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1 Introduction

In these notes we prove that if f: A — B is an isogeny of abelian varieties whose degree is relatively prime
to the characteristic of the field of definition, then the BSD formula holds for A if and only if it holds for B.
We closely follow Milne’s notes [3], especially I1,§7.

2 Notation

We fix our notation for the remainder of these notes.

X — X* is the Pontryagin duality functor (from locally compact Hausdorfl abelian groups to abelian
groups) X +— Homeon (X, S1).

A, B will be used for abelian varieties, and E, B their dual abelian varieties.

K will be a global field.

S is any set (usually finite) of places (=equivalence classes of valuations) of K including all archimedean
places.

K is the maximal subfield of a fixed separable closure K*P unramified outside S.

Gy is the galois group Gal(Kg/K)

Rk s = NygsO, is the ring of S-integers.

v will denote a place of K, with K, the completion of K at v and k(v) the residue field at v.

G, = Gal(K:? /K,,) and for v ¢ S, D, I, C Gg the decomposition and inertia groups at v respectively.
Observe we have the identification G, ~ D,,.

gv = Gal(k(v)**P/k(v)) ~ D, /I, is generated by Frob,

M will be a finite Gg-module and MP = Hom(M, G,).

A Gg-module M is also a G,-module via G, — Gg — Gg (identification with the decomposition
subgroup induced by the inclusion K*P «— K5¢P). We say M is unramified at v if MT> = M, so M becomes
a g,-module.

If v is archimedean and M is unramified at v, the map G, — G, /I, ~ g, defines a map H"(g,, M) —
H"(G,, M); We denote the image of this map by H} .(K,, M).

We define
H"(K,,M) v nonarchimedean

1
HY(K,, M) v archimedean S

H (K, M) = {

That is, H"(K,, M) is the r th cohomology group H"(G,, M) if v is nonarchimedean, and the r th Tate
cohomology group Hf(G,, M) if v is archimedean. In particular, HO(R, M) = MC/R) /No g M and
HO(C, M) = 0.

PL(K, M) is the restricted topological product [], g H" (K, M) relative to the subgroups HJ (K,, M)
for v € S nonarchimedean.

i, is the unique Haar measure on K, such that O, has measure 1 when v is nonarchimedean, and is the
usual Lebesgue measure on K, when v is archimedean.



3 L-series and the BSD formula

Let A be an abelian variety of dimension d over K and S a set of primes containing all archimedean primes
and the primes at which A has bad reduction. For any prime v of good reduction, the reduction of A at v,
denoted A(v) is again an abelian variety. If ¢ € Z is any prime distinct from char k(v) then the criterion of
Neron-Ogg-Shafaravich ensures that VA := Qy ®z, Ty A is unramified at v, i.e. that I, acts trivially (with
the Galois action on the second factor). The characteristic polynomial

Py(A,t) := det(1 —t - Frob, |, ,)

therefore makes sense.
Now let w € T'(4,Q4%) be any global differential d-form (the space of such forms is 1-dimensional) and

define
ol A, w) = / ol
A(Ky)

Let p = {uy}» be the unique Haar measure on the adeles A g induced by the p,. We set

W= [
AK/K

Definition 3.1 (The L-Series). Choose w € I'(A4,Q%) and let S be any set of primes containing all
archimedean primes and all those nonarchimedean primes for which A has bad reduction or for which w does
not generate I'(A,, Q) ) as a 1-dimensional O ,-module (A, is the Neron model of A at v). Define

|l I
Ls(s,A) = — M T P4, Nv—)"1.
S(Sa ) Hves Mv(A;W) 1)1;18 ( v )

It is known that this defines a holomorphic function of s in the half-plane s > 3/2 and that the definition
does not depend on the choice w. It does depend on the choice of the set S, but it can be shown that the
asymptotic behavior of Lg near s = 1 is independent of S. For proofs of these facts, see [3, §7].

Let

(,):AK)x A(K) > R

be the canonical height piring.

Conjecture 1 (BSD). The function Lg(A,s) admits an analytic continuation to a neighborhood of 1 and
HI(K, A) is finite. Moreover, let A have rank r and choose generators a; € A(K) and a, € A(K) for
1<i<r of A(K)/A(K)tors and A(K)/A(K )tors- Then

i L5(5:4) #LI(K, A) - |det(a}, a;)|

im = — .

