's (2.5.7). This shows the map (e)-Homrig(G,G, ) > T(S,G¥) is surjective.
To express the universal extension of an abelian scheme as

By definition the kernel of this map consists of pairs
an Extrig (2.6.7).

(Oyr ) where 1 1is a rigidification on the trivial extension:

(2.2)  Let us consider the special case where (e) 1is an exact 0>G, >G*F>F>0
m

sequence of finite locally-free groups and where H = Gm

h
i ism of S-pointed S-schemes, F. > G *F, whic
Furthermore let us assume that the base scheme, S , is affine. But to give a morphl P ) By ey

projects to the inclusion Fl c F) is equivalent to giving a
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morphism of S-pointed S-scheme) Fi > Gm,which is the same as
giving an element in F(S’EF)'

Since it is clear that the map F(S’QF) > (e)-Homrig(G,Gm)
defined by the above is additive, the proof of the proposition

is complete.

2.3) Let ¢)-Homrig (G,G ) denote the sheaf associated to the
m
ZARISKI presheaf whose value on an S-scheme S' 1is
eqy)-Homrig(Gg,,G_ ). Then without any hypothesis on the
s CLER

scheme S we have the following corollary:

(2.3.1) Corollary: There is an exact sequence of ZARISKT

(resp. f.p.p.f.,...) sheaves on S:

0 > > (e)-Homrig(G,Gm) > G*% > 0

In particular (e)-Homrig(G,Gm) is a commutative flat S-group,

provided Yp is finite, locally-free.

(2.4) Let (e) 0> G>E->F > 0 be an exact sequence of finite,
locally-free S-groups. The next proposition is the basic result
relating (e)-rigidified homomorphisms to the construction given
in (1.4) above. It and its analogue for abelian schemes given
below in (2.6) are the basic results which will allow us to
obtain an explicit description of the universal extension of a

Barsotti-Tate group (resp. an abelian scheme).

(2.%.1) Proposition. There is & canonical and functorial
homomorphism of groups E* - (e)-Homrig(G,Gm), which will be

explicitly constructed in the proof, rendering the following

17

diagram commutative:

(2.4.2) O>F¥—> E¥ —o 5> (G¥—> 0

1 I

_aL

0 > wi—> (¢)- omrig(G,Gm) — G¥ > 0

Proof: (e)-Homrig(G,Gm) is the sheaf associated to the pre-

i i ices to con-
sheaf S' > (es,)-Homrlg(Gs,’GmS'). Thus it suffices to
struct a mapping on the level of presheaves)and since every
"object" occuring in (2.4.2) commutes with base change it suffices
to construct the map T(S,E*) > (¢)-Homrig(G,G ). Let
g : E~>G_ be an element in T(S,E*). Because we require the

) m

right hand square of (2.4.2) to commute we must assign to &
a pair (#|G,r) where r is a rigidification of the extension
(#1G)y(¢)

S-schemes}which renders the following diagram commutative:

0—> G L GllE —————* F—0

That is we must define r , a morphism of pointed

_—>O

(2.4.3)

¢ 7.
Using ¢ we obtain a splitting, G, ALE G,» of the lower
horizontal line of (2.4.3). Composing the "tgiviar'rigidification
' 7)~L. tain the
r,: Fje F<> G XF with (4,7) :6xF > G I E we ob
desired rigidification r .

It remains to show that the left hand square of (2.4.2) is
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commutative. Thus let ¢: F > Gm be given so that the diagram
corresponding to (2.4.3) is:

m
O0— G— E—— F—0

ot

Q— Gnr—-) GmJ-L E— F—> 0

Identifying G S B with G_xF , then ({7, 7) 1is identified
with the automorphism of GxXF taking (x,f) to (x+y(f),f).
This shows that to o7 the pair (0,-¢IF1) is assigned. By
definition of a and of the map [ (e)-Homrig(G,Gm) it
follows that the diagram commutes. Finally the fact that the
map E* > (e}Homrig(G,Gm)J which has been defined above is a

homomorphism of groups}follows directly from the definitions.

(2.5) (The Universal Extension of a Barsotti-Tate group)

Assume that our base S is killed by pn and fix a
Barsotti-Tate group G on S . For any i >1 lEt(en;i) be
the extension:

i
(e 1) 0> G(i)— G(n+i) ~2— G(n)— 0
’
By (2.%.1) we obtain a commutative diagrams:

(2.5.1,) 0—> G*(n) — G*(n-}-i)——L—) G*(i)—> 0

-a
N
0— Q_GW(%J)-Homrig(G(i),Gm)——» G*(i)— 0
From the proof of (2.4.1) and the explicit definition of (2.7)
it follows that the following diagrams

19

i+l
(2.5.2) 0—> G(i+l)—> G(n+i+1) ~p—>G(n)——> 0
» | 3 |
Pj
0—> G(i) — G(n+l) ——> G(n)— 0

give rise to commutative diagrams:

00— G¥(n) ————————>G*(n+L) ——‘9170*(1) — 0

(2.5.3) if/
i+l

0—> G(n)——— 3 G*(n+i+l) B 5 G*¥(i+l) — 5 O

- l

G*¥(i)— 0

—a l
0 > (n)
i

e, ;)Homrig
IV

0— ﬂG(n)‘“““%%ﬁli+1)Homrig ——> @¥%(i+tl) “—— 0
' Homrig

Hence passing to the direct limit we find a commutative diagram:

n
(2.5.4) 0—> G*(n) s, g% —EB > G¥ —> 0

! |

) . x
0— QG(n)-——-*llg(qhi)Homrlg-9 G¥—> 0

But we know that pushing out the extension
n
0 > G*(n) -~ G*2 > 6% > 0 via a gives the universal extension
of G*. Hence there is a canonical isomorphism E(G¥)™>
'g i i which makes the following diagram
1i (en,i){{omrlg(G(l),Gm)

commute:

(2.5.5) 0— 3 (n) 5 BE(G*) > G¥—> 0

g U

0w, (n)—élim(en’i)—Homrig —> G¥—> 0
Also it follows that the hypotheses that p" kills S can be

replaced by the assumption that p is locally-nilpotent on S .
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To be more precise consider the exact sequences:
i
(e5) 0>G(i) »6¢—2—>c->o0

The map of sequence ) to (ei) defines the homomorphism

(en,i
(e;)-Homrig(G(1),G,) » (e, ;)-Homrig(G(1),G,). If p° kills

£
S 5 then this map is an isomorphism because Gy = Infl(G) < G(n)
[16,IT 3.3.16]. Thus the map (e4)-Homrig(G(1),G, ) ~ G*(1)
is an epimorphism since this is a local property on S . Also

the fact that G is affine on S 1insures that the map

1
9 (ei)-Homrig(G(i),Gm) is well-defined and that the sequence:

0> wy > (ei)—_ omrig(G(1),G ) > G*(1) > 0

is exact.

