REDUCTIONS OF 2-DIMENSIONAL SEMI-STABLE REPRESENTATIONS
WITH LARGE L-INVARIANT
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ABSTRACT. We determine reductions of 2-dimensional, irreducible, semi-stable, and non-crystalline
representations of Gal(Q, /Q,) with Hodge-Tate weights 0 < k—1 and with L-invariant whose p-adic
norm is sufficiently large, depending on k. Our main result provides the first systematic examples

of the reductions for k > p.
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1. INTRODUCTION

Let p be a prime number and @p be an algebraic closure of the p-adic numbers Q,. The goal
of this article is to determine the reductions of certain 2-dimensional p-adic representations of
Go, = Gal(Q,/Q,) that are semi-stable and not crystalline in the sense of Fontaine ([12]). Examples
of such representations arise from local p-adic representations associated with eigenforms with
To(p)-level.

1.1. Main result. Write v, for the p-adic valuation on Q,, normalized so that v,(p) = 1. Choose
w € @p such that @? = p. Then, for each integer k > 2 and each £ € @p, there is a 2-dimensional
filtered (¢, N)-module Dy, » = @pel @ @peg where, in the basis {ej, ea}, we have:

. Di.r if i <0;
0 00 _
(1.1) = (f} wk_2> N = (1 0) Fil' Dpp =@, - (e1 4+ Lez) if1<i<k—1;
{0} it k<.

Each Dy, o is weakly-admissible, so a theorem of Colmez and Fontaine implies there is a unique
2-dimensional @p—linear representation Vi o of Gg, such that Dy = D} (Vi.c). Up to a twist by
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a crystalline character, the representations Vj, » enumerate all @p—linear 2-dimensional semi-stable
and non-crystalline representations of Gg,. They are irreducible except if k = 2.

We aim to determine the semi-simple mod p reductions V » of Vi . Twenty years ago, Breuil
and Mézard determined Vi, for even k < p and any £ ([6, Théoreme 4.2.4.7]). Guerberoff and
Park did the same, recently, for odd k < p ([14, Theorem 5.0.5]). The reader who takes a moment
to examine the cited theorems should be left with an impression of the complicated dependence of
Vi on L, and that is just for k < p.

Prior results are limited by their ambition to determine Vo for all £. Here, we focus on
determining Vi, » for any k while restricting to £ that place Vi ¢ in a p-adic neighborhood of a
crystalline representation (see Section . Write Q2 for the unramified quadratic extension of
Qp, x for its quadratic character modulo p, and wo for a niveau 2 fundamental character on GQp2‘

Theorem 1.1. Assume k > 2, p # 2 and if p =3, then k > 4. Then, if
k
0p(L) <2 5 — vp((k— 2)),
T~ Gop [ k-1
then Vi o = Indg , (w5 x)-

To be accurate, our method proves Theorem when k£ > 5 or p = 3 and k = 4. The theorem
holds for small k& by the work of Breuil-Mézard and Guerberoff-Park. It is unclear if the theorem

holds for p = k = 3. Regardless, that case could be included with a weaker bound (see Remark
. Our exclusion of p = 2 is more fundamental (see Remark .

Remark 1.2. The bound in Theorem [1.1]is optimal for k < p by the results of Breuil-Mézard and
Guerberoff-Park. We do not know to what extent the bound is optimal, in general. A global
example discussed in Section shows that the v, ((k — 2)!)-term cannot be entirely removed (at
least when p = 3).

Theorem [I.1] is a natural analog of widely-studied theorems that determine reductions of 2-
dimensional, irreducible, crystalline representations of Gg,. For instance, Buzzard and Gee ([§])
developed a strategy to determine reductions of certain crystalline representations, with unbounded
Hodge—Tate weights, using the p-adic local Langlands correspondence. We do not know whether
such an approach for semi-stable, but non-crystalline, representations has been tried or, even, if
such an approach is feasible.

Another approach in the crystalline case is via integral p-adic Hodge theory. Berger, Li, and Zhu
and Berger proved local constancy results for reductions of crystalline representations using Wach
modules (4, 3]). Recently, the first two named authors of this article improved the Berger-Li-Zhu
result using Kisin modules ([2]). Those are what we will use here, also. One incentive to write the
prior article was as training to conduct the current research.

1.2. Overview of strategy. We now describe our strategy, first re-contextualizing Theorem
through the lens of local constancy of reductions as in [4], 3] [2].
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The parametrization of semi-stable and non-crystalline representations by £ € @p extends to
a P! (@p)—parametrization with a crystalline representation at co. Namely, for £ # 0 we consider

Dy,  with basis {€],e5} = {e1, Lea} in which case, rather than (1.1]), we have

L Dy, if 1 <0
w 0 0 0 17 = / / . .

