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1. LAST TIME

Recall that last time we wanted to show that for X = Spec A with A a ring, the association Xy — Ay is a
P-sheaf. We reduced to the case of a finite open cover {X,,} of X with (a;)A = A and we want to show that

(1) A Lar(a) [T 4a (si) = (55— sk) IT 4e;a.
¢ (4:k)

is left exact. Set A" = []""_, A,,. Then since localization and finite products preserve faithful flatness, A’ is faithfully
flat over A. (N.B. the geometric meaning of A’ faithfully flat over A is that Spec A’ — Spec A is surjective). One
checks that the diagram (1) is equivalent to

’ o1 -1 ’
) A L L OO0 A

Therefore, it suffices to prove the more general result:

Theorem 1.1. Let A be a ring and A’ a faithfully flat A-algebra. Then o’ € A’ comes from A if and only if
d1=1Qd in A @4 A'.

Proof. First suppose that we have a section o : A’ — A, i.e. that we have A’ = A ® I with I some ideal of A'.
Then the map A" — A’ ®4 A’ is given by

Apr 2tz (@i0.0=@0i0=04740 40 1o, Aye(Ags D)ool

so that the image of a +1i in A’ ®4 A’ is zero if and only if ¢ = 0.
Now we reduce to this case. We wish to show that the sequence of A-modules

q_aa d—d®l-1d Ay A
is left exact. For any B faithfully flat over A, such exactness occurs if and only if
bel—b®1 V=t el-10
B®a A By A » By (A @4A)=(BosA)2p (BoaA)

is exact. Thus, with B’ = B®4 A’, we need only check exactness of
Bbe®1 V—bel-10V

B’ - B'®p B
Taking B = A’, we obtain a section 0 A’ @4 A" — A" = A’ ®4 A given by o(a} ® ay) = aja) (which evidently
composes with @’ — a’ ® 1 to give the identity on A’). Thus, we are in the situation above and we are done. W

2. Spec OF A RING
We can now define Spec A:

Definition 2.1. Spec A is the ringed space whose underlying topological space is the prime spectrum of the ring
A and whose structure sheaf is given on a base of opens D(f) by D(f) — Ay.

Theorem 2.2. Let (X,0x) = Spec A.

(1) For a € A there exists a canonical isomorphism A, ~T'(X,,0x), where X, = {z € X : a(z) # 0 in k(z)}.
(2) Forx=p € X we have Ox ; ~ A, so that X is a locally ringed space.

Proof. (1) This was how Ox was constructed as a %-sheaf.
(2) We have
Oxz = lil>n1"(U, Ox) = lim A, =lim A, = A,
Usz Xooz agp
by the universal mapping property of the localization A, since the transition maps defining the direct limit
are the natural localization maps.
|
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Definition 2.3. An affine scheme is a locally ringed space isomorphic (as a locally ringed space) to Spec A for
some ring A.

Definition 2.4. A scheme is a locally ringed space (X, Ox) such that there exists an open cover {U;} of X with
(Ui, 0x ’U) affine schemes.

We have already seen that schemes and affine schemes are full subcategories of the category of locally ringed
spaces.

Lemma 2.5. Any scheme has a base of affine opens.

Proof. Tt is enough to treat the affine case, say X = Spec A. But X has a base of opens (X, OX‘X ) ~ Spec A,
as is evident from the definition of the structure sheaf of Spec A,. |

Corollary 2.6. If X is a scheme and U C X open, then (U, OX|U) is a scheme.

Now let ¢ : A — B be a map of rings. Then we get a map of topological spaces f: X = Spec B — Y = Spec A
defined by f(q) = ¢~ '(q). We want to define a map f# : Oy — f.Ox. For this, it is enough to find a base %
of opens in Y and maps Oy (U) — Ox(f~1(U)) for all U € % compatible with restriction. We therefore take
# = {Y,} and we have f~1(Y,) = X,(4), so that we must define a map A, — B, compatible with restriction.
To do this, we take as our map the map induced by ¢ via the commutative diagram

%)

A B

3
A, B,,.

It is straightforward to check that this map is compatible with restriction. Moreover, we claim that the induced
map

A‘P_l(q) = OY,f(t) - (f*OY)I - OX,z - Bq

is local. Indeed, this follows easily from the definition of B, as h_H)lb ] By, or from the fact that the only map

¢
Ag-1(q) — By making

P

A B

Ap-1(q) By
commute is the local map induced by ¢ (via the universal property of A,-1(4)).
Theorem 2.7. Let A, B be rings. Then there is a bijection

Homying (A, B) «— Homj ; gpaces(Spec B, Spec A).

Proof. We wish to show that the composite functor

S I'(-,0.
Hom(4, B) =pes Hom(Spec B, Spec A) (,0) Hom(A4, B)

is the identity. Suppose that under the map Hom(Spec B, Spec A) — Hom(A, B) the map f is carried to ¢. We
must show that f = Spec . It is enough to show that for two maps

(f, /%)

(9,9%)

which agree on global sections we have f = ¢g and f# = ¢#. First assume that f = ¢g. Then we want f# = g#,
and it is enough to check this holds on a base of opens. But the uniqueness of the induced map 4, = Ox(X,) —

Y = Spec B SpecA =X
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Oy(f1X,) = By#(4) in the diagram below shows that if f#, g* agree on global sections then they agree on a base
of opens.

A B

Ao — By

Thus, we need only check that f = g (as topological maps). Again, there is a unique local map A,-1(q) — By
making the diagram

¥

A B

Ap-1(q) — B

commute. Thus, since f# and ¢ agree as maps A — B, we must have f(q) = ¢~ 1(q), so that f,Spec ¢ agree as
topological maps. |

We will see next time that this bijection holds when Spec B is replaced by an arbitrary scheme X and B by
I'(X,0x).