Passing to the direct limit we obtain an exact sequence:

(2.5.6) 0> wg > 1irg(ei)-Homrig(G(i),Gm) > G*¥ > 0
Let 0 > mw, > E(G¥) » G* > 0 Dbe the universal extension of G¥
by a vector group. Then there is a unique linear map oy > [

giving the extension (2.5.6) by pushing out. By (2.5.5) this map
is -id locally and hence is -id . Finally because of the

functo riality of Homrig discussed in (2.1) we can state:

(2.5.7) Proposition. Let S be a scheme on which p is locally
nilpotent. The two contravariant functors from the category of
Barsotti-Tate groups to the category of abelian (f.p.p.f) sheaves

on S :

21

a) G b E(G¥)

b) G b er,(ei)- omrig(G(1),G )

are canonically isomorphic. Furthermore the natural exact
sequence

0~ wy > 1i$ ei)-Homrig(G(i),Gm) > G*¥ > 0
is "the" universal extension of G¥* by a vector group.
(2.6) (The Universal extension of an abelian scheme)

Let S be a scheme and A an abelian scheme on S .
Let O - Gm > E > A > 0O be an extension of A by Gm . Then
E 1is representable and the morphism E > A 1is smooth, so that
if S 1is affine this extension admits a rigidification. Thus
if we denote by Extrig(A,Gm) the ZARISKI sheaf associated to
the presheaf S' P Extrig(AS,,GmS) we find (just as in(2.2.1))

an exact sequence:
(2.6.1) 0+ w, > Extrig(A,G ) > Ext'(4,6.) > 0

But the dual abelian scheme, A¥ , exists and is isomorphic to
Ext(A,6_) [21,19]. From descent it follows that Extrig(A,G,)

is representable and is a smooth S-group.

(2.6.2) We shall see below that the extension (2.6.1) is the
universal extension of A¥ by a vector group. Let us begin with
a special case where an explicit isomorphism between the uni-
versal extension and the extension (2.6.1) can be given. Thus

assume pn is zero on S . Recall then that QA(n)= wa and
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and that the universal extension of A% by a vector group 1is

obtained as a "pushout" as in the following diagram:

n
(2.6.3) 0 > A*(n)— A¥ B Ax 5 0
S
o - QA(H)-» 8 ——3 A% O

Our isomorphism is obtained from a homomprphism A¥ > Extrig(A,Gm)
which renders the diagram obtained by replacing & by Extrig
commutative. To define the map it suffices to do so on the level
of presheaves)and hence)because everything is compatible with
base change,to define a map T(S,A*) > Extrig(A,G,).

If 0~ Gm > E->A-> 0 is an extension we can pull it

n
back via the homomorphism A P, A and obtain a commutative
i : 1
diagram /,In (A(n)):A(n)l
(2.6.4) Keféir—ﬁé(n)

o ~> Gm——"’ E ’AA-—-* A— O

| ¥

0o ~> Gﬁ——? E — A= 0

pr
The kernel of the map E. ﬁA———l——> E is mapped isomorphically

under the projection pry:E %A > A to A(n). This allows us

to find a unique arrow A(n)1 - Ker making the diagram commute.
Because @ kills S, Infr(A(n)) = InfT(A) = A,

and hence composing this arrow with the inclusion Ker - ETK A
we obtain a rigidified extension of A by Gm . This defines

the desired homomorphism. It remains to show that the diagram:
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(2.6.5) 0 > A¥(n)—> w— P ax s g
. |

0 > wy () Extrig —o A% — 0

is commutative. The right hand square commutes by definition
of the morphism A% - Extrig(A,Gm). To check the commutativity

of the left hand square let the extension

(e) 0>G >E>A>0

represent an element in A%*(n). Then there exists a unique
homomorphism g: E Z A > G~ which splits the extension in the
upper row of (2.6.4). It follows from the explicit form of
Cartier duality given for example in [18 bis] that the identi-
fication of A* (n) with A(n)¥ = Hom(A(n),G ) makes correspond
to (e) the homomorphism 4: A(n) » G, which is the following

composition:
(2-6.6) A(n)c_i,) E)LA__L)Gm
A

Thus going around the left hand square:
a

A*¥(n) —— B (n) Extrlg(A,Gm) assigns to (e) the trivial
extension GmfA together with the rigidification whose components
are wlA(n)l: A(n); » G and the canonical inclusion
A(n); <> A .

We must check that this extension is isomorphic to the
extension given by the upper row of (2.6.4), via an isomorphism
respecting the rigidified structures. The unique isomorphism

between these two extensions is given by the map T: EXxA > G XA
A m
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whose components are ¢ and pr, .

For x, an S'-valued point of Ay, the rigidification on

)

Ex A assigns to it the
A

second component of 1{0,x)) is

is #((0,x)) = & °i|Al(X) = ¢lA1(X)- Thus

(2.6.5) commutes as

S'-valued point (O,x). Certainly the
x while the first component
is an isomorphism
of rigidified extensions and the diagram

asserted.

(2.6.7) A an abelian scheme

on S and let E(A*) denote the universal extension of A¥ by

Proposition: Let S be a scheme,

a vector group. The canonical morphism E(A%) - Extrig(A,Gm)

(arising from the definition of the universal extension and the

extension (2.6.1)) is an isomorphism, which is functorial in A .

Proof: Observe first that both the universal extension and

Extrig(A,Gm) are compatible with arbitrary base change. For

E(A¥) this follows from the fact that all objects (= group or

map between groups) entering into the proof of its existence in

(1.9) are compatible with base change. To show the map

is an isomorphism is equivalent to showing

E(A*) > Extrig(A,G )

that the map > wp giving rise to it is an isomorphism.

W

This problem is local on S and hence S can be assumed to be

affine. Because A is proper and smooth on S (hence of finite
S ) we can assume that S = Spec(R) where |
8.9.1,8.10.5,... ].

From (2.6) it follows that for any maximal ideal m < R , the

presentation on

R is a ring of finite type over 2 [10, EGA

corresponding map QA/thA > ﬂ%/énQA is an isomorphism (n > 1).

Hence the determinant of the corresponding endomorphism of

(2.6.8)

25

A A

® Rm is a unit in Rm. This implies that this determinant

wa
is actually invertible in Rm .

m, the endomorphism of Wy

Because this holds for all
maximal ideals is an automorphism.
To check the functoriality of this isomorphism, consider

u: A > B.

two abelian schemes A, B on S and a homomorphism

The assertion means that the following diagram is commutative:

0 ®5 SE(B¥)———>B* —> 0
iV l / l QAI

o! \Extrlg(B,Gm) B* 5 0

u*
u¥*

0 Wy )E(A*) > A¥ > 0
J// y¥ 1

0 > Wy > Extrig(A,G ) > A% 5> 0

To check that the two ways of going from
E(B¥) to Extrig(A,Gm}' coincide, observe that their difference
is a map E(B¥) - wp which vanishes on wp and hence gives

a map B* - w, , necessarily zero by (1.5).
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§3. RIGIDIFIED EXTENSIONS AND é-ERTENSIONS

Let
(*) 0>G »E~>A>0

be an extension over an affine base S , where A/S 1is an
abelian scheme.
In this section we will show, in detail, how the following
two additional structures on (*) are equivalent:
(a) A rigidification of (¥)
(b) An integrable connection on E regarded as a
Gm-torseur over A (this connection being required to
be compatible with the group structure of the extension

E).

In this wsy we shall obtain yet another explicit description

of the universal extension of an abelian scheme.

(3.1) The definitions.