(12) Y= 0 wk*2 N = E*l 0 Fil Dk,ﬁ = Qp . (el + 62) if 1 < < k — 1’
(0} if k< il

Thus, Dgr — Dg oo as L1 — 0, where Dy, o is the filtered (o, N)-module with the same ¢ and

filtration as but with N = 0. In fact, Dy oo = Dgyys(Vioo) Where Vi o is a 2-dimensional

crystalline representation of G, whose Frobenius trace is a) = "2 + wF. Replacing the filtered

(¢, N)-modules with Galois representations, we have Vi, o — Vi o as L7 — 0 (see the description

in [9, Section 4.5-4.6] in terms of the space of trianguline representations, for instance). Thus,
k—2

Ve = Voo for L1 — 0. Furthermore, v,(ap) = %52 and so L%J < vp(ap), except if p=2or k

— G
is small, and so V', o = Inngp2 (wh=1x) by [2, Corollary 5.2.3]. We have reduced the theorem to
P

the question: at which point as £~' — 0, do we have V/.@E & Vkpo?

We recall the relationship between reductions and Kisin modules, now. To ease notations, assume
for the remainder of this subsection that £ is even and £ € Qp, so Vj, o and V}, o, are defined over
Qp. Let & = Zp[u], and write ¢ : & — & for the Frobenius map ¢(u) = u”. Then, consider the
category Modé’gk_1 of p-modules over & with height < k — 1 ([15]). Objects in this category,
which are called Kisin modules, are finite free G-modules 91 equipped with a p-semilinear operator
¢ : M — 9 such that the cokernel of the linearization p*9M — 9N is annihilated by E(u)*~1,
where E(u) = u + p. When 9 satisfies the monodromy condition, Kisin’s theory constructs a
canonical semi-stable representation Viy such that DX (Vop) = 9t/ud[1/p], for a certain filtration
and monodromy on the right-hand side. Furthermore, Viy is determined by 9/p9t[u~!] as a
p-module over [, ((u)).

The challenge in calculating Voy this way is determining 9t from Viy or, equivalently, D (Vay).
That task was carried out for Vi o in [2, Theorem 5.2.1]. The heart of this article is a two-step
argument to do the same for Vi , as £~ — 0. The presence of non-trivial monodromy makes our
task significantly more delicate than the crystalline case.

First, we make use of a category intermediate between filtered (¢, N)-modules and Kisin modules.
Namely, write Modﬁ(’@ik_l for the category of yp-modules over Sg, = Zp[u, %]][]%] with height
< k — 1. This category is close to certain filtered (¢, N)-modules considered by Breuil ([5]).

Adapting Breuil’s work, we explicitly construct a canonical object My, » € Mod?(’@gﬂ_1 such that if
P

M e Modé’gk_1 and My = Mg Sg,, then Vop = Vi . Explicit means, for any (non-zero) L,
we determine a basis of My, » and an exact formula for ¢ in that basis. This is where we overcome
the difficulty of non-trivial monodromy on Dy, .

The second step is to descend My, ¢ from Sg, to & when £~ — 0, thus producing an 9t for Vi,c.
Here, we view Sq, as subring of Rz, where Ry is the ring of p-adic rigid analytic functions on |u| <
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p~ /2 (using that p # 2). Section 4 of [2] presents a row reduction algorithm for semilinear operators
that, under certain conditions, can descend from Ry to &. Specifically, the main theorem in loc.
cit. gives a sufficient condition to descend My, o ®sq, Rs to &. Saving the details for later, we use

the explicit calculation of M, £ to check those conditions are met when v, (L) < 2— % +v,((k—2)!).

Remark 1.3. We exclude p = 2 twice. The second time, when we embed Sg, into Ry is likely
technical. However, we also exclude p = 2 when referencing the calculation of Vkpo in [2], and that
seems crucial: our strategy is based not just on knowing Vk,oo, but also how to construct a Kisin
module for V . Including p = 2, here would necessarily require calculating V;wo when p = 2 as

— G
well. We note the formula V' o, = Inng” (wg_l X) should still be true, but we cannot justify it.
P2

1.3. Global context. We end this introduction with a discussion of the global situation. Suppose
N >1and f =) a,(f)g" is a cuspidal (normalized) eigenform of level I'1(IV), weight k > 2, and
nebentype character ¢;. Eichler-Shimura and Deligne famously associated to f a 2-dimensional,
irreducible, continuous representation V; of Gal(Q/Q). We normalize V} so that for £ { Np the
restriction V¢|p, to Dy, a decomposition group at ¢, is unramified and the characteristic polynomial
of a geometric Frobenius element is t2 — ag(f)t+17(¢)¢(*~1. The representation V|p, is semi-stable
when p? t N and the conductor of ¢ is prime-to-p; it is crystalline when p { N ([19]).

We assume now that Vy|p, is semi-stable and non-crystalline, in which case we define the L£-
invariant of f to be the unique Ly € @p such that V¢|p, = Vir ;- The L-invariant defined this
way is called the Fontaine-Mazur L-invariant ([I3]). It is a local quantity, but it famously arises
in global situations. Examining how it arises allows us to provide global examples where Theorem
applies and to connect L-invariants to global phenomena on p-adic families.

