MATH 223, Linear Algebra
Fall 2007
Solutions to Assignment 9
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1. Let W = Span 111 3 be a subspace of R*. Find an or-
2 8
thonormal basis for each of W and W. Also find the orthogonal projec-
1
. - ., . 3
tions Projw v and Projy, .U, where ¥ = 5
7
1
Solution: Starting the Gram-Schmidt process, let W, = v) = ?
2
Next let oL
- <, w1 >
2 =V2 — — = S _Wi-
< wi,wp >
3
Here oy = | 5 |- So < >=1-3+2-441-3+28=30 and
8
3 1
oo 2 2 2 2 - 4 2
< Wy, W >= 17+ 24+ 1°+2° = 10. So Wy = 3 -3 1 =
8 2
0
_0 Note that this is indeed orthogonal to v7 = ;. The norm
2

|| || of @ is v/10 and the norm |[w|| of Wy is 1/(—2)% + 0% + 22 + 02 =
v/8 = 24/2. An orthonormal basis for W is then

1 0

1 2 1 -2
Viol 1 |7 2v2 0
2 2

(Note that the last vector can be simplified by cancelling 2’s.)
We could continue with Gram-Schmidt to find an orthonormal basis for

W, but it’s likely easier to first solve A% = 6, where A = ( (1) _22 (1) ; .



This reduces to < (1) (1) (1) _41 ) A basis for its null space, which is
-1 —4
1. 0 1 o
W+ is then 1 , 0 . We turn this into an orthogonal
0 1

basis with a single step of the Gram-Schmidt process. We replace the
second vector iy by iy — =242 47

w1 (1 is the first of these two vectors.)

<iq,d1>
-2
1 .. .
We get I E Normalizing these two orthogonal vectors gives us an
1
orthonormal basis for W+. It is
-1 -2
1 0 1 1
Vel 1] Vio | 2
0 1
13
o o 1 0 T
Proiei <v,w1>ﬂ+<v,w2>4 26 2 n -2 15—6
rojwv = w Wy = — - =
W < Wy, W > ! < Wo, Wo > 2 10 1 0 15*3
2 2 2

[It’s important here that w; and Wy are orthogonal; using the original ¥}
and v would not work.]

We could do something similar to find Projy, v, but it has to be
8

?
T— Projwi=| 19
°1
5
1 4 2470
1+ 14 3¢ —1+5¢
. Let W = Span 1 , 2 , —2—1 be a subspace
1—14 3—1i 5+1
1 241 -1+ 3¢
of C°. Find an orthonormal basis for each of W and W+. Al;o find the
—1
2424
orthogonal projections Projw v and Projy ., where v = | —2+1
2—2i
-1

Solution: Let 77, ¥ and ¥i3 be (in order) the vectors in the given basis for



W. We let w; = v, and

< 17271171 > —

<1171,U_J'1 > ’

Now < ¥, w; >=4(1)+(14+3i)(1—4)+2i(1)+(3—i)(1+i)+ (2+4)(1) =

14 + 7i. [I trust you see exactly why just those sign changes were made.]
<, >=11)+ 0 +)1 -9+ + 1 -1+ +1(1) =T7.

—

2 = V2 —

2—1
0
Wo =10 — (2+4)wWhy = | —2+1i |. To find ws, we compute
0
0
N <’l73,’u_fl> N <?73,1172> N
U3 — wh — Wa.

rg— 1 Er——
< wi,w; > < Wy, Wa >

[It would be legitimate to use a scalar multiple of ws instead of ws here,
but NOT the original #5.] < U3,wW; >= 7+ 21i, < Wy, W >=7,
< 17371172 >= 207 and < 15271172 >=10. So w3 = U3 — (1 + 32)1171 — 2iwWo =

-1
144
-1 . We now have an orthogonal basis for W; normalizing it gives
1—14
-2
us the orthonormal basis (for W)
1 2—1 -1
1 1 —1|— ) 1 20+ . 1 1 —|—12
el — | —24i |, —= _
VTl - | VIO 0 VIO 1
1 0 -2
1 1414 1 1—4 1
To find a basis for W+, we start by solving AZ = 0, where A = | 2 — 0 —241 0
-1 143 -1 1—7 =2
100 0 3
Arow-reducesto [ 0 1 0 —i —i + iz’ . A basis for the null space
3

001 0
of A is then (avoiding fractions as long as possible)

IS

0 -3
i 1—i
o, -3
1 0
0 4



But these vectors are not in W+, since the dot product of each of them
with the vectors in W is zero — we want that the dot product of their con-
jugates with the vectors in W is 0. This is easy to fix — take conjugates,
and we have a basis for W it is