=l (s =17 [A(K) : Y. Zal] - [A(K) : Y Zay]

4 Preliminary results

In this section, we accumulate (without proof) some fundamental results that will be indispensable in the
sequel. We sketch the main ideas of proofs or give precise references.

Theorem 4.1 (Local Tate duality). Suppose that char K 1 #M. For any place v of K, and any 0 < i < 2,
the cup-product pairing gives a duality

H(K,, M) x H*HK,, MP) - Q/Z

in which, for archimedean v, the subgroups HE (K,, M) and H2 ' (K,, MP) are orthogonal complements.



Proof. [3,1,2.3,2.6,2.13] or [5, I1,§5]. [ ]

Theorem 4.2 (Local Tate duality for abelian varieties). For a place v of K, let A be an abelian
variety over K,. There is a canonical pairing

HT (K, A) x HT (K, A) — Q/Z
which induces isomorphisms A(K,) = HY(K,, A)* and H'(K,, A) = A(K,)*.

Proof. See [3, I,Corollary 3.4] for nonarchimedean v and [3, I,Remark 3.7] for archimedean v. The pairing
can be formulated as an augmented cup-product pairing. |

Theorem 4.3 (Poitou-Tate exact sequence). Suppose that char K t #M There is an exact sequence of
locally compact groups and continuous homomorphisms

0 —= HO(Gs, M) —— P(K, M) —— H*(Gs, MP)* 2)

1 o

HY(Gg, MP)* <— PL(K, M) <—— H'(Gg, M)

L,

H?(Gg, M)

2
P2(K,M) —— H%(Gg, MP)* —=0,

where the groups in this sequence have the following topological descriptions:

finite compact compact
compact loc. compact discrete
discrete discrete finite

Proof. We will describe the maps 3",~4". For a proof, see [3, I, Theorem 4.10]. There is a natural map
H"(Gs, M) — [],cg H"(Ky, M) induced by the maps G, — Gk — G5 with image contained in Pg (K, M)
[5, I1,§6 Prop. 21]; this is the map ”. Theorem 4.1 shows that PZ(K, M) is the algebraic and topological
(Pontryagin) dual of PgiT(K, MP), and the maps 7" are the duals of 3".

|

Definition 4.4. Let M be a finite Gg-module with char K t #M. Then the groups H"(Ggs, M) are finite
for all r [3, I,Corollary 4.15] and we define

#H®(Gg, M) - #H?*(Gg, M)
#HY (Gs, M) '

x(Gs, M) =

Theorem 4.5 (Euler characteristic formula). With the notation as above, suppose that #M is a unit
in Ri,s. Then the formula
#Hy(Go, M)

X(G31MD): H #HO(GU,M)

v arch

holds, where the product is over all archimedean places v of K.

Proof. See [3, L Remark 5.2]. [ |



5 Isogeny invariance of BSD

In this section we will prove the following theorem:

Theorem 5.1. Let f: A — B be an isogeny of abelian varieties over K. If the degree of f is relatively
prime to char K then Conjecture 1 holds for A if and only if it holds for B.

We begin with a definition and a trivial but useful lemma.

Definition 5.2. Let f: X — Y be a homomorphism of abelian groups with finite kernel and cokernel. We

set #k f
er
= ke F

Lemma 5.3 (A Trivial Lemma). 1. If X*=0— X° — ... — X" — 0 is a complex of finite groups

then
[IExn Y =[x

2. If f*: X* = Y* is a map of exact sequences of finite length with z(f") defined for all r, then
TT-(m Y =1

0
Proof. We prove (1) in the case that X*® is the complex X° EAN e - the general case follows from this. We
obviously have

#X° .
Frerjo S
# coker f0 = #ﬁi&j;o,

and multiplying these equalities together gives the desired result.
We prove (2) in the case that X® and Y'* are short exact sequences, as the general case follows from this.
In this case, the snake lemma gives a long exact sequence

0 —ker f© —— ker f! ker f2 coker f —— coker f1 —— coker f2 ——>0
from which the proposed formlua follows. |
For the remainder of this section, we fix any nonzero wg € I'(B,Q%) and put wa = f*wp. Slnce

char K 1 deg(f), we have wq # 0. We take S to be any finite set of places of K including all archimedean
places and all nonarchimedean places where A and B have bad reduction (The criterion of Neron-Ogg-
Shafarevich shows that the places of bad reduction for A are the same as those for B), or w4 or wg fails to
reduce to a nonzero global differential d-form. We fix a; € A(K) and b, € B(K) for 1 < i < r generating
A(K)/A(K )tors and B(K)/E(K)tors respectively, and put a = f(bg) and b; = f(a;). Since f is an isogeny,
it is clear that the b; and a) are Z-linearly independent families.