Theorem determines (V¢|p,)™ in arbitrary weights k > p as long as v,(Ly) is sufficiently
negative, but it is not immediately obvious that eigenforms exist with v,(Ls) so negative. Using
the presence of L-invariants in the exceptional zero phenomena for p-adic L-functions, Pollack has
written computer code that calculates L-invariants, form-by-form, in level T'g(/N) where p divides
N exactly onceﬂ In Table|l} we partially list the p-adic valuations Pollack’s code found when p = 3
and N =51 = 3-17. The bound in Theorem [L.1]is v3(£y) < 0 in weight k = 4 and v,(Lf) < —2 in

TABLE 1. 3-adic valuations of some L-invariants.

v3(Ly) for newforms f € Si(I'o(51))
~9,-1,0,0,...
~3,-2,-2,-2,-1,...

3 3 3 3
_37_37 T2y T 9y T 9 _57_17 cee

o O |

weight k = 6, so Table 1| provides examples where Theorem applies in those weights (though not
in weight 8). We can also test the boundary case when k& = 6. In fact, since Pollack’s code works

Ipollack’s code, which requires MAGMA to run, can be found in a github repository
https://github.com/rpollack9974/L-invariants|


https://github.com/rpollack9974/L-invariants

REDUCTIONS OF SEMI-STABLE REPRESENTATIONS 5

form-by-form, we can say that among the eigenforms h with v3(Ly) = —2, two of them satisfy

— G

Vilp, = Inng’“ (wh™1x) ® w where w is the mod 3 cyclotomic character. Thus, Theorem |1.1|does
p2

not extend to v,(Ly) = —2 when p = 3 and k = 6.

The L-invariants also arise, globally, from p-adic families. Namely, f lives in a p-adic family
of eigenforms parametrized by weights k € Z, and Ly = —2dlogay(k) = —2% ([10L Corollarie
0.7]). This appearance reveals an obstruction to the “radius” of the largest “constant slope” family
through f. Indeed, for p # 2, [I, Theorem 4.3] implies vp(ﬁgl) < m(f) where m(f) is the least
positive integer such that f lives in a p-adic family of eigenforms f" with vp(ap(f’)) = vp(ap(f))
and weight &' = k mod (p — 1)p™(/). So, ruling out exceptions to Theorem we have v,(Lf) <

2 — % —u,((k —2)!) implies

° (Vf]Dp)ss = Indgg; (wg_lx), and

e m(f)> g -2+ v,((k—2)) = %—i—%.
To connect these, if & Z 1 mod p + 1, then Vf| D, is irreducible. On the other hand, condition
(2) generically implies m(f) > %52 = v,(ap(f)). The fact that m(f) > v,(ap(f)) occurs in a
situation where Vf\ D, is irreducible is not a coincidence. It follows a pattern of counter-examples
to a conjecture of Gouvéa and Mazur, which is related to the m(f), found by Buzzard and Calegari
(I7]). See [1, Section 9] for more discussion.

1.4. Acknowledgements. We owe the heuristic reframing in Section to comments by Lau-
rent Berger and Christophe Breuil during the conference “Géométrie arithmétique, théorie des
représentations et applications” at the Centre International de Rencontres Mathématiques (CIRM)
in Luminy, France. Part of this collaboration also took place during the workshop “Moduli spaces
and modularity” at Casa Matematica Oaxaca (CMO). We thank both Berger and Breuil for their
comments and both CIRM and CMO for their hospitality. Finally, we thank Robert Pollack for
generously computing the examples described in Section [I.3] above.

J.B. was partially supported NSF Grant DMS-1402005. B.L. was supported by a grant from the
Simons Foundation/SFARI (#585753).

2. THEORETICAL BACKGROUND

In this section, we recall filtered (¢, N)-modules and Breuil and Kisin modules. We explain,
in theory, how to calculate a finite height ¢-module, over a ring larger than &, associated with a
filtered (i, N')-module (Theorem [2.7). In Section [3| we carry this out in practice in a special case.

2.1. Notations. Let k be a finite field and W (k) be the Witt vectors over k. Set Ko = W (k)[1/p]
and assume K/Kj is a totally ramified extension of degree e. Let Ax be the ring of integers of
K, m € Ak a uniformizer and E = E(u) € W(k)[u] its Eisenstein polynomial. Choosing my = 7
and 7, 7o,... a sequence in K such that ﬂf 41 = ™, we let G be the absolute Galois group of
ligK(m). Let O C Kp[u] be the rigid analytic functions on |u| < 1 and & = W (k)[u] € O. The
action of ¢ on Ky[u], by the Frobenius on Ky and ¢(u) = u?, preserves & C O C Ky[u].
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We also choose F//Q), a finite extension, which will play the role of linear coefficients. In Section
we assume F' contains a subfield isomorphic the Galois closure of K. We write A C F' for the
ring of integers and I for the residue field. Define G5 = & ®z, A and O = O ®k, F. Extending
¢ linearly, we have p-stable subrings of &y C Sr C (Ko ®q, I')[u], where Sp = 6[[%]] ®q, F.