0 -3
i 1+
o |.| -3
1 0

0 4

We aren’t done yet; we need to find an orthonormal basis for Wf . To this
end, we call these two vectors %; and s and replace iy by @y — 4281247

<iy,u1>
-3
1+i
) 2
g — _12'“61 = — . Now we normalize these two vectors and get
N
=
4
our orthonormal basis for W+. Tt is
0 —6
1 —Oz 1 1 —% )
V2| o |Tvido |
0 8

To find the projection Projw ¢ using Gram-Schmidt, we need to use an
orthogonal basis of W; the original basis {¥;, U2, U3} will not work, but
{W, Wa, w3} will. The projection is

< v, > < U,y > < U,z >
W1+ ——=——_—W2s+ ——=——5—_—Ws,
< wi,w; > < Wa, Wy > < Wz, w3 >
2—1
2424
ss - 10 - 10 — .
and this is %wl + %wg + %wg, = -2 +?
2—2
-1

Finally, Projy .7 = ¥ — Projw® = 0. This happens, of course, because
v € W. 1 realize that there are a lot of calculations in this problem;
I trust you noticed that I went out of my way to keep them relatively
fraction-free. Between this one and problem 1, you should appreciate all
the complications that can can arise in this kind of calculation (and at
least some of the shortcuts).



3. For each of the following Hermitian matrices H;, find a unitary matrix U;
such that UfH ;U; is diagonal. Also find the diagonal matrix.

0 14 2 1 1 4 242 1—i
le(l. 3Z>,H2: 121 |, H=|2-2 6 -2
! 11 2 1+4i 26 3

Solution: The characteristic polynomial for H; is
A=2)A=3)— (-1 —d)(-1+1i) =M =5Bx+4=(A-—4(\ - 1).

2 —1—1 . . 1
41 — H, = 14 1 ,anelgenvectorls,(l_i).lH1
R S P torfor Lis [ " ° ). You will note that
14 _9 ; an e-vector for 1 is 1 . You will note tha

these e-vectors are orthogonal (as they must be) but not yet normalized;

1 —1—1
. _ L . .
the norm of each is \/g, so U = 7 ( 1 1 ) is unitary, and
4 0

0 1

T hope at least some of you recognize by sight (by now) that 1 is an e-value
of the matrix Hy — of multiplicity two — and that the only other e-value
has to be 4 (as the trace of Hy is 6 = 1 + 1 + 4). But anyway, the usual
calculation gives that det(A\] — Ha) = A2 —6X2 + 9\ —4 = (A —1)2(A —4).

Ul_lHl U, = UlTHl Ui = ( ) . [This is not the only possible answer.|

-1 -1 -1
I - Hy, = —1 —1 —1 |. This row-reduces almost immediately
-1 -1 -1
1 1 1
to 0 0 0 and it’s easy to find two independent e-vectors, say
0 0
-1 -1
U = 0 and U5 = 1 ; these are not orthogonal, so we re-
1 0
_1
oo 2
place the second one by v, — %ffl = 1 . Normalizing these
' 1
2
1
V2
two vectors gives us the first two columns of Us. They are 0
1
. V2
-/ 2 -1 -1
and % .4 — Hy, = -1 2 —1 |, which row-reduces to
1 1 —
v 1 1 2
1 0 -1 1
01 -1 A normalized eigenvector is % 1 ]. A possible
0 0 O



4.

unitary (in fact, orthogonal) U, such that U HoUs = is

&\‘\g%
S-S
o O
O = O
=~ O O

Us; =

" oSk

vz Ve
Here we skip some of the details. The characteristic polynomial of Hj is
1 144
A3—13A2+407A—36 = (A—2)%(A—9). 21— H3 row-reducesto [ 0 0
0 0

1
2

—1—i -1+
1 and 0 are e-vectors, but not orthogonal; we re-
0 2
1,1,
—5+ 32
3,3

place the second one using Gram-Schmidt to get 5t . Normal-

2
1 0 -1+
ized versions will show up in Us. 91— H3 row-reducesto [ 0 1 21
0 0 0
1—14
an e-vector is —2¢ |. Normalizing the three orthogonal eigenvectors,
1