The following lemma allows us to make sense of the discussion and calculations that follow.

Lemma 5.4. If one of Lg(A,s), Ls(B,s) admits an analytic continuation to a neighborhood of s = 1, so
does the other. Moreover, is one of I1I(A, K), II1(B, K) is finite, so is the other.

Proof. Because A, B are isogenous, V;A = V;B. Since the polynomials

P,(A,t) := det(1 —t - Frob, |,, ,)



depend only the galois action on V; A = V; B, the first statement is clear since Lg(A,s) and Lg(B, s) differ
from eachother by constant (independent of s) multiples.
Let M be the kernel of f: A — B. Then we have an exact commutative diagram

l) 0 0
0 ker II(f) — = (A, K) — 2 111(B, K)
H'(Gs, M) HY(Gs, A) —— HY(Gs, B)

@UESHI(K’U?A) 4]0) @UESHl(va B)

Since H'(Gg, M) is finite, the diagram shows that ker III(f) is finite. Thus, if III(B, K) is finite, so is
III(A, K). For the reverse implication, we use the fact that there is an isogeny g : B — A with go f =
deg f. |

We now proceed with some calculations that will enable us to compare the terms involved in the formula
of Conjecture 1 for A, B.

Lemma 5.5. We have
det(a}, a;) = det(b], b;). (3)

Proof. The height-pairing is functorial in the sense that we have a commutative diagram

A(K) x A(K)—=R
1
B —R

[1, Chap. 5], so we have

as claimed. ]

Lemma 5.6. The equalities

[A(K) : > Zay)

(B(K) 2 2b] =

) — bue): 21

A(K) : " Za!]
hold.

Proof. Apply Lemma 5.3 (2) and (1) to the morphisms of short exact sequences given by the commutative
diagrams

0 —— " Zay — A(K) —— A(K)/ > Zay —— 0
ST
0——=>_7Zb; B(K) B(K)/>.Zbj —=0



and

0——> Zb, B(K) B(K)/ . Zb, —=0
Jf lf(K) l
0 — > Za A(K) A(K)/ Y Za), —=0

Lemma 5.7. The equality
#I(A, K) _ #fker II(f)

=~

#UL(B,K) ~ #kerIII(f)

holds.

Proof. We first claim that ]_H(A K) and HI(B K) are both finite. By Lemma 5.4, it suffices to show that
I(A4, K) is finite. However, there are maps ¢ : A — A and P A — A such that ¢o =1Po¢p=m for some

integer m, so the map III(m) : III(A4, K) — II(A4, K) factors through I11(A4, K) M), III(A, K) and
ker 111 (¢) C II(A, K),, = ker ITI(m).
It is well known [3, Remark 6.14 (c)] that IIT(A, K),, is finite when char K { m, so the finiteness of I11(A, K)

implies that of II1(A, K). The reverse implication follows upon interchanging the roles of A, A and replacing
¢ with 1. In the somewhat more subtle case of char K = p > 0, one needs a separate argument as in [4].

I
Applying Lemma 5.3 (1) to the complex I1I(4, K) =), I(B, K) shows that

#ker TI(f)
# coker IIT(f) "

#11(A, K)

HI(B, K) = 2(I(f)) =

The nondegeneracy of the pairings in the commutative diagram [3, Theorem 6.13 (a)]

