MATH 223, Linear Algebra
Fall 2004
Solution to the Midterm exam

3

1. (a) Find all solutions in the complex numbers to the equation 23 = 1

5
Solution: Clearly % is the only solution in the real numbers. But
there are two more in the complex numbers. They are %e% =
11 4 ;33 14 ,V3 14 10 1 ,V/3Yy _ _1_ ;3
33 i) = —1t i2 and ges" = 3(—3 - i) = —§ —i g
This is because (e )3 = (5 )% = €™ = 1. Another way to see
this is to factor z* — § as (z — 3)(2® + 2 + 1) and to complete the

square to find the roots of 22 + %z + i. This quadratic factors as
(z—(-% - Z%))(Z —(-i+ 2%)) and we get the roots that way.

—; L

(b) Let A = < 32il 1; ) Show that A is invertible; let A=l =
a b

c d

and |d|.

Solution: First notice that - = (:1)(3=) = %, Now the de-

1+

terminant of A is (3 —4)(2) — (45%)(2i) = 5 — 3i # 0, so the ma-

. Find the largest and smallest of the numbers |a|, |b], |c|

1

trix is invertible. Its inverse is A™! = - 2 . 2, and
5-3i\ 24 3—1

|a| = |533i| = \/%, |b| = |17017J’;L| = \/%7 |C| = |5:2?;Lz| = \/% and

d = |2 = %. |b| is the smallest of these and |d| is the largest.

B—i)z1 + Hr2 = 2
2121 + 219 = 1—-3°
Solution: It’s usually easier to do this by row-reduction, but since we

_ 1
have the inverse handy we just find A=1¢ = 13i< 2 2 ) < 2 ):

(¢c) Solve the system of linear equations

‘ 5 2 3 1—i
5_13i<24;|-8ii>(112+2i).x112+iand121i.
0 0 2 6 -1
2. Let A= Bl *02 } § *01
2 4 0 -2 0

(a) Find a basis for each of the column space, row space, and null space
of A.

Solution: We row-reduce the augmented matrix (A|b) where b =



22 to get (using Ry — R4+ 2Ry and Ry — Ry — 2R3)
3
by
0 0 0 0 —1 | b —2bs
-1 -2 1 4 -1 | bo
0 0 1 3 0 | b3
0 0 2 6 —2 | by+2b
Next we do Ry — R4 — 2R3, Ry — Ry — R3 and Ry — —R;
0 0 00 1 | —by + 2by
-1 -2 0 1 -1 | by — by .
to get 0 0 13 0 | bs . Finally, we do
0 0 0 0 —2 | by+2by—2b3

Ry — Ry + 2Ry, Ry — Ry + Ry, then Ry — —Rs and switch
the rows to get the RREF form. (With the extra column) it is

1 20 -1 0 | by — by — b3
001 3 0 | b3 .
000 0 1 | by + 2bs . Ignoring the extra
0 0 0 0 O | by—2by+2by+ 203
column for now, we find that a basis for the row space is

{(1 20 -10),(00130),(00 0 0 1)} Look-

ing at the corresponding columns of the original matrix, we see that

0 2 -1
. . -1 1 -1

a basis for the column space is { 0 IEEE 0 }. For
2 0 0

the null space we have x1 +2x9 — x4 =0, x3+ 324 =0 and x5 =0
Setting x4 = t and xo = s, an arbitrary element of the null space

T —2 1
xT9 1 0
is | 3 =3 0 +t| —3 |. A basis for the null space is
T4 0 1
Is 0 0
-2 1
1 0
then {| O 1 =3 1}
0 1
0 0

(b) Find a system of linear equations (possibly just a single equation)
such that the set of solutions to the system is just the column space
of A.

Solution: This is what the extra vector b was for. A vector b is in the



3.

column space if and only if you can solve the system AT = b. From the
reduced matrix, it is clear that this occurs if and only if by —2b1 +2b3+2by =
0; this is the equation we seek. (You can easily directly check that all the
columns of A satisfy this equation.)

