MATH 223, Linear Algebra
Fall, 2007
Assignment 6 Solutions

1. Diagonalize the following matrices over R:

k=)
By

Solution: For each matrix A above, we compute the characteristic polynomial to find the eigenval-
ues, then for each eigenvalue, we find a basis of the corresponding eigenspace. Finally we determine
the matrix P such that P~*AP is diagonal.

(a)

We have

AA(t)det<[ 4_§ _1_§ D — - 3t-10=(t—5)(t +2),

so the eigenvalues are 5, —2. To determine bases of the corresponding eigenspaces, we find
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and

It follows that B := {{ } , [ _il)) ]} is a basis for R? consisting of eigenvectors for A.

Therefore, if we set

2 1
r=[1 ]
we have
_1 |5 0
par-[3 0]

Here we find
Aalt)=1>—3=(t —V3)(t +V3),

so the eigenvalues are /3, —v/3. We compute

E\/gnullsp<[; _H\/@.Iz>nullsp({l_2‘/§ _1i\/§]>span<[1+2\/§]>.

and

E_\/gznullsp<[; _H+\/§~12)=nuusp<{1+2\/§ 1i\/§]>:span<{1_2\/§]>.



It follows that B := { 1+2\/§ } ) [ ! _2\/5 } } is a basis for R? consisting of eigenvectors

for A. Therefore, if we set
[ 1+v3 1-V3 }
P= 2 2

we have

V3

PlAP—{ 0 —ﬁ]'

4 -5
2. LetA—[5 _4]

(a) Explain why A can not be diagonalized over R.
(b) Diagonalize A over C.

Solution: A short calculation shows that
Aat) =t +9.

It follows that A has no real eigenvalues, and hence that A is not diagonalizable over R. To
diagonalize A over C, we first observe that A has complex eigenvalues 37 and —3i. We find

Egi:nullsp< g :Z —3i-[2>:nullsp( 4_531 74_7531, ):span< 4—231 )

and

EBiZHUHSp( g :i +3i-12>=nuﬂsp< 4—2& —4_4?31' >:Span( 4_53l )

Thus, a basis for C? consisting of eigenvectors for A is: B := { [ 5 5

if

443 } , [ 4-3 ]} Therefore,

[ 4+3i 4—3i
S

we have

P‘lAP:[?’i 0 ]

0 -3

3. Let V be a finite dimensional vector space over a field K, and suppose that T : V — V is a linear
operator on V' with eigenvalues Ay,. .., \,, € K. For any nonnegative integer j, show that the linear
operator 77 : V' — V has eigenvalues \], ..., \/

Solution: Let V and T be as above, and let A be any eigenvalue of T'. If v is an eigenvector of T
with eigenvalue A, then by definition
Tv = v.

Applying the linear operator T' to both sides of this equation yields

T?v = T(\w) = AMTv) = A\(w) = Ao,



Repeating this procedure (i.e. applying T’; or by induction) we arrive at the equality
Tiv =N

for all positive integers j. Thus (as v is assumed nonzero) we see that v is an eigenvector of 77 with
eigenvalue A’ for any positive integer j. By convention, T%v = Iv = v and A\° = 1, so this equality
holds for j = 0 too.

. Let V = P5(C) be the complex vector space of polynomials with coefficients in C of degree at most
2, and consider the linear operator
L:V -V

defined by
L(ao + a1t + a2t2) = (ao — al) + (a1 — ag)t + (CLQ — U,O)tZ.
(a) Find all the eigenvalues of L (note that V is a complex vector spacel!).

(b) For each eigenvalue found in part a), determine a basis of eigenvectors for the corresponding
eigenspace.

(¢) Fnd a basis B such that [L]p is a diagonal matrix and determine [L]p.

Solution: Let E = {1,t,t?} be the standard basis of P»(C). To determine [L]g, we compute
L(1)=1—1¢ L(t) = —1+t, L(t*) = —t + 2. Thus,

1 -1 0
Lg=| 0 1 -1
-1 0 1
and hence
11—t -1 0
A, (t) = det 01—t -1 =(1—-t)1—=1)%—1(=1)(=1) = —(¢3 — 3t> + 3¢).
-1 0 1—t

The eigenvalues of L are therefore the complex roots of t3 — 3t? + 3t = t(t? — 3t + 3), so by the
quadratic formula (for example) are:

_3+V3 373

0
& 2 2

To determine a basis of each corresponding eigenspace of L, we first determine bases for the

eigenspaces of [L]g (and then translate to bases of the eigenspaces of L using coordinate vectors).
We find:

1 -1 0
FEy = nullsp 0 1 -1
-1 0 1
Row reducing, we have
1 -1 0 1 0 -1
0 1 -1 |~]0 1 -1
-1 0 1 0 0 O



SO

1
FEy = span 1
1
Similarly,
1 -1 0 l—-a -1 0
E, = nullsp 0 1 -1 | —a-I3]| =nullsp 0 l—-a -1
-1 0 1 -1 0 11—«

We then row reduce to determine a basis, using the formula (1 — )3 —1=0

l—a -1 0 0 -1 (1-a)? 0 -1 (1—a)? 1 0 —-l4o«
0 l—a -1 ~ 0 1-« -1 ~ 0 0 —-1+(1-aP |~ 0 1 —(1-0a)?
-1 0 1—a -1 0 1—a -1 0 1l-—«a 0 0 0
We conclude that ~ _
(1-0a)
E, = span (1—a)?
- 1 -
A similar calculation shows that
1w ]
Ez = span (1—a)?
1

It follows that

~1-v=3 —-1++/-3
et

t2
2 ’

—14+v/=3 —-1--3
B::{1+t+t2, +2 + t+t2}

2

is a basis of P»(C) consisting of eigenvectors for L, and we have

[L]p =

coo
oQ o
ol oo

5. Consider the Fibonacci sequence defined recursively by Fy =0, F; = 1 and
Foio=F,41+F, forn>0.

(a) Compute F,, for n < 10.
(b) Show that the F,, satisfy the matrix equation

Fn+2 _ 11 Fn+1
Fn+1 B 10 Fn .



(c) Diagonalize the matrix
1
.y

1
NE
(d) Show that for all n, we have the formula
1 ((1+v5) [(1-v5)"
Fn = = -
/5 2 2

(a) We readily compute the first 11 Fibonacci numbers to be:

Solution:

0,1,1,2,3,5,8,13,21, 34, 55.
(b) The matrix equation is equivalent to the system of equations
Foio=Fyp1+F, Foiy1 = Fay;

the second equation is tautological, while the first is the defining relation of the Fibonacci

sequence.
(¢) The characteristic polynomial is
2 —t—1,
so the eigenvalues are
1+V5 __1-5
p=—7 and p:= 5 =1-—p.

We easily determine that the corresponding eigenspaces are

Ep:nuHSp([ el D :Span([ i D
and EpnuHSp({le _1pDSpa“<HD'

Thus, if we set
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we have

-1 _| P
P AP_{0

o
I
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or what is the same thing, A = PDP~!.



(d) From part b), we easily deduce the equality
For ] [1 1771
E, |10 0
for every nonnegative integer n. Using part c), we get

[ Frsa } = (PDP~ )" [

1
F, 0

However, from a previous assignment, we have
(PDP~ )" = PD"P!,
so we get
VLT A
F, 11 0o p"

which is the desired equality.
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