By torseur for G over S we shall mean principal homo-
geneous space, locally trivial for the &tale topology. There
are many equivalent ways to define connection and we shall take

the definition using the fewest words:

Definition: Let X be an S-scheme, G a commutative smooth
S-group, and P a torseur on X under the group GX. Let
Al(X) = Al(X/S) denote the first infinitesimal neighborhood of

the diagonal map X - XXSX . The two projections
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Pyt XX > X (§=1,2) induce morphisms pj:Al(X) > X .
A connection V on the Gy-torseur P is an isomorphigp

of GAl(X)-torseurs:

V: p$(P) > p¥(P)

which restricts to the identity on X . (That is , A¥(V) = idP)'
Given an Ox—module E a connection on E is an GAl(X)

isomorphism V:p¥(E) > p%(E) restricting to the identity on

X, given (E,Y7), an ox-module with connection, we may obtain

an Gs-linear homomorphism
V,:E'> E ®Q§I(-/S

(satisfying the Leibniz product rule) as follows:

Denote by 31’32 the two ring homomorphisms GX > GAl(X)
corresponding to the two projections PsPpe One obtains the
corresponding merphisms jl(E): E > pf(E), jQ(E):E > pg(E).
Define:

Vi =V, (E) - 3L (E).

(3.1.2) Examples
a) If G = G, » then connections on the G -torseur P
are in one-one correspondence with connections on the
line bundle, . , which is associated to P .
b) If G = G,» then G, -torseurs P correspond to

extensions (¢) of Oy by Oyt

(E:) O—>(}X—>E->0X——>o
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and connections on P correspond to isomorphisms of

extensions pf(e):i9 pg(e) which restrict to id_ on X .

(3.1.3) The G-torseurs with connection (P,V) are the
objects of a category in which the morphisms, Hom(P,V),(Q,9))
are precisely those morphisms T:P - Q of G-torseurs such

that the following diagram commutes:

p(?) p¥(m) o

vl lv
)

3 > @

Such an M:P - @ is said to be horizontal when the connections

on P and Q are understood as being given.

(3.1.4%) (The curvature of a connection). The curvature tensor

. . 2
will be an element in r(X,gxys

curvature of a connection on the trivial bundle Gx and then

®Lie(G)). First we define the

show that these tensors can be patched together to give a defi-
nition for an arbitrary torseur P .

A connection on Gx is simply an automorphism of GAl(X)
which restricts to the identity. It is completely determined by
telling what it does to the unit section and hence is determined
by giving an arbitrary element € in Ker(r(Al(X),G) > T(X,G))
= Hong_ (_9_)G® , 0 x/s) r(x,ni/s ® Lie(G)). The image of g
in T(X,QX/S ® Lie(G))under d ® id : QX/S® Lie G - QX/S ® Lie(G)

is by definition the curvature form of the connection.

Now if P 1is an arbitrary G-torseur on X , endowed with

a connection, then after an €tale base change X*=> X , by our
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definition of torseur) P becomes trivial. There is an
induced connection on Pyq,e Choosing a trivialization of

P construct the curvature of the induced connection which

X1
lies in r_‘(x",gi,/s ® Lie(G)) = F(X',f*g)gcv/s ® Lie(G)). (We
obtain the above equality because X' > X 1is étale.) In order
to show that this local construction descends to define a
section of (f@ Lie(G) over XJ which will be by definition
the curvature)it suffices to show that the curvature of PX’

is independent of the choice of trivializationlsince then

the application of pf and p* to our section in

(Xt ’QX"/S® EiE(G)) yields the same section of

T(X'§ X', c}x,xxg® EEE(G)) and we can apply descent. To do this

take two trivfglizations
g: P>G , : P> G

and express the comparison ¢°d‘l as an S-morphism

g: X~>G .

One checks readily that the difference between the two
curvatures is given by da € T(X, ﬁx/s® Lie(G)) where
= p§(g) - p{(g) is interpreted as an element in

Ker (Hom(AY(X),G) - Hom(X,G))
(*) QU
T'(X’“;%/s ® Lie (G))
and d is induced from exterior differentiation

2

1,
d. Q‘X?S d ﬂx/s .

We must now show
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(3.1.5) ILemma: da = O

Proof: Let the same letter T denote the structural morphisms
T G>S8, T: X > S for no confusion will result.

The element o may be viewed as a homomorphism:
o: > T L
g *% /g
by means of the isomorphism
(¥*) (X ) Lie(G)) = Hom, (w.,T ax )
r Oy /s® 18 05 a2 " *lx /s

Using the diagram:

subtraction
(Pf%rpe"g) Gx G I (G)
(3.1.6) / I T
At (x) _L M@ — 5 mrl(e)
) ) 0
X 5 G S S

and the isomorphisms (*), (**) above one can see that a is
the composition of the two top horizontal arrows in the

following diagram:

1 dg 1
vy —> Ty /s > Tx0% /5
d a
2 2
T 75 > Tlly /g

Since the image of

£

; 1 ;
in W*QG/S is killed by d , the
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lemma follows, and our construction of the global curvature
of the G-torseur P 1is concluded.
If the curvature associated to (P,V) 1is zero we say that

the connection V is integrable.

(3.1.7)  (The multiplicative de Rham complex)

Consider the map of sheaves for xet’ the small &tale site

of X:

d 1 i
Gy ————> Oy /g® Lie G

g ———— a = pX(g)- p¥(e) .
(3.1.5) implies that
. 3. 1 d_ 2 . n .
0 4s(8) =gern Cx Ox/s® Lie G = 0y ,q ® Lie G...5qy ®OLieG ...

may be viewed as a complex of sheaves on Xet’

If G = Ga we obtain the ordinary de Rham complex

1
OX—-> QX/S_*—_-* P

If G = Gm s, we obtain a complex called the multiplicative de

Rham complex:

T ..

2
X/s

(3.1.8) A G-torseur endowed with an integrable connection is
what Grothendieck calls a 9-torseur. The %-torseurs form a
full sub-category of the category introduced in (3.1.3) Denote
this category by TORS é(X,G).

(3.1.9) Because G is commutative we can define the contracted

G
product P A Q of two G-torseurs. It is by definition the
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associated sheaf of the presheaf which is the quotient of PxQ
by the action of G: g.(p,q) = (gp,g'lq). P ng is made into
a G-torseur by letting G act on either of the factors. If
P and Q are engowed with connecgions VP and VQ, then
v ﬁVQ= p¥(P) A p¥(Q)=> p%(P) A p%(Q)
R g
p¥(PAQ) p;(P/\Q)

defines a connection on PﬁvQJ Furthermore the curvature tensor
associated to V‘_P AN VQ is the sum of that associated to Vp
and that associated to Y7Q . In particular, the contracted
product of Y-torseurs is a %H-torseur.

If X 1is an S-group, then it is possible to impose additional
structures on a Gx-torseur P: namely to require that P has
the structure of an S -group so that we obtain a (central)

extension
0>G>P>X->0

In our context (i.e. given that P 1is a torseur) the most

convenient way to express this is by giving an isomorphism:
G ~~
B: TH(P) A Th(P)=> s*(P)

(where "1’”2: Xx X > X are the projections and s: XxX - X 1is
the addition law) and requiring the appropriate diagrams, (expres-

sing the associativity and commutativity ) to commute.

(3.1.10) By combining the notion of torseur endowed with an
integrable connection, with the notion of a group extension of

G by X we are led to the following definition (following

33

again Grothendieck's terminology).

Definition. A “%-extension of the smooth group @ by the commutative
group X 1is a triple (PVEB)) where (P,V ) is a %-torseur on

X under G , (P,ﬁ) defines a group structure on P) making it

an extension of X by G, and where B:W{(P) E;Wg(P) = s*(P)

is a horizontal morphism.