2.2. Kisin modules. Let R C (K ®q, F)[u] be a p-stable subring containing £. A ¢-module
over R is a finite free R-module M equipped with an injective p-semilinear operator ¢ : M — M.
Let Modg be the category of ¢p-modules over R with morphisms being R-linear maps that commute
with ¢. For a ¢-module M, write p*M = R®, g M, so 1®p)s defines an R-linear map ¢*M — M
called the linearization of ¢. For h > 0, an element M € Mod?, has (F)-height < h if its linearization
has cokernel annihilated by E". The subcategory of ¢-modules over R with height < h is denoted
Modg’gh. A Kisin module over G with height < h is an object in Modé’fh.

Let MF?’N be the category of positive filtered (y, N, K, F')-modules, which we shorten to just
filtered (¢, N)-modules over F' (see [6, Section 3.1.1]). For D € MF?N set Dg = K ®k, D; here,
positive means Fil® Dg = Dg. Let Rep?’h be the category of F-linear semi-stable representations V'
of Gk whose Hodge-Tate weights lie in {0, ..., h}. Then, there exists a fully faithful, contravariant,
functor

DZ : Repy™ — MF2Y

whose image is the subcategory of weakly-admissible filtered (¢, N)-modules over F' (see [12] [11]
and [0, Corollaire 3.1.1.3]). For V € Repiﬁ’h and T' C V a G-stable and A-linear lattice there
exists, by [I7, Theorem 5.4.1], a canonical Kisin module 9t = 9M(T") over S, with height < h. Any
choice of M determines the semi-simple mod p reduction V = (T/mpT)* (|2, Corollary 2.3.2]).
One category that intervenes in determining an 9t associated with V' is the category of (¢, Ny )-
modules over Of ([I5]). Let A =[50 ¢"(E(u)/E(0)) € Op. An object Mo, € Modé’;vv is a
finite height p-module over Of equipped with a differential operator Ny lying over —u)\% on Op

and satisfying Ny = p%@Nv. By [15, Theorem 1.2.15], we have quasi-inverse equivalences of

categories
Do,
PN & »,N
(2.1) MF% Modg V.
Mo,

For s > 0, write O; for the Op-algebra of rigid analytic functions converging on |u| < p~—*.

Proposition 2.1. Suppose M € Modé’fh, Ve Repif’h, and s is such that 1/pe < s < 1/e and
M s, Os = Mg, (D5(V)) @0, Os in Modé’fh. Then, 9 = IM(T) for some T CV as above.

Proof. Since s < 1/e,  lies in the disc |u| < p™*. Since M ®s, Os = M, (D (V)) ®op Os, [2
Corollary 2.2.5] implies that Mp,. := M ®g, OF is canonically an object in Mod%’;vv. Then, [17,
Theorem 5.4.1] implies that there exists a V' € Repiﬁ’h such that 9 = M(T') for a lattice T C V'
for some T'. We claim that V' = V', Indeed, since 1/pe < s < 1/e, the definition of Dy, (Mo, ) in
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[15, Section 1.2.5-7] depends only the finite height p-module Mo, ®o, Os over O,. Thus, we have
D4(V') = Do, (Moy) = Do, (Mo, (D5(V))) = DG(V).

Since D% is fully faithful, we have V = V', completing the proof. O

Remark 2.2. To be accurate, the equivalence (2.1)) is constructed in [15] only when F' = Q,. We

use multiple references with the same technical limitation. We pause to detail one approach to

resolving the issue. Later, we omit details for other functors.

First, we may define the functors Dy, and M, using the same formulas as (2.1]), or, equiva-
lently, we can define them by forcing the diagram

Do
F
MFZN T Mod%™”
\_% F
Mo,
forget forget
Do
<P7N — 4107NV
MFQp Mod;
Mo

to commute. Here, the vertical arrows are the natural forgetful functors and the bottom arrows
are as in [I5], where they proved to be quasi-inverses. If Mo, € Modé’évv, we thus have a natural
isomorphism o : Mg, (Dp, (Mo,)) = Mo, in Modé’NV. Since multiplication by x € F' defines an
endomorphism of Mp,, in Modg’Nv and « is natural, we see « is an isomorphism in Modg’ﬁlv. Thus,

Mo, is a left quasi-inverse to Dy ,.. Proving Dy, is a right quasi-inverse to M, is analogous.

2.3. Breuil modules. Let Sp, be the p-adic completion of the divided power envelope of W (k)[u]
with respect to the ideal generated by E. Breuil ([5]) classically identified MFa’pN with a category
of filtered (¢, N)-modules over SBr[%]. We recall this, replacing Sg; with a simpler ring.