(A, K) x ITI(A, K) — Q/Z
lLHm TLH@)
(B, K) x III(B,K) —= Q/Z

-~

implies that # coker II(f) = # ker ITI(f) and this completes the proof. [ |

Proposition 5.8. We have
= [ =
veS
Proof. From Definition 3.1 and our remarks about the polynomials P, in the proof of Lemma 5.4, we at once

see that
H Mv B )
/Lv A WA)

so it will suffice to prove that z(f(K,)) = po(A(Ky),wa)/ 1y (B(Ky),wp). Let U be any subset of A(K,)
mapping isomorphically onto f(A(K,)). Then f(KU)|U is injective, so since wq = f*wp, we have p,(U,wa) =
o (f(A(K,)),wp). Since the translates of U by the elements of ker f give a cover of A(K,) (with trivial
pairwise intersections) and since p,, is translation invariant, we conclude that

po(A(Ky), wa) = #ker f(Ky) - o (f(A(Ky)), wp). ()



On the other hand, the translates of f(A(K,)) by elements of coker f(K,) give a cover (again with
pairwise trivial intersections) of B(K,), so as above,

4 coker F(5,) - puo(F(AU), w5) = po(B(K,), wp) (6)
Combining (5) and (6) gives the desired equality. [ |

Theorem 5.9 (The big commutative diagram). Let M be the kernel of f : A — B; it is a finite
Galois module. Suppose that char K t #M , and enlarge S if necessary so #M is a unit in Rk s. There is a
commutative diagram

0 HO(GSaM) @vGSHO(KvuM) (7)
H2(GS,MD)*
0 —— coker f(K) HY(Gg, M) HY (Gg,A)f —0

Lp/ l » S0// \L

0 — Dyes coker f(Kv) - EB’UESHl(KUaM) - @UGSHI(KvaA)f —0

w/ i o 1[)// l

H'(Gs, B) HY(Gg, MP)* —— (coker f(K))* —0

0

*
f
in which the rows and center column are exact.

Proof. The center column is a portion of the Poitou-Tate exact sequence of Theorem 4.3, and the rows come
from the long exact cohomology sequences associated to

0— M(Ks) — A(Ks) L B(Ks) — 0
0— M(K3™) — A(K3™) L B(K;™) — 0

0— MP(Kg) — B(Kg) L A(Kg) — 0

Observe that requiring char K t deg(f) ensures that f is separable and that the map B(Ks) ER A(Ks)
is surjective. The first two exact sequences follow from the definition of M. The third is the “dual exact
sequence;” see, for example, [2, §11]. Surjectivity on Kg-points is a consequence of the fact that A, B have
good reduction outside S and is well-known ¢f. [3, Lemma 6.1].

It therefore remains to check that the four squares commute. The two top squares obviously commute,
and the bottom two are seen to commute as follows: Theorem 4.2 shows that B(K,) and H'(K,, B) are
dual, so by dualizing the exact sequence

A(K,) L B(E,) — coker f(K,) =0,

we obtain R R
0 — (coker f(K,))* — H*(K,, B) — H'(K,, A),



which shows that coker f(K,) is dual to HI(KME)]?. It follows using the duality of H!(K,, M) and
H'(K,, MP) in Theorem 4.1 that the diagram

Duves COkerf(KU) - EBUESHI(KM M)

7

(GSa )} Hl(GS7MD)*

is simply the dual of
@UGSHl(K E) <;EBUESI_I (KMMD)

| |

H(Gg, ) ~—— HYGg,MP)

where the horizontal arrows come from the obviously compatible cohomology sequences

~

0— MD(K)
0— MP(K,)

(K) — A(K) — H'(Gg, M") — H'(Gs, B) — H'(Gg, A) —
B(K,) — A(K,) —» H'(K,, M) - H'(K,, B) > H'(K,, A) —

—
—

Similarly, the squares

GuesH' (Ky, M) —— ©pes H' (Ky, A) @vesH' (Ky, MP) <—— @, coker f(K,) (8)
‘| L | T
Hl(Gs,MD)*—>(cokerf HY(Gs, MP) cokerf(K)
are duals of each other, so the left square commutes because the right obviously does. |

Corollary 5.10 (The five formulae). We have:

#ker  #ker LII(f)

Fkorg Fkerd [imy) 9)
# coker f(K) = # ker ¢ ~
HUGS#cokerf(Kv)#Hl(GS’B)f = FrorvTim g ker L) (10)
#H'(Gs, B) 7
1 = W#Cokerf( ) (11)

| o RS G MP) yp
Mes ke f(K,) #lerg #HY (K, )

#ker f(K) = #H(Gs, MP). (13)

Proof. We view the bottom of the diagram (7) as a short exact sequence of complexes
0—-A*— B*—C*—0,

where A® is the complex consisting of the first column, B*® is the complex formed by the second column etc.
The long exact sequence on cohomology is then

0 — ker ¢’ — ker p — ker ¢” — H'(A®) — H'(B®).