(a) Let V be the vector space K2 over K, where K is either R (the reals)
or C (the complexes) as the case may be. For each subset U C V,
determine whether or not U is a subspace of V; justify your answers.

i.

ii.

iii.

T
U={| v | :z,y,2€ R,xzz=0}; K =TR.
z
Solution: This is not a subspace, because it is not closed under
1 0
addition. For instance, 0 and 0 are in U, but their
0 1
1
sum | O | isn’t.
1
x
U={| vy |:2,y,2€C,2®>+y*+22=0}; K=C.
z
Solution: Again, this is not a subspace, and for basically the
1 0
same reason. i and 1 are both in U, but their sum

i
1
1+i | isnot. (124 (144)? +i%=2i #0.)
i

x
U={| vy | :2,y,2eR, 22 +y°>+22=0}; K=R.
z
x
Solution: The only real vector | y | satisfying 22 +y%+22 =0
z

is the zero vector; we must have z =y = z = 0. So U = {0}
which is the trivial subspace. (Incidentally, yes it IS a subspace.)

(b) Let V be a finite-dimensional vector space and U C V' a subspace of

V.

Show that dim(U) < dim(V). Show further that if dim(U) =

dim(V), then U = V.

Solution: Suppose that {1, ..., %, } = B is a basis for U, so that U
is m-dimensional. This set of vectors in V' is independent, and thus
can be expanded to a basis for V, which therefore has a basis with
at least m elements. That is, dim (V) > dim(U).



In case the dimensions are equal, we don’t need to (and can’t) add
any more vectors to B to get a basis for V', so Span(B) = V. But
Span(B)is U,so U =V.

4. Let V' = Py(t), the space of polynomials of degree < 2. Then B =
(p1, p2, p3) is an ordered basis for V', where p1(t) = (t — 1)?, pa(t) =t — 1
and p3(t) = 1. Let q1(t) = (t +1)2, q2(t) = (t — 1)2 + t and ¢3(t) =t — 1.

(a) Show that B’ = (q1,¢2,¢3) is also a basis for V, and find the change

of basis matrix from B to B’ and from B’ to B.

Solution: Since B’ has the right number (three) of vectors, we just
need to check that it’s independent. But if a1q1(t) + a2q2(t) +
a3qs(t) = 0 — where the zero on the right refers to the zero polyno-
mial — then (a; +a2)t? + (2a1 —az +a3)t+ (a1 +az —a3) = 0. This is
for every t; so we must have a1 +as = 2a1 —as+a3 = a;+as—az = 0.
Adding the last two equations, we see that 3a; = 0, so a; = 0 and
from the first equation as = 0 and then from either of the last two
equations, ag has to be 0, too. Thus no nontrivial linear combo of
g1, g2 and g3 can be zero; thus B’ is independent, and hence a basis
of P2 (t)

q(t)=((t—1)+2)2 = (t—1)2 +4(t — 1) + 4, so the first column of
what I call pPps (the change-of-basis matrix from B to B’) has 1,4
and 4 in it (in that order). qo(t) = 1(t — 1)? + 1(t — 1) + 1, so the
second column is all 1’s. And the third column is 0,1,0. The matrix

110
is pPp: = 4 1 1 |. p/Pp (the change-of -basis matrix from
4 1 0
Loy
B’ to B) is the inverse of this; it is 3 0 —1 |. [This can also
0 1 -1

be found directly.]
Compute [p]p’, where p(t) = ag + a1(t — 1) + ag(t — 1)°.

i)

1 1
@2 -3 0 3
Solution: [p|p = | a1 |,so[pls = Pglpls = oo -1
o 0 1 -1
—3as + $ag
s~ do
ay — aop

5. Let V.= M32(R) be the vector space of real 2 x 2 matrices. Let C' =

(

2
1

_11 ) Define the transformation L : V — V by

L(A) = CA —2A"T, where AT is the transpose of A.



(a)

Show that L is linear.
Solution: The particular numbers in C' are irrelevant here.