One can the extend Frobenius ¢ to Ko[u] via ¢(u) = uP. We define N = —u-% on Ko[u]. Let
§E be the E-completion of SBr[%]. For a subring R C §E and j > 0, set Fi R = RN FiSg.
In particular, we can take R = S := W(k)[u, %]] As a subring of Ko[u], S is closed under ¢
and N. We define Sy = S ®z, A and Sp = S ®z, F, extending o, N, and Fil* linearly. Thus,
Fil! Sy = EJSp. This is one advantage S enjoys over Sg;. Note as well: Sy is an Op-algebra and
¢(E) = pc with ¢ € $*. In particular, ¢(A) € S* C Sf.

The category MF?;N of filtered (¢, N)-modules over S, or Breuil modules over Sg, are objects
(D, pp) € ModgF such that the linearization of (p is an isomorphism, and D is equipped with:

e a decreasing filtration Fil®* D by Sp-submodules such that FilD = D and Fil' Sp - Fil D C
Fil‘*7 D for all 4, > 0;
e an operator Np : D — D that acts as a derivation over N, and
— Npyp = pppNp, and
— Np(Fil'D) C Fil'"! D for all i > 1.
A morphism in MF?FN is an Sp-linear map equivariant for ¢, N, and Fil®.
We define a functor D : MF?’N — MF?}N as follows:
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D:=D(D)=SFp ®Ko@g, F D as an Sp-module;
® Yp = Y X ¢p;

Np=N®1+1® Np;

Fil’(D) = D and

Fil'(D) = {z € D | Np(z) € Fil' ! D and (ev, ®1)(x) € Fil’ D¢}
for ¢ > 1.

Here, evy : Sp — F ®q, K is the scalar extension of ev, : W (k)[u] — A, the evaluation at m map.
Theorem 2.3 (Breuil). The functor D : MF?’N — MF?;N is an equivalence of categories.

Breuil proves in [5, Section 6] that D is an equivalence of categories when F' = Q, and S is
replaced by Sp;. That one can replace Sp; by S is known to some, but there does not appear to
be a reference. The only step in the proof of Breuil that requires honestly new justification is the
following analogue of [5, Proposition 6.2.1.1]. (This version is even easier to prove.)

Lemma 2.4. Let D € MF?FN and D = D/uD. Then, there exists a unique F ®q, Ko-linear
p-equivariant section s : D — D of the reduction map.

Proof. First, suppose F' = Q, and let (€1,...,€4) be an S[%]—basis of D. Write pp(ei,...,eq) =
(€1,...,64)X and set Xo = X mod u. Then, X € p* Maty(S), X;* € p’ Maty(W(k)), and XX, ' €
I + up™ Matgy(S) for some k,¢,m € Z. As in the proof of [5, Proposition 6.2.1.1], we need to show

Yo = Xop(X) - " (X)e" (Xg 1) o(Xg X!
converges in Matd(S[%]) as n — oo. But, in the notation above,
Yy, — Vo1 € " (u)p"FHOTm Maty(S).

Since ¢"(u)p™ — 0 in S[}D] for any fixed r, we see that ¥,, —Y,,-1 — 0 in Matd(S[%]), as needed.
If F # Q,, the proof already given implies there exists a unique Ky-linear ¢-equivariant section
s:D —D. If z € FX then 27 'sx also Ko-linear and g-equivariant and thus s is F-linear. g

Proof of Theorem [2.3. Define Dg, : MF?}N — MF?’N as follows. Set D = Dg (D) = D/uD
with its induced action of ¢ and N. For s in Lemma (evy®1)os: D — D/ED induces a
canonical isomorphism Dy = D/ED. The filtration Fil'(Dy) is the pullback of the filtration on
D/ED defined as the image Fil'(D) — D/ED. The arguments in [5], with Lemma replacing
Proposition 6.2.1.1 of loc. cit., show QS[%} and D are quasi-inverses when F' = Q. In general, see
Remark 2.2 O
2.4. Comparison. We now assume that F' contains a subfield isomorphic to the Galois closure of
K (see Lemma . In practice, as in Sections |3| and {4} we take K = Q, so this is no hindrance.

In the prior sections, we have described equivalences

(2.2) Mod§™Y ——— MFZY — MFEY .
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An analogue of [18, Corollary 3.2.3] allows for a description of the composition that, unfortunately,
is not practical for calculations. Below, though, we explain how to determine My, (D) ®0, Sr as
a w-module over Sg from D, up to determining D = D(D). A key technical point, which follows
from the next lemma, is that filtrations on Breuil modules over Sg are always free, in contrast to
the filtrations on objects in MF‘Z@’N (cf. [6, Exemple 3.1.1.4]).

Lemma 2.5. Suppose that N is a finite free Sp-module and H C N is an Sg-submodule such that
EIN CH for some j > 0. Then, H is finite free over Sp.

Proof. We may assume j = 1. Indeed, consider the nested sequence H; = H + E'N of Sp-modules,
which satisfy EH; C H;11 € H;. By the j = 1 case we deduce H; C N is free, and then Hs, and
so on until H; = H is free. We may also assume N = Sp. Indeed, if 0 = N — N Jo N S 0ds an
exact sequence of finite free Sp-modules, then H' = f(H) and H” = ker(f) NH satisfy EN” C H"
and EN' C H'. So, if both H"” and H' are free, then H = H" ® H’ is free as well.