Since the complex B*® is exact (recall it is a piece of the Poitou-Tate exact sequence) we have H'(B®) = 0.
Obviously, H!(A®) = kerv’/im ¢’. We conclude that

0 — ker ¢’ — ker o — ker ¢ — kerv)’/im¢’ — 0

is exact. Therefore,

# ker ¢’ #ker "
#ker p #(ker ¢’/ ker ¢') L (14)

The commutative diagram

0 0

0 — > ker ITI(f) (K, 4) —2D 11k, B)

0 HY(Gs, A); H'(Gs,A) — )~ 1G5, B)
y

0—— EBvESHl(va A)f — ®11€SH1(K117 A) 7) @vESHl(Km B)
shows that ker ITI(f) = ker ¢”. Employing this in (14) yields (9).
Applying Lemma 5.3 (1) to the first column of (7) gives

# coker f(K)
[1,cg # coker f(K,)

The commutative diagram

1 = # ker ¢ ,
#H (Gs,B)5= —#(kerw’/imw’)#mkerq’b . (15)

0 <—— Byes coker f(K,) <— @ esH (K, B)* ~ DoesH (K, A)*

/

0<~—— H'(Gs,B)

|

~

0<—— (kerII(f))* <— III(K, B)* <——— II(K, A)*

$<~——— H'(Gs,B)" — HY(Gg, A)*

0 0
shows that coker = (ker ITI(f))*. Using this in (15) gives (10).
The third row of (7) at once gives (11).
Now the long exact sequence of unmodified cohomology shows that M = H°(K,, M) = ker f(K,), so
by (1) we have

#ker f(K,) v nonarchimedean

#HY (K, ,M) : (16)

#9{0 (Kva M) = .
# ker f(Kv)m v archimedean

Similarly, it is clear that #ker f(K) = #H°(Gs, M). Using this and (16) together with the middle column
of (7) gives (12).



Finally, the cohomology sequence of the dual exact sequence [2, §11]

0— MP(Ks) — B(Ks) L5 A(Ks) — 0

shows that H*(Gg, MP) = ker f(K), which is (13).

|
Corollary 5.11 (The Final Formula). In the notation of Definition 5.2, we have
# ker 11 f z(f(K
[T =7 = Fe e 2 a7)
ves er 2(f(K))
Proof. Multiplying the equalities (9)—(13) of Corollary 5.10 and cancelling like terms from either side, we
find
#ker I (f) 2(f (K )) HO(K,, M)
vlgg #ker II(f) z(f ( )) vl;lch HY(K,, M)’
where x(Gg, MP) is as defined in Definition 4.4. The corollary now follows from Theorem 4.5. [ ]
Corollary 5.12. We have
-1
Ls(B,s) #II(B, K) - | det(b);, b;)| #II(A, K) - | det(a’}, a;)]
Ls(A,s)  [B(K):Y.Zbj][B(K): . ZV] \[AK):Y Za,)[AK): Y. Za)] )
Proof. Proposition 5.8 and Corollary 5.11 show that
Ls(B,s) _ #kerII(f) z(f(K))
Ls(A,s)  #kerHI(f) 2(f(K))’
which by Lemmas 5.6 and 5.7 is equal to
#I1(B,K) [A(K): Y Za;] [A(K): Y Zaj
#UI(A, K) [B(K):>2Zb] [B(K):Y.ZV]
Since det(a}, a;) = det (b}, b;) by Lemma 5.5, the proposed formula follows. [ ]

Proof of Theorem 5.1. Assume that Conjecture 1 holds for A. By Lemma 5.4, the function Lg(B, s) admits
an analytic continuation to a neighborhood of s = 1 and the quantity #I1I(B, K) makes sense (i.e. is
finite). Corollary 5.12 then shows that Conjecture 1 holds for B. The reverse implication follows at once
upon interchanging the roles of A and B. |
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