We denote by EXTﬁ(X,G) the category whose objects are the
4-extensions and whose morphisms are the horizontal morphisms
between extensions. Because G 1is commutative, the category of
extensions of X by G , EXT(X,G) is endowed with a "composition
law" which corresponds to taking the contracted product of the
underlying torseurs. Upon passing to the set of isomorphism
classes of objects the induced composition law gives the standard
group structure %o Extl(X,G). From the description of the
composition law in terms of contracted product of torseurs it is
clear that we can define the "Baer sum" of two %-extensions
and that by passing to isomorphism classes we obtain a group
Extl?(X,G) .

Let

(e) 0>A>B=>C~>0

be an exact sequence of finite locally free (commutative) S -groups
An (e)-& homomorphism A > G is by definition a pair (#,V) where
#d: A > G 1is a homomorphism and WV is a connection on GiiB

making

A
(e¢) 0>G->GdB >C~>0
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a Y4-extension of C by G .
The set of (e)-% homomorphisms .A > G is made into a group

by defining (4,V)+(4', V') = (¢’+g{’, V) where T defines the

structure of %-extension on the "Baer sum" of (e¢) and (65,)

We shall denote this group by (e)-% Hom(A,G).

(3.2) (The isomorphisms)

In this section we shall construct a homomorphism
(3.2.1) | Ext’ (A,G) » Extrig(A,G).
As a consequence, one then obtains a homomorphism
(3.2.2) (e)-%5 Hom(A,G) > (¢)-Homrig(A,G).

Later we shall prove that over an affine base S (3.2.2) is an
isomorphism if G = Gm , and (3.2.1) is an isomorphism if
G = Gm and A 1is an abelian scheme.

Let the §-extension,
(e) 0>G>E~>A>0

be given.

Denote by i , the inclusion Infl(A) > A, T: Ihfl(A) > 8
the structural morphism and by r: Infl(A) - A}(A) the morphism
determined by pP1°T = €,°T , Pt =1 .

Since the 9%-structure on E 1is given by an isomorphism

: pi(E) = p4(E) , we can "pull back" V via 1 to obtain:

*(V): 7T*°eK(E) > i*(E) .
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Since E 1is a group eX(E) and hence W*eK(E) is equipped
wiﬁh an obvious choice of section, the unit section. Via 1%(y)
we transfer this section to obtain a section of i*(E) and
hence by composition with i*(E) » E , we obtain finally a
morphism g: Infl(A) - E . It is this ¢ , which we shall choose
to be the rigidification of the extension (e). In order to show
that this is legitimate let us verify that ¢ possesses the three
properties required of a rigidification:

1) & is a morphism of S-schemes

2) the following diagram commutes

E—>A
\\ ]
Thet(a)

3) o is a morphism of S-pointed schemes.

To check 1): Infl'(A)—2—>E-> S = Infi(A) 2= E->A>S
= Inf*(a) > Iel(a) X E PP s E>a 55
Inti(aA) L s .

Int(a) > Infl(a) 4 E BXoLo mnrl(a) a8

To check 2) it suffices to observe that i*(E)

el (a)5 E
and that ¢ is the composition of a section in F(Infl(A),i*(E))
and the projection i¥*(E)— E .
Finally let us check that 3) holds. We are to show that
S > Inf'(A)—9%E = 5§ 2> E . The left hand side can be computed
as follows:
s> Inf (A)-%> E = S Infl(A) - Inf (A)x E —Rfody g
s> Tarl(a) (19:e°T) o ¢ éA)X E—T—CVL Inf L(a)x E —PXohyp
s<% tnrlaxe (2 5 1qp @x E ——P—j%E\f?

e
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1
where the components of u: S > Inf_(A)Xx E are e]hfl(A) and

eeoT
e, .
E

Thus to conclude (3) it must be shown that +*(V) preserves

the second component of this morphism. To do this let us

return momentarily to the given V: pf(E)3%> %?(E). By composing
Af S A with Az A - AY(A) , 5 may be viewed as a
Al(A)-scheme. Via this both pi(E) and pS(E) have an obvious

e

section sl(reSp 52)with values in the Al(A)—scheme S:namely the sec-

e
tion with components S Al(A) and S‘¥§> E . Under the iden-

e
tification of A¥p,*(E) with E , the unit section scis g
is identified with the section Jjust described of p?(E) with
values in the Al(A)-scheme S . But by definition of a connection,
A*(V) = idg , and hence V must map §;: S > p¥(E) into the
corresponding section g,: S > p4(E); that is the second com-
e —
ponent remains s g, L
e .

Let us now consider the first factor S cinf (a) Infl(A)
Because TGeInfl(A)= Aoe, it follows immediately from the
definitions that T*(El) =wu . This implies that t*({)eu has

as its second component the unit section e,: 5= E , and

B

completes the proof.

(3.2.3) Proposition: a) If A 1is an abelian scheme the homo-

morphism Ext§KA,Gm) > Extrig(A,Gm) is an isomorphism.
b) The homomorphism

(e)4Hom(A,G )>(@Homrig(A,G ;) 1is an isomorphism if S is affine.

Proof: a) In order to prove Ext§(A,Gm) > Extrig(A,Gm) is an

isomorphism, let us construct an inverse. Assume given a

37

rigidified extension )
o+GrE——J——>A—»o

(3.2.4)
[+

Inri(a)
¢ defines a section of i*(EX/ and hence a trivialization
p: (erv)*(E)ﬁ$ i*(E), via eb> (idlnfl(A)’°)‘

By definition of Infl(A), the map py-p,: A*(A) > A factors
through Infl(A). ILet us write it as AY(A)—> Infi(a)<> A .
Thus 1*(p): (erﬂAl(A))*(E)izé (p-p;)*(E) is an isomorphism
where WAl(A): Al(A) > S is the structural morphism.

Multiplying both source and target of this map by pi(E) and
using the fact that E 1is a group we obtain a diagram where
the lower horizontal arrow is defined so as to render it commuta-

tive
% (p)A D% (E)

(eg°Tpy1(a))*(E)A P (E) 7 (po-pp ) ¥ (E)NDY(E)

(3-2-5) 2 2

p¥(E) > P%(E)

vl
Our inverse mapping is now defined by associating to the
rigidified extension above the §-extension with the same under-
lying extension and the ‘§—structure defined by V'. To show
that the definition makes sense and actually gives an inverse,

five statements must be proved:
1) A¥ (V') = idE

2)  The map Extrig(A,G ) ~ Exté(A,Gm) > Extrig(A,G ) 1is the

identity.
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3) The map ExtézA,Gm) > Extrig(A,Gm) is injective
4) V' is integrable

m

G
5) The isomorphism T#(E) A T4(E) => s*(E) is horizontal.

The proofs we give of the first two statements are
entirely formal, while those of the remaining three actually

use the assumptions that A 1s an abelian scheme and G = Gm .

1) Since A¥(V) is a morphism over A , it suffices to show
that it is the identity when E is viewed as a sheaf on Sch/S .
Since our situation commutes with base change it suffices to
show the mapping it induces, E(S) > E(S), is the identity. Let
g2 S>E Dbe given so that ¢ defines morphisms (;: Si— Pi(E)
and (y: S~ pE(E). Since A: A > Al(A) is a monomerphism
it suffices to show that Vle = 0o - To check that it is true
let us recall the definition of the vertical isomorphisms in the
diagram (3.2.5) above.