We have reduced to proving: if I C Sf is an ideal containing F, then [ is free. Since F' contains a
subfield isomorphic to the Galois closure of K, we may decompose Sp =[] oeHom(Ko, F) SF o where

Sre = Alu, U(g)p]][%] is a domain. The ideal I decomposes as a product of ideals I, such that
o0(E)SFs C I,. Since o(F) is non-zero, it suffices to show each I, is principal. Write Hom, (K, F')

for the embeddings 7 : K — F lifting 0. Then, we have a canonical isomorphism
Sko/o(E)Spy = K ®, , F = FHome (KGF),

So, I5/0(E)SF, = FT for some subset T C Hom, (K, F). But, Jr = [[.cp(u — 7(7)) - Sp also
contains o(E)Sp, and Jr/o(E)Sg, = FT. Thus I, = Jr is principal, completing the proof. [

We now consider an ad hoc category of “Breuil modules without monodromy”. Let MF“SD:
denote the category whose objects are (D, ¢p) € Modﬁp such that the linearization of ¢p is an
isomorphism, and D is equipped with a finite free Sp-submodule Fil* D C D such that Fil* Sp-D C
Fil" D. By Lemma H there is a natural forgetful functor MF?}N — MF‘g;‘

Now define D’ : Modgfh — MF?Fh by declaring D'(M) = Sr ®,,5, M as an Sp-module, and

® Ypm) =@ R pum, and
o Fil"D'(M) = {z € D'(M) | (1 ® or)(x) € Fil" Sp - M}.
Since E"D'(M) C Fil" D'(M), Lemma 2.5 implies Fil" D’'(M) is finite free over Sp.

Proposition 2.6. The functor D' is an equivalence.

Proof. We first show D’ is fully faithful. Suppose M and M’ are in Modgfh. Write D := D/(M)
and D’ := D'(M’). Choose a basis (e1,...,eq) of M and write prq(e1,...,eq) = (e1,...,eq)A with
A € Maty(Sp). Since M has height < h, there exists a matrix B € Maty(Sr) such that AB =
BA = E"I;. By assumption, Fil" D has basis (a1,...,aq) = (€1,...,64)B where ¢; = 1 ®e; € D

compose a basis of D. Similarly, we get A’, B’ and €] from a basis (e},...,¢e,) of M'.
Now suppose f : D — D’ is a morphism in MF?Fh We write f(€1,...,€q) = (€],...,€y)X for

X € Maty(Sp). Since f is p-equivariant, we have Xo(A) = ¢(A)p(X), and, since f(Fil" D) C
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Fil" D', we have XB = B'Y for some Y € Maty(Sr). Using AB = BA = E"; and A’'B' =
B'A" = E"ly, we see p(Y)p(E") = Xp(E"), and so X = ¢(Y) because p(E) € Sg. It follows
that YA = A'p(Y). Define §f : M — M’ by f(e1,...,eq) = (€],...€},)Y. Then, § is p-equivariant
and f = D/(f) since X = ¢(Y'). This shows D’ is full, and since Y determines X, we also see D’ is
faithful.

Now we prove D’ is essentially surjective. Given a D € MF?;L, choose bases (e1,...,eq) of D
and (a,...,aq) of Fil"D. Write (a1,...,aq) = (e1,...,eq)B and pp(ey,...,eq) = (e1,...,eq)X
with det(X) € Sj. Since EMD C Fil" D, there exists A € Maty(Sr) such that AB = BA = E"I,.
Since ¢(E) = pc € Sj, we see Xp(B) € GL4(Sr), whereas op(ai,...,aq) = (e1,...,eq) Xo(B).
Thus (f1,..., fa) = (e1,...,eq) Xp(B)p~"c" is a basis of D and ¢p(a1,...,aq) = (f1,..., fa)p"
Finally, (a1,...,0q) = (f1,..., f4)B' where B’ = YB and Y = (X(B)p~"¢")71, so there exists
an A’ such that A'B' = B'A’ = E"I;. Now define M = @% | S¢fi and set op(fi, ..., fq) =
(f1,..-,fa)A’. Then, M € Modgfh and D'(M) =D (set fi =1 ;). O

We now reach the main theorem of this section, which provides a mechanism to calculate a finite
height ¢-module over Sg explicitly from D € MF?’N. We write p(E) = pc with ¢ € S* as above.

