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Fix a prime p.
m For r > 0, the Igusa curve Ig(p") of level p" is the moduli
space of pairs (E, Q)
m E = A generalized elliptic curve
m Q = A point of E(") generating the kernel of V" : E®") — E

m lg(p") is a smooth projective curve /Fp, of genus ~ p’p(p")
m There are natural quotient maps

m o lg(P™ ) = lg(p"),  m(E, Q) = (E, V(Q))
making Ig(p") a Galois cover of Ig(p) with Galois group
Z/p'2~(1+p)C(2/p'2)"

m For r > 0, the maps =, are:
m Of degree p and unramified outside the s.s. points
m Totally (wildly) ramified at the s.s. points
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For k > 0, put

Sk := Cuspforms of level 1 and weight k over F,

Theorem (Serre)

Fork > 2, there is a natural injective map

Sk — H%(Ig(p), Q' ((k — p)ss)).

There is a canonical isomorphism

p
D Sk ~ H(lg(p). ).
k=2
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Letlr:=(1+p)CZjandl,:=(1+p") CT.

Consider the Igusa tower:

wlg(ptt) ——lg(p )= - ——=lg(p?) —~lg(p)
[ Iy 2 I

m The Fp-vector space of global differentials with simple
poles at the s.s. points

Ho(Ig(p"), Q' (ss))
is naturally a module over the group ring Fp[l'/T/].
m Bytrace of forms, we obtain an F,[I']-module

M := lim Ho(Ig(p"), Q' (ss))

r

m Question: What is the structure of M as a Fy[I']-module?
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Unfortunately...

M is not a finite Fp[']-module:

Theorem

Form € Z, there is a canonical isomorphism

Ho(Ig(p"), Q' ((p"m)ss))™/" ~ H(Ig(p), 2" ((p" + (m — 1)p)ss)).

In particular,
dimg, Ho(Ig(p"), ")/ = (p" — p)4#ss + genus(lg(p)) — 1.

Proof.

7 1g(p") — lg(p) is unramified outside ss, so

™ (Qgpy) = (o) © Fas-
Now use formal groups on supersingular elliptic curves to
calculate N (see Katz-Mazur, §12). O
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Semisimple differentials and the Cartier operator

For m > 0, put M.(m) := HO(Ig(p"), 2'(m - ss)). Recall:

Sik—HO(Ig(p), 2" ((k — p)ss))
Cr
Uy <-----+ - C

m The Cartier operator is a linear map C : M,(m) — M,(m)
m ord,(Cw) > ordy(w) with equality iff ordy(w) = —1
B Res,(Cw)P = Resy(w)
B Cw=wifandonlyifw = % for some meromorphic f

m By Hasse-Witt theory:

M,(m) — Mr(m)ord D Mr(m)nil
m M,(m)°® = spang {w € M,(m) : Cw=w}
B M(m)" = {we M/(m) : Cw=0forsome >0}
m Since w = 4 can only have simple poles, for all m > 1:

Mr(m)ord _ Mr(1)ord
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Let Mord .— lim M,(m)°'d C M. This is independent of m > 1.
m Foreach r > 1 we have isomorphisms of F,[ /T /|-modules

Foll]

m The Fp[I']-module M°™ js finite free of rank

dimg, Ho(Ig(p), Q' (ss))*"
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Theorem (Nakajima)

Letw : X — Y /F, be a Galois cover of curves with group G. Let
S C Y be the ramification points of = and assume #G = p™.
Then HO(X, Q' (==1(S)))°" is a free F,[G]-module of rank

d :=dimg, HO(Y,Q'(S))od

Proof.
Put M = HO(X, Q' (7= 1(S)))°, so MG = HO(Y,Q(S))°"d.
Consider the map of Fp[G]-mods « : M@ — F,[G]9. Since
Fo[G] is injective over itself, o extends to

a:M— Fp[G]9.
Now « is injective since G is a p-group and « is injective.
By the Deuring-Shafaravich formula, dimg, M = #G - dimg, MG
so a must be surjective too. O
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m Put J, := Jac(lg(p"))
m Mazur-Wiles study the A :=lim Z,[I'/T;]-module:

M = lim Hom(lim Jr[0"](F), Qp/2Zp)

r m
m They show that M is a finite A-torsion module and is
intimately related to the Kubota-Leopoldt p-adic L-function.

There is a canonical isomorphism of Fp[I']-modules

M ~ M/pM.

By geometric class field theory, J;[p](Fp) ~ HO(X;, Q). O
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Further Questions

Recall that M = M°® ¢ M"!. For s > 1, put
Mo — {w eM" . CSu = O} .
This gives a Fp[I]-filtration
MY My C oMYl C
Problem: For each s > 1, describe the quotient
or (M) = MZ' /M2

as Fp[']-module. Relation to modular forms (mod p)?



Thank You!