Iet a,B: T > A be given and consider the torseurs
Ea’ Eﬁ’ Ea+B deduced from E by the corresponding base changes.
Ea(;{EB is a sheaf associated to the quotient of Ed;Eﬁ by the
action of G . Thus if T!' is any S-scheme elements of
F(T',EaﬁEs) are given locally by triples (of S-morphisms)
x: Tt > E, y: T* > E , t': T' - T where T'-E» E > A
—rt 7 -%5>A, T Y5> E>A=T">7E> A . Thus the iso-
morphism in question is determined by associating to (t',x,y)
a+6)’
Return now to diagram (3.2.4). Then g;=(A°jo¢,¢),

the pair (t',x+y) € T(T',E

¢, = (M Jeg,¢) and after the above explication of the vertical
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isomorphism it is obvious that < corresponds to the class

of (A°jog,eE,g). On the other hand projection of

(eA°VA1(A))*(E) = ﬂ*«?A°TInfl(A))*(E)) to (eA°”Infl(A))*(E)
assigns to (AoJOQ,eE) the pair (ncAOJog,eE) which it

transforms via p into (TeAcjog,ceMeA°jog). Thus T*(p)
transforms (Aoqu,eE) into (Avjel,c0MoAojel). Therefore
n*(p)Apf(E) will transform the class of (A°J°;,eE,g) to the
class of (A°JeC,0eMoA°JoC,C). As e,°T) = (ppy=p;)°A = isfep

and also erWA = i°eInf1(A)°WA’ it follows that ToA = eInfl(A)°WA'
Hence o6oMNoAoJol = °°eInfl(A)°WA°J°g = eEcWA?jog =eq . Thus un-
der - the isomorphism (pe-pl)*(E)Apf(E) >~ Es(E)

(Aojols coMehAojol,s) corresponds to (Acjo(,¢) which shows (finally)
that a%(V') = idg.

2) Let us bagin with the rigidified extension

0~ Gm -E>A->0

5
Infl(A)

We associate a connection V' on E to ¢ and then a
rigidification o' 1is associated to A!'. It is to be shown
that o' = g. Using the definition of ¢! 1t is the projection
ontg E of T*(Vﬁ(idInfl(A)’eE°vInfl(A))' Hence it is the pro-
jection onto E of V' (T’eEfWInfl(A))' But as it follows from
the definition of V' in terms of the diagram (3.2.5) above

this projection is simply the sum:
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prod. onto E(M*(p)(1,e50Tre1(n))) + €5 T1nel(a)

proj. onto E(M*(p)(r,e5® Troe1y)))

]

proj. onto E(p(ﬂof,eE°WInf1(A)))

But since ieMer = (pp=pj)eT = ppoT-pioT = 1 - €)°Tp a1y = 1,
and since 1 is a monomorphism, it follows that Mot = idInfl(A)'

This implies, by the very definition of p , that o' = ¢ .

3) To show the map Ext§(A,Gm) > Extrig(A,Gm) is injective, we
must show that if V defines a §-structure on the trivial
extension

0— Gm—é GrleA--> A— 0O

whose associated rigidification, ¢ , is trivial, then V is
trivial. But V is determined by giving a section of r(ozl(A))
?f the form 1+y, weT(A,Qk) . The corresponding p (associated
to the rigidification g¢) is}because it is an automorphism of
GmInfl(A))determined by a unit in T(Ofnfl(A)) of the form
1+w!', @w'e T (S’QA)‘ One has: w! = T%(w). But bBecause A is an

abelian scheme)this mapping F(A,ni/s) - T(S’QA) is an isomorphism.

4) To show the connection V' is integrable we shall use a
trick which will be repeated . below in showing that V' is
compatible with the group structure on E . The curvature tensor
e(V!') is an element of r(S,vA*(Q?A/S)). As mentioned in (3.1),
E corresponds to a line bundle ) and V' to a comnection on
this line bundle. Thus because A 1is an abelian scheme, and

hence all global 1-forms are closed, the curvature c(V5 is
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actually independent of the connection on E . Notice this
. . 2
allows us to define a morphism Ext(A,Gm) > WA*(QA/S)' Namely
if S' is an (absolutely) affine S -scheme and
0>G, »E' >A

St
St
of rigidified extension on it, then by the above procedure

> 0 1is an extension, we can take any structure

put a connection on E' and hence finally obtain the curvature
2 2

s i 1i ,T = ST, .
tensor which lies in T(S', AS'*(QAS'/g)) (s, A*(QA/S)S,)
Passing to the associated sheaves gives the morphism

2 R .
Ext (A,G ) ~ WA*(QA/S)’ Since Ext(A,G;) 1is an abelian scheme
2 . . . .

and WA*(QA/S) is a vector group, this morphism is constant.
Clearly the image of the trivial extension is zero and thus the
map is identically zero implying that the connection V' 1is

integrable.

5) To show the connection VY'! is compatible with the group
structure let us replace E by the corresponding line bundle
£E‘ Then we are to show the isomorphism

s*(£5) > T¥(£;)® T4(£;) 1is horizontal. Using this isomorphism
the problem can be interpreted as that of showing that two
connections on s*(iE) are the same. Taking their "difference"
we obtain a sectien, §(V') in F(S’QAXA)' In order to imitate

the trick used in %) above, we will use the following lemma.

(3.2.6) Lemma: Let X/S be a scheme, £,,#, line bundles on X,
Vi,V%,Vi,Vé connections on 25 4: #; > £, an isomorphism.

Let § (resp. s') denote the "difference" between #*(V,) and
V& (resp ¢*CV2') and V?). Then we have the following formula
8-8' = "difference" between VE and Vé - "difference" between
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Vl and Vi .

Proof: The assertion is local hence we can assume X = Spec(B)
. - '

S affine, £ ,#, trivial. Translating then Vl, ‘71;"72"75

corresponding to differential forms wl"”]’_"”e"”e' € né and

g corresponds to the mapping multiplication by a unit b ¢ B¥.
db _ db

Thus g{*(ve) corresponds to —+— + w, SO gf*(Vg)-Vl = 5 + (‘”2"”1)
d . .

and analogously ;z!*(Vé)-V]'_ = -.; + (mé-mi). Subtracting we find

the result.

In applying the lemma take 2 = s¥(2 ), £, = T§(£ )&T4(2)
v S'*(€7), V:'L = S*ﬁ):
v, = Wf(ﬁ)@ wg({?), Vé = Wf(ﬁ)mg(ﬁ) Then if V-V = xbeT(A,Qi)

the lemma says that §(V)- &(¥) = T*(§)+TX(¢)-s*(y). But because

and for any two connections %, Von 2 1let Vl

)

A is an abelian scheme ¢ is primitive and hence 5((7) = §&).
Because (V) is independent of the connection put on the
line bundle £ , we can just as in 4) above define a morphism
_Ei'li(Ame) > wa.p+ AS the trivial connection on the trivial
extension is compatible with the group structure, any connection
placed on any extension is similarly compatible since the

morphism is constantly zero.

b) Assume S is affine and consider the extension of finite

locally free-groups:
(8) 0>A>B->C~>0
From (2.2.1) there is an exact sequence

(3.2.7) 0 = 1(8,w5) > (6)-Homrig(A,G ) > Homg gn(A,6 ) > O
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The indeterminacy in putting a structure of % _extension on

the trivial extension 0 - Gm -> Gm* C~>C~-> 0 1is given by

r(s,gc) since the differential form defining the connection must
be primitive (i.e. translation invariant). Thus there is also

an exact sequence

(3.2.8) 0 > 1(S,w,) > (8)-9Hom(A,G ) > Hom (A,G,)

S-gr

Obviously (3.2.7) receives a map from (3.2.8) which is the

identity on F(S’E‘-’C) and on Homs_gr(A,Gm)} and which is the
map (3.2.2) on the middle terms. Hence to conclude that (3.2.2)
is an isomorphism it suffices to prove that the map

(6)-§Hom(A,Gm) - Hom (4,G) is surjective.