Theorem 2.7. Suppose D € MF?’N. Write D' € MFgf for the image of D(D) under the natural
forgetful functor and M = My, (D) ®0, Sp. Then, there is an natural isomorphism D'(M) = D'
In particular, M is recovered from D wvia the following steps:

(1) Select Sp-bases (e1,...,eq) of D ="D(D) and (cv,...,aq) of Fil" D.
(2) Write pp(ei,...,eq) = (e1,...,eq)X and (a,...,aq) = (e1,...,eq)B with X, B € Maty(SF).
(8) Then, M has an Sp-basis (f1,...,fq) in which or((f1,-..,fa) = (f1,---,fa)A, where

A=FE"'"B ' Xp(B)p e,

Proof. To start, once the isomorphism D'(M) = D’ is justified, the “in particular” follows by
tracing through the second half of the proof of Proposition [2.6

For Mo, € 1\/[od“(09’livV we define D = Dy (Mo,) = SFr ®y 0, Mo, which is a finite free
Sr-module, and equip it with the following structure of a Breuil module over Sg:

® YD =P D PM;

. ND:N®1+$®NV;

e Fil'(D) ={z € D| (1 ®prm)(x) € Fil' SFr R0, Mo, }.
Following the proof of [I7, Proposition 3.2.1], replacing S by Sp; and adding linear F-coefficients,
we see Dgy, : Modg’jfV — MF?}N defines a functor. Moreover, if Me,, has height < h, then

Do, (Moy) =D (Mo, ®o, Sr)
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in the category MF?Fh Thus, it remains to show that Dy, makes the diagram of functors

N D N
(2.3) MF§"Y —— MF;

QOF T /
Do,

907NV
ModoF

commute as well. (In particular, Dy, is an equivalence.) It is enough to check this when F' = Q,
(by Remark . In that case, if S is replaced by Sp;, this is the statement of [I7, Corollary
3.2.3]. The proof in loc. cit. goes through here with only one adjustment. Namely, the isomorphism
SBr[}D] Rk, Dp(Mo) = SBT[%] ®y,0 M implicit in the first two displayed equations of loc. cit. needs
to have Sp, replaced by S. To make this adjustment, consider the map & : O ® g, D(Mop) - Mo
constructed in [I5, Lemma 1.2.6]. Thus & is a p-equivariant injection with cokernel annihilated by
A\ for some h > 0. From the diagram in the middle of the proof of loc. cit. we have ¢ factors

(2.4) O ®K, D(Mo) 5 Mo

| <

We deduce the vertical arrow in ([2.4)) has cokernel annihilated by ¢(\)". Since ¢()\) € S*, we have
1®¢
S[l/p] QKo Q(MO) = S[l/p] ®y,0 Mo.
This completes the proof. O

Remark 2.8. The above proof makes it clear to see that for D € MF%Y and D = D(D) € MF;DI’TN,
the map ev, induces an isomorphism Fil‘*! D/EFil' D = Fil'™! D Indeed, since ev,(Fil'™ D) =
Fil'*! Dy, it suffices to show that ED NFil'"! D = EFil' D. Pick y = Ex € Fil'*! D with z € D.
The proof of the theorem, especially the fact that commutes, shows that

Fil'™ (D) = {z € D | 1 ® ppm)(z) € Fil'™ Sp @0, Mo, }.
Thus, we see that (1 ® pum)(Ex) = B(1® oum)(z) € FillT! Sp ®0, Me,.. Since Fil" Sp = E"Sp,

it is clear that (1® @) () € Fil' Sp ®0, Me, and hence 2 € Fil' D as required. (Compare with
the end of the proof of [18, Proposition 3.2.1].)

Example 2.9. Suppose K = Q, and V is crystalline. By [16], D = D% (V) admits a strongly
divisible lattice (M, Fil’ M, ;). More precisely, there exists an F-basis (e, . .., eq) of D and integers
0=ng <ny <---<nyp <dsuch that Fil' D := D Fej;, and ¢(e1,...,eq) = (e1,...,eq) XP
where X € GL4(A) and P is a diagonal matrix whose ii-th entry is p® where s; = max{j | n; <

jzn;

i} = max{j | ¢; € FiV D}. Since N = 0 on D, we easily compute that Fil® D admits a basis
(e1,...,eq)B where B is the diagonal matrix with (,7)-th entry is E*~% (cf. Section below).
By the steps outlined in Theorem [2.7], using the basis 1 ® ¢; € D we see the matrix of ¢ on M is
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given by A = E"B71XPp(B)p~ ¢, where A = AXC, and A is a diagonal matrix with (i,7)-th
entry is £ and C is a diagonal matrix with (i,4)-th entry is ¢=%.

3. AN EXPLICIT DETERMINATION OF A BREUIL MODULE

In this section, we assume K = Q,. We choose m = —p, so E(u) = u+ p. We keep F/Q, as a
linear coefficient field and recall A is its ring of integers. In Section we explain the definition
of the filtered (¢, N)-module D41 o € MF?’N, for h > 1 and £ € F, discussed in the introduction.
Let Mpy12 = Mo, (Dhir,c) ®op Sk € Mod?fh. The ultimate goal (Theorem is to describe
the matrix of ¢ in a certain trivialization My o = 5’?2, at least if £ # 0. We begin by describing
the the Breuil module Dy, r = D(Dpy1.2)-

3.1. The filtration on some rank 2 Breuil modules. In order to minimize notation, in this
subsection, we let D € MF?’N be any 2-dimensional filtered (¢, N)-module with Hodge-Tate
weights 0 < h. We also choose any basis {fi, fo} for D such that Fil® D = Ff,. We write

Np((f1, f2)) = (f1, f2) (¢ }) with (¢%) € Maty(F). (Compare with Lemma )
Set D = D(D) = Sp ®@p D. For f € D we write f=1®f € D. In particular, D is a free
Sp-module with basis {fi, fo}. Recall that Fil' D is defined by FilD = D and, for i > 1,

Fil'D = {z € D | Np(z) € Fil' "' D and ev,(z) € Fil’ D}.
When i = 1, the condition Np(z) € Fil D = D is a tautology. So, Fil! D = Spfg + S’FEfl.