T(A1+Ag) = C(A1+A2)—2(A1+A45)T = CA +C A, —2AT —2AT = T(A)+T(Ay)

for any 2 x 2 matrices A; and As; also for any 2 x 2 A and scalar r,
T(rA) = C(rA) —2(rA)T = r(CA - 2AT) = rT A. This verifies that
T is linear.

1 0 0 1 0 0 0 0
LetB—{(O O)’(O O)’(l O)’(O 1)},y0umay

assume that B is a basis for V. Find [L]p.

Solution: First note that the space is 4-dimensional, so [L] g will be a
4 x 4 matrix. If we label the matrices in B as Ey, Es, F3 and Ey (in

thatorder)wehaveLE1:<§ _11)((1) 8>_2(é 8)2

( (1) 8 ) =0E14+0E>+1E3+0FE,. Similarly, LE; = ( 32 % > =
-1 -2

0B\ +2E; —2B3+1Ey, LE; = (|

0E4 and LE, = < 8 j ) =0F, —1E;+0E3 — 1E, and thus [L]

0 0 -1 0
0o 2 -2 -1
1 -2 1 0
0 1 0 -1

Is L singular or nonsingular? Justify your answer.

) = —1E, —2E>+1F5+

is

0 -1 0

Solution: The determinant of [L]gisldet [ 2 —2 —1 | (expand-
1 0 -1

ing down the first column), and expanding along the first row, this is

1(—(—1))det ( ? :1 ), which —1 # 0. The matrix is nonsingular,

so L is, too.

d d
1 _ -
det ( 3a+2a" 2¢—9a — 6a )

!/ /
Suppose that det( Z b ) = 5 and det( Cé b ) = —2. Find

3b+20  2d —9b — 6V
Solution: First we take the transpose of that last matrix; this doesn’t
3a + 2d’ 3b+ 20
2¢ —9a — 6a’  2d — 9b — 60’
Next we perform the row operation Ry — R + 3R;, again with
3a+2a 3b+ 2V ) The de-

affect the determinant. AT = (

no change of determinant. We get ( 9% 92d



! /

terminant of this baby is det ?;z 32 + 2262 222 . The first
of these determinants is (3)(2)(5) and of the second is (2)(2)(—2),
(The first of these comes from factoring 3 from the first row, and
2 from the second row; the other one is similar.) As 30-8=22, the
determinant called for is 22.

. B C
Let A be a 4 x 4 matrix of the form ( 0 D
are 2 X 2 matrices, and 0 represents the 2 x 2 zero matrix. Show that
det(A) = det(B)det(D).
Solution: This can be done directly by expanding down the first
column, and then calculating the two 3 x 3 determinants you need
by expanding down their first columns. Tedious, but effective.

), where B, C' and D

The right way to look at this, though, is in terms of row operations.If
b . . .
B= ( (CI d ) and a # 0, we turn B into an upper triangular matrix

by a single row operation Ry — Ry — R, not affecting he deter-
minant. Performing the same operation on A again doesn’t change
!

the determinant and produces ( B;) g >, where B’ = ( g 5, )
In case a = 0 and ¢ # 0, we have to do a row-switch to both B
and A to get the same kind of result. (Changing the sign of both
determinants.) If a = ¢ = 0, of course both det(A) and det(B) are
Zero.

Next, if D = ( ; £ ) and e # 0, we row-reduce D to get D' =

0 n
its determinant. (Again, if e = 0 but g # 0 we do a row-switch on
both D and A.) After we do this we have upper-triangular matrices
A’, B" and D' and it is clear that det(A’) = ad’'eh’ = det(B’)det(D’).
(Small point: if e = g = 0 then both det(A) and det(D) are zero.)
The reason this is the right way to look at this problem is that it
generalizes — if B is an n X n matrix, D an m X m matrix, C' an
n X m matrix and we just write 0 for the m x n zero matrix, then

( Bc > = det(B)det(D); essentially the same reasoning applies.

( e f ) ; using the corresponding row-operation on A doesn’t change

0 D