S-gr
Let d: A ~> G, be a homomorphism and consider the

corresponding extension
(64) 0+G »E>C>0, E=6 5.

If the set of structures of 5 -extension on (6¢;) is not empty
it is principal homogeneous under r(s,ﬂe). Replacing S by

an arbitrary S-scheme S' we see that for variable S' the
functor S' > set of structures of % -extension on (d¢’)S' is
formally principal homogeneous under we - Since C 1is finite
and locally free Ex_t_l(C,Gm) = (0) and hence locally for the
f.p.p.f. topology} the extension (6;5) is trivial. This implies
that we actually have a torseur. By descent it is locally trivial
for the Zariski topology and thus because S 1is affine it is
trivial. Hence (5‘5) actually admits a structure of “7-—extension;

which proves (d)-§Hom(A,Gm) > Homs_.gr(A,Gm) is surjective.
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84 . THE RELATION BETWEEN ONE-DIMENSIONAL DE RHAM COHOMOLOGY

Write p 4 for this functor and ;%# for the associated
AND THE LIE ALGEBRA OF THE UNIVERSAL EXTENSION

Zariski sheaf. For any S', there is the forgetting map:

A belian scheme over S . We shall establish | :
Let be an a : | ?E7(S') N Hl(OX ')
an isomorphism between HDR(A) and the lie algebra of Extrig(A,Gm). S
The most convenient way to do this is to find yet another interpre- which by passage to the associated sheaves yields ( since A is
tation of Extrig(A,G ) , this time in terms of differential an abelian scheme) a homomorphism

i E# elow). :
forms (see the construction of below) Eﬁ T, Pic(a)

(4.1). The Definition of £7.

Because global l-forms on an abelian scheme are closed, and

.1l.1). e an abelian scheme. Its De Rham cohomolo
(#.1.1) Let A/5 be an ab & because the map Ho(oﬁ)—g—lgg—é H°(ni) is the zero map, the

. . . e:
is quite simpl indeterminacy in putting an integrable connection on the trivial

i acqP locally free (and hence
a) all the HDR(A) s H (QA) are locally ( bundle ¢ is Precisely T(A’ﬂk) = ‘_[‘(S,_u_,A). Passing to the

i t ith base change).
thelr formation commuates wi ge) associated sheaves we find the kernel of the map 7 to be Wy e

-DR tral sequence degenerates at E, . .
b) The Hodge spectra d & 1 What is the obstruction to putting an integrable connection on

1
% = * A
c) HDR(A) N HDR( ) a line bundle o (over A)? The obstruction to putting any
The first thing we do is give a geometric interpretation to a connection on £ is furnished by the cocycle arising as the
portion of the long exact sequence of (hyper) cohomology associated logarithmic derivative of the transition function defining .£:

to the short exact sequence of complexes

1 1,1 daf'.
L) P
0 o* o* H(of) ~ H (qq) » (£35) ij
J | N
l dlog l, , There is an obvious map
oy ot s af s 0___30

X 1. 2 ey
J,g \L2 % H(0f) ~ E (1 (q))
Q Q
i *’ ? given in terms of Eéch cocyles (for some affine open cover ¥

which we abbreviate to: 0 - (@) > Q% > o* > 0 I of A) by

Define a functor on S-schemes by:

df
i 2
£.) - 13)),0) ¢ ct(y,al)acy
S' > the group of isomorphism classes of line bundles on ( 1J) ((fij ));0) e C7(2% 07 ) ClU0")

Ag, endowed with an integrable connection. If this cocycle is a coboundary there are closed l-forms
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arf, . ‘
such that TT%A = wy-uy and hence 2 will admit an integrable
1J

connection. The converse is equally trivial.

(4.1.2) Proposition:
Pi(s) > w'(q)) -

Proof: To any line bundle with integrable connection (£,V) we

associate the cohomology class of the gech cocycle

((fij)xmi))s Cl(ox)e CQ(Q&) where fij are the transition

functions and w; 1is the "econnection form" for the induced

connection on £|Y;.
Q.E.D.

Thus we have arrived at the geometrical description of a portion

of the above mentioned cohomology sequence:

0— B%(ny) —> P7(8) —>Pic(A)—> B (v, (nz))
S

(%.1.3) “ | H

0 — ' (1, (o3))— #(of)— BN~ B (ry(n}))

1\ ooy iy SRR RS

Now we shall consider Lie algebras. For any group functor
G on Sch/S , the formation of Lie(G) commutes with taking of
the associated Zariski sheaf. Thus to calculate the Lie algebra

of P7 it suffices to calculate that of PY.

(4.1.4) Proposition: H%R (A/S) 1is canonically isomorphic to
Lie(gﬁ).

Proof: We must examine Ker(P%(S[e]) > Pé(S)) which by (4.1.2)

can be regarded as the kernel of

1, % 1, %
H(Q > H Q) .
(As[e]‘) @y
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But we have a split exact sequence of complexes of sheaves of

abelian groups on A:

* *
0— Or— Q — 1 — 0

A AS[e] A

and hence (at least as abelian groups) IHl(Qé):; Lig(P#)(S)
The fact that the module structures coincide is a straightforward
verification. Passing to the associated sheaves we find

H%B(A/S)-QL* Lie(P) as desired.

(4.1.5) Lemma. H*(EKQA)) is locally free (and hence commutes

with arbitrary base change).

Proof: From the exact sequence 0— Tl(QA)—+ G— 06— 0,

using the local freeness of HEP(A) s H*(OA) and the degeneration
of Hodge => De Rham, we read the result from the short exact
sequences: 0 > Hi(ﬁKQA)) > Hi(qA) > Hi(GA) >0
Knowing 1H2(TfQA)) is a locally free module commuting
with base change we obtain the exact sequence of Zariski sheaves
on Sch/S.
0> w, > P7 > Pic(a) ->|H2(-r1(nA))

Let us consider the dual abelian scheme A¥ = EEE?(A) and the
composite of its inclusions into EEE(A) with the map

Pic(a) ~» Hg(Tl(ﬁﬁ))- This composite is zero because there are
no non-trivial homomorphisms from a abelian scheme to a
(locally-free) quasiwcoherent module. Hence the image of g&

in EEE(A) contains A* and there is an exact sequence

wi— BT x A¥— A% 0
~ Pic(A)

o—
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(4.1.6) Definition 59 = p7 x A%
-  Pic(a)

Thus Eé is actually a smooth group scheme which is obtained:
by considering the Zariski sheaf associated to the presheaf
assigning to S'/S the set of isomorphism classes of (2,V)
where the cohomology class of £ 1is primitive or equivalently the

Gm torseur corresponding to £ 1is an extension of AS' by
AS!