I U

V3

1 -
422

7 —

1 -
— ==t
7

i | U HUs =

3

S

=

i+
+

o

we get Us =

=3l
o4
<

O O N
o N O
© O O

(a) Suppose that A is a symmetric matrix over the reals with nonnegative

eigenvalues. Show that there is a symmetric real matrix B such that
B? = A. [Such a matrix is called a square root of A.]
Solution: We know that there is an orthogonal matrix P such that
PTAP = D, where D is diagonal, and its diagonal entries are the
eigenvalues of A. We are assuming these are nonnegative, so each
has at least one real square root (usually two). Also, as PT = P71,
A = PDPT. Let C be a diagonal matrix where we replace each
diagonal entry of D by one of its square roots. Let B = PCPT —
note that B is symmetric since BT = (PTCP)T = PTCT(PT)T and
C = CT as C is diagonal. Now B? = (PCPT)(PCPT) = PC?PT =
PDPT = A. [Here we use that C is diagonal, so C? = D; we also
use again that PT = P~! as P is orthogonal.]

oo |

N[—=



2 1

1 1
1 2

Solution: We did most of the work already. With A = Hy and P = Uy

1 0 0

0 0
0 4

(b) Find a symmetric square root of the matrix

[ NGRS

from problem 3, we have PTAP = D = 1 . Let C =

0

0 0 4 1

1 0 ,soC’Q:D.WeletB:PCPT:% 1 4
1 1

I

0 0 2
and we have that B2 = A. (This is easy to check.)

5. Suppose that (a1,b1),...,(an,b,) are points in the plane R?. If n > 3, it’s
unlikely that there is a line going through all of them.

(a) Show that the line defined by y = ax + § goes through all of them if

aq 1
o N as 1
and only if ( 3 ) is a solution to A% = b, where A = )

a, 1
by
- ba
and b = )
by,

Solution: This is just a restatement. To say that < g > solves

AZ = b is the same thing as saying that ajo + 3 = b; for each
j =1,...,n. But that’s no different from saying that each point
(aj,b;) is on the line defined by y = ax + (.

As mentioned, this is usually impossible if n > 3. But the system
AT A7 = ATb frequently has a unique solution.

(b) Show that, if A is as above, and not all the values aq,...,a, are the
same, then AT A has positive determinant and hence there is a unique
solution to AT AZ = ATb.

Solution: Suppose that @ is the first column of A and T the second
column. Then @” and 17 are the rows of AT. AT A is the symmetric

. a-a a-l

2 X 2 matrix ( . 1.1 )

[Oh, I-1= n, but that’s not terribly important here.]

The determinant of A7 A is then (@-&@)(1-1) — (@-1)2. This is always
nonnegative by Cauchy-Schwartz, and the same theorem guarantees
that it’s strictly greater than 0 unless @ is a scalar multiple of 1.



That is det(ATA) > 0 unless a; = as = ... = a,. The system
(AT A)Z = ATb then has the unique solution & = (AT A)~1ATb.
[Incidentally, in case all the a;’s are the same, all the experimen-
tal data will be on single vertical straight line — this is extremely
unlikely.]

The solution < g

original system AZ = b, and the line defined by y = ax + 8 is the
line of best fit (to the data (a1,b1),...,(an,by)).

[The reason for this terminology is more or less as follows: If we want
to mimic our experimental data with a simple mathematical model,
we might “pretend” that it follows a simple formula, like y = ax + 5;
real life is rarely that simple, but sometimes it comes close. That
is, sometimes it reasonable to assume — on the basis of the data
you know — that a straight line model is approximately right. If
the given straight line defined by y = ax + 3 were a perfect model,
then aa; + 8 = b; for every j; if not, then aa; + 3 = ¢; for some c;,
which we hope is not too far from b;. If we trade in the o and 3 we
computed above for some other values a® and 3*, we’d get the line
y = o’z + B* and instead of ¢, we’d get ¢* with ¢j = a*a; + %, ¢

> is known as the least squares solution to the

will be in the space W spanned by @ and 1. The closest vector in this
space to b is Projwb and it can be shown that this is the ¢ described
above. That is, ||b— ¢]| < ||b — ¢*|| for any such ¢&*.]

(¢) fn =4 and (a1,b1) = (0,2), (a2,b2) = (1,3), (as,b3) = (2,5) and

(aq,bs4) = (3,6) find the least-squares solution to AZ = b, and the
line of best fit to the data (aq,b1), (az,bs), (as,bs) and (a4, bs).

0 1 2
. 11 ~ 3 7 I
Solution: A = 9 1 and b = 5 | It’s easy to see that AZ = b
3 1 6
has no solution. But ATA = ( 164 Z ) and AT = ( :13(13 ) The unique
solution to (ATA)Z = ATh is 7 = ( 13 . That’s the least squares

solution; the line of best fit is defined by y = 1.4x + 1.9.

[The method of least squares is frequently used in certain applications
of mathematics and statistics. If the data suggests some kind of model
other than a straight line (say a quadratic, or more complicated curve)
the method can be easily adapted.]