G .

Mg

(4.1.7) Propositiont H%R(A/S) is canonically isomorphic to
Lie(E%}.

Broof: Lie(P7p, 2 pyA%) = Lie(27) o (o (a))Le(4®)

and as is well known Lie(A*) » Lie(Pic(A)) is an isomorphism.

(4.2) The isomorphism between Ext4 and E%ﬁ

For any abelian scheme A/S define a homomorphism,

E_:}SE%(A’Gm) Z E7 = _}_»EY xLlc(A)Pi—-co(A)

as follows: Any element e in Exté(A,Gm) may be regarded as
an isomorphism class of invertible sheaves on A endowed with

an integrable connection and with a horizontal isomorphism
€
s¥*(G) » p*; (L) ® p%(L)

where PysPp: AXA > A are the projections and s = Py*Po is
the sum morphism. By forgetting e , (resp. the connection) we

obtain an element of F7 (resp. Pic®(A)).
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(4.2.1) Proposition
The above morphism is an isomorphism,

Ext‘%—'"—> ET .
C

Proof: It is injective. Any two horizontal isomorphisms between
line bundles differ by multiplication by a unit in r(S,oS).
Thus if there is a horizontal isomorphism, an isomorphism compatible

with the ¢'s 1is also horizontal.

To show that it is surjective, we shall define a morphism
of S-schemes n:Aé;QAxA which expresses the obstruction to
surjectivity of ¢: Let L be in Ext(A,Gm). Choose any integrable
connection V on L . This induces connections on s*(L),pl*(L),

p%(L), p¥(L)® p%(L).

The extension-structure of L gives us an explicit
isomorphism,

s*(L)> p¥(L) ® pA(L) .

Consider the difference between the connection on s%(L)
and the pullback of the connection on p{(L)@pg(L) via the
above morphism. This difference i(V) is a section of Bpyp -
By (3.2.6) i(V) depends only on L and not on the integrable
connection V chosen.
We define n(L) = i(V). Since A% 1is an abelian scheme and
®p A is a locally free module, 7 1is a constant map. Since
M(0) = 0, 1 is identically zero.It follows that ¢ is horizontal

and (¢ 1is surjective.

(4.6.3) The sheaf _2% in concrete terms.

Consider the morphism of complexes QX/S > GK and the
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corresponding mapping induced on the exact sequence of terms
of low degree, from the ILeray spectral reference:
0 (ox)— B (af) — T(5,&"5, (af))— 0
4
o~ H'(6%)— H'(A,0%) —T(s,Pic(A)) — 0
Consider on the other hand the group PicZ(A) =dfn{isomorphism
class of triples (#£,a,Y) where (£,a) is an e-rigidified line

bundle on A and V an integrable connection on i}. Here

isomorphisms are to be horizontal and respect the e-rigidification.

There is an obvious map PicZ(A) > P§(S)

(2,09 ) > (£,7)
If (£V), (£',V') are isomorphic, an isomorphism compatible
with the rigidifications can be chosen since to modify an
isomorphism we use a global section of r(A,GX) = r(S,og) and
clearly this will not alter the horizontality. Hence the map is

injective. We obviously have a commutative diagram:

(#£,2,V) Pic%(A) ——>2f(s)
l UL
(£) Pic, (A) ——>u}(A,08)

Given (#,V) in P‘?(s) , £ ® f*e¥(s 1) is rigidified and
f*e*(g‘l) can be given the "stupid" connection so that it is in

the image of Hl(S,og) +-Hl((£). Thus the map PicZ(A) > gﬁ(s)

1° (rle*(QZ)) is surjective. If (#,a,V) > O, then

i:fﬂﬁﬁv=tﬂﬁﬂcmmwm%mdc@xeﬂ&=eﬁﬂw)

L => £ = GA; and V=trivial connection/which obviously

implies (£,a,V) o (OA’ ®bv, 0). Thus the map PidZ(A) -> gﬁ(s)
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is an isomorphism and we have the desired description of gé(s)

as f{e-rig line bundles +-V}, a description which is obviously
compatible with the description of r(S,gig(A)) as {e-rigidified
line bundles.}

Since EJ P x Ext(A,G, ) , it is clear that

“dfn “Pic(h)
E% admits the following description, its points with values in
S (or for that matter any S-scheme S') consist of isomorphism
classes of extensions O - Gm > E->A~-> 0 such that E 1is

as Gm -torseur endowed with an integrable connection.
A

(4.4%) The Universal Extension of an Abelian Scheme in the

Analytic Category over C .

Let A/S Dbe an abelian scheme over S , where S is a
scheme locally of finite type over € . We may view A/S as
a family of complex analytic spaces. The theory of Extrig
carries over, with no significant change, in the analytic
category. One thus obtains the analytic versions and natural
maps below:

[Extrig(A,G )1%" — Extrig(a®?,c27)
— m — m
[Extrig(4,G,)]1%" — Extrig(a®",c,*")

(4.4.1) Proposition: The morphisms above are isomorphisms.

Proof: This follows for each fibre (over S) by GAGA .
Consequently our morphisms are analytic morphisms bijective on
underlying pointsets. By consideration of vertical and
horizontal tangent vectors one checks that the jacobian criterion

is satisfied.
Q.E.D.
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As a consequence, the exponential sequence of analytic groups

over C
exp
0 » 2TiZ— Ga——+ Gﬁ~+ 0

gives rise to the following diagram:

0 0
) o ¥
Wa > Yy

Extrig(A®%,6, ) — 5 Extrig(A™",q )

m

> pic®(A) —> 0

o—> Rr'f,z —> R'f04an
0

which gives us (using the snake lemma) the folluwing exact

0

sequence:

0> ' (4%",2) > Extrig(a*?,6,)—> Extrig(aA®™,G ) —> 0
over any affine base S .

(4.4.2) Corollary: One has an exact sequence of analytic groups

over S:
1 1 /.8 an
0= R'f,Z7— Hpp (A%/5)— E(a%)% > o

Proof: Note that EDR refers to relative de Rham cohomology
over the base S . le*Z refers to the locally constant sheaf
of abelian groups.
The corollary follows from our identifications
M(A,Gm) = E(A%)

Extrig(A,G,) = Hyg(A/S)
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Vi
§5., FRAGMENTARY COMMENTS CONCERNING NERON MODELS AND

UNIVERSAL EXTENSIONS

Let S be a connected Dedekind scheme. ( S = Spec D where
D is a Dedekind domain). ILet N be a Néron model over S .
This means that there is a nonempty open Uc S such that N/U
is an abelian scheme, and N/S is the Néron model of N/U.
Let N'/U denote the dual abelian scheme and let N'/S be its
Neron model over & . Define N° ¢ N to be the open subgroup
scheme all of whose fibres are connected.

The easy part of an unpublished duality theorem of Artin

and Mazur asserts
(5-1) Lemma The duality of Abelian schemes
Ext (N Gp) = N
extends to an isomorphism of functors evaluated on smooth S-schemes:

Extl (N ,Gp) &> N

We sketch a proof of this lzmma by showing that Ext (N » G )
enjoys the Néron property [11,56A,IX,1]. To do this one must
take T/S a smooth "test" scheme and consider the diagram with
exact rows, [11, SGA7VII 1.3.5,1.3.8]:

0 > Ext (N sGp) (T)— Picf°)(T) — Picg (N%N°)(T)

o -B J,Y 'S
0~ ExtU( 336 ,,) (Ty)> Picy(Ng) (Ty) —% Pic (NUX ) (Ty)

where o = proj¥* + proji - sum¥*
pii
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Since N° ?;T and Nog N°§'r are régular schemes and since N°§T/T It appears to us that this canonical extension deserves
Noé ﬂ%gT/T have connected geometric fibres, B and vy are systematic study, and indeed the first question one may ask

isomorphisms. Thus a is an isomorphism as well, and the

sketch of the proof of (5.1) is concluded.
(5.2) Corollary There is an exact sequence of smooth groups/S:

0 > wyy > Extrig(N'1o,G ) » N = 0

Proof': f*(GN:o) = 0g - Thus there is an exact sequence of

Zariski sheaves on the category of smooth S-schemes.

0 > wy, ~ Extrig(N'0¢ ) > Ext(¥'°,G,) > 0

(c.f. the discussion preceeding (2.6.1))

From the lemma 6 N = §§§(N'0,Gm)} and hence Extrig(N'O,Gm) is a

smooth group.

Write E(N) = Extrigs(N‘e,Gm).

A surprise is that the exact sequence
(5.2.1) 0~ wyy > E(N) > N=>0

is not necessarily the universal extension of N!'. In fact, as
L. Breen and M. Raynaud have shown: there are Néron models N
which possess no universal extension. A sketch of their
elegant argument is included below. Therefore we refer to
(5.2.1) as the canonical extension of a Néron model N by a

vector group.

about it is the following, which we pose in purposely vague
language:

Find a functorial characterization of the canonical extension
(5.2.1) of a Néron model.

It is especially interesting to consider the canonical
extension over the base S = Spec(z).

Let M = N(Z) = N(Q) denote the Mordell-Weil group of the
abelian variety NQ . This is a finitely generated group.
Let M¥* = E(N)(Z). Since S 1is affine, (5.2.1) gives the

exact sequence
(5.2.2) 0~ QN'CZ) > M¥ > M-~> 0

Since @N,QZ) is a free abelian group whose rank is dim N =4d ,
we see that M¥* 1is a finitely generated abelian group of rank
d + rank(M). What is curious is that M* has a strong tendency

to be free. Explicitly:

(5.3) Theorem: If p divides the order of the torsion subgroup
of M¥ then either p =2 or p 1is a prime of bad reduction

for N .

(5.4) Corollary: If the order of the torsion subgroup of M

is relatively prime to
2 x product of primes of bad reduction of N

then M¥* 1is a free abelian group.
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Proof of Theorem: Let x%e¢ M*¥ be a nontrivial element of

order p . Since E(N) is separated it suffices to show x¥
is zero, after having base changed to S = Spec(zp).

By our assumption, N is an abelian scheme over S , and
E(N) is the universal extension of N . Let N(p)/S be the
Barsgtti—Tate group associated to the abelian scheme N/S. Then
over Sv = Spec(Z/pV) for any y , E(N)(p) is the universal
extension of the Barsotti-Tate group N(p). The element x*ecM*
may be viewed as a section of E(N)(p) and its image, y , in
N(p) generates a finite flat group G over S of order p .
Since p # 2 , and since G has a nontrivial rational section,
by the classification theory of finite flat groups of order P
over 25 [20,Theorem 2] , G = Z/p .

Let the subscript vy > 1 denote restriction to the base
Sv = Spec Z/pV.

Let N(p)et denote the etale quotient of N(p), and let
E(N(P)et)v denote the universal extension of N(p)it . We

have the diagram

E(N)(p)v — N(p)

)et

E(NE)®) — n(p N

Since G = Z/p the image of G in N(p)et is nonzero.
Consequently the image of the section x* in N(p)et is nonzero.
It follows that the image of x%* in E(N(p)it) is nonzero.

But this is a contradiction because the universal extension of
an étale p-divisible gyoup over @ = Spfczp) has no nontrivial

section of order p .
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(5.5) As a special case of the above theorem, take an elliptic
curve C over @ whose Mordell-Weil group is a finite group
F of odd order relatively prime to the conductor of C .

Since any odd finite group of real points of C is
cyclic, F 1is a cyclic group.

Making a choice of sign of the Néron differential of C
enables us to identify wy,(Z) T 7z (where N is the Néron model

of C) and consequently the exact sequence (5.2.2) becomes
(5.5.1) 0> Z~>M¢>F~>0

But the theorem implies, under our hypotheses that M¥ is free,

and consequently the exact sequence (5.5.1) becomes:

0] m
(5.5.2) 0+&Z—>Z—>F > 0

where ¢ consists in multiplication by the order of F .
Consequently the canonical extension of the Néron model

of C determines in this case a canonical free resolution of

the Mordell-Weil group of C . 1In particular, choosing a Néron

differential of C (there are two possible choices/and to choose
one of these two amounts to the same as orienting the real locus
of C ) gives (in the case considered above) a canonical

generator of the Mordell-Weil group, defined to be the image of

1 e¢eZ under T in (5.5.2). (call this the generator defined

by the canonical extension) It may occur to the reader that the

topology of the real locus of C enables one to obtain yet
another canonical generator of F: Since F 1is a finite subgromp
of the connected component of the real locus of C , which is

a circle (oriented, after a choice of Neron differential), it
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makes sense to consider that element of F s closeSt to the
origin in the circle, where "closest" means in the direction of

orientation of the circle. Call this the topologically-defined

generator.

Tate has made some computations which abundantly support ¢he
opinion that there is no relation at all between the generator
defined by the canonical extension and the topologically defined

generator.

(5.6) Example of Breen and Raynaud.

The following is taken from a letter of L. Breen.

Let R be a discrete valuation ring with uniformizer T
and residue field k . Let N, be the Néron model of an
elliptic curve. Let N denote its fibre at k . Suppose one

of two special cases

I) 'N'=Ga

G

II) N n

Consider the short exact sequence of Zariski sheaves on the

smooth site over S = Spec R ,

e G 1.,G. > 0
& mult. by T 2 ¥ a

(Here i : Spec k = S is the canonical injection).

This induces the exact sequence

)

. 1 L 1 Lo s
0 > Homg(N,1,G )— Ext™(N,G,) — Ext™(N,G,) > Extg(N,1,G,

But

Homg (N,1,G,) = Hom, (T,G,)

1
Ext (W,G,)

]

1,y -
ExtS(N, 1*Ga)
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and consequently

(*) Extl(N,Ga);E—a Extl(N,Ga) enjoys the following properties

in each of our two special cases:
Case I: (*) is not injective

Case II: (*) is surjective

(5.6.1) Corollary: In either case, EEEI(N,Ga) is not a locally
free sheaf of Gs-modules, and there is no universal extension

of N by a vector group (over R).

Proof: If Ext'(N,G,) were locally free then Ext'(N,G,)

= HO(S,Egyl(N,Ga)) would be a free R-module and consequently

multiplication by T would be injective and not surjective‘on

it. (N.B. Extl(N,Ga) is not zero since the canonical extension

is non-trivial). Moreover if there were an extension of N

by a vector group V , which was universal we would have
Hom(V,G,) = Ext'(N,G,)

consider

T
Homg(V,G,) —> Homg(V,G, ).

Since V 1is a vector group , T 1is not sucrjective and is
injective, contradicting the situation that obtained in either

case I or case II.