Proposition 3.1. There exists x1,...,xp_1 € F such that, if 0 < i < h, then

i—1
Fil'D = Sg - (fg + (Z iL'jEj)fl) + Sp - Eifl.
j=1
Proof. Assume by induction on 0 < ¢ < h, that there exists x1,...,z;—1 € F such that for each

0 < j < i we have FiVD = Sp - /(J) + Sp - f1, where /(j) = f + O e E E™)f. Setting
AQ(O) /\(1) f2 handles the case i = 0 and i = 1. So, suppose 1 < i < h.

For the (i 4+ 1)-th case, we first define x; € F. By induction, ND(AQ( )) € Fil'''D = Sp Az(l_l) +
SFEi_lfl. Since fz(z_l) = J?g(l) — xi_lEi_lﬁ, we can write

No(3) = difs) + biE1
for some d;,b; € S (cf. Lemmabelow). Set x; = b;(m)/im, and then set /(H_l f2i) + 2B .
Since 2 < i+ 1 < h, we have Fil't! D = F'f,. Thus, evﬂ(/;( i+1) ) =fhe Fll"Irl D. Further,
(3.1) Np(f ™) = No(7§") = wituE'™ |y + &iB'Np ()
= dif; + (bl — :I?Z’LU)EZ_lﬁ + l‘lEZND(]?l)

Note, the last summand in (3.1]) lies in Fil’ Sp-D C Fil’ D, while the first lies in Fil’ D. By definition

we have ev;(b; — z;iu) = 0 and so the the middle summand also lies in Fil'! Sp - D C Fil' D. Thus
A2(i+1) c Fili—l—l D
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For a moment, define F*'*'D = § Fj?Q(iH) + S FEHlfl C Fil'™'D. We want to show equality.
Since Ef;) = EAQ(lH) — 2; B f;, we in fact have

EFil'D C F'p C Fil'tI D.

Since ev, gives an isomorphism Fil'*! D/EFil' D = F f, by Remark and ev,(F'D) # 0, we
conclude the natural map F**'D/EFil'D — Fil"t! D/EFil' D is an isomorphism. Thus, F7*1D =
Fil't' D, O

The proof of Propositionallows for explicit control of the scalars x; in terms of the monodromy
matrix (‘CZ 3). For the next two results, we explain this by re-examining the proof.

Lemma 3.2. For 1 <i < h—1, let d;,b; € Sp be such that Np(f$”) = d; Js? + b; B f,. Then,
di=d, by=ba1=Landfor1 <i<h-1
diy1 = di + cx; B
bit1 = mi(a —Czi — dl) + (bz — xzzu)/E
_ biya(m)
e

where z; = 22:1 z; E7.
Proof. The values of dy, by, andAxl follgw im/{nediately from ]?2(1) = f, and Np(fg) = bf1 + dfo.
Next, by and because Np(f1) = afi + cfa, we have
(3.2) Np(FY) = di B39 + (b — 2iiw) BV fy + 3B (afy + cfs).
We can write fQi) = 2i+1) — szlf\l and, separately, fg = A2(i+1) — zzfl. Thus becomes

Np( AQ(HI)) = (d; + cxiEi)]?Q(iH) + (—=diz; B + (b — ziiuw) B 4 2B (a — czz))fl
Factoring E out of the ﬁ—coeﬁcient, the result is clear. O

Example 3.3. Below, in Lemma [4.4] we will need an explicit calculation of the z; and 2. This
can be done using the recursive formulas above. The calculations we need, both of which are
straightforward, are:

T = T;(a—d— 1)
2(0)= (0 —d—3).

(See Example also.)
Lemma 3.4. Assume thata —d € A and bc € A. Then, for 1 <i < h— 1, we have
vp(xi) + vp(i!) +1i > vp(b).

Remark 3.5. The lemma is consistent with b = 0 since x; = 0, for all 4, in that case.
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Proof of Lemma[3. Given v € R we write

Ay =Dy B € Flu] | vply;) + vp(3) +§ = v}
Jj=0
Note that A, is a subgroup of F'[u]. Since v,((j+k)!) > vp(j!) +vp(k!) for all non-negative integers
J, k (because binomial coefficients are integers), we have A, A, C Ayyw, as well. In particular, A
is a ring containing A as a subring and each A, is an Ag-module.

The lemma is equivalent to z;E* € Ay, for all 1 <@ < h —1, but to show B € Ay, () it
suffices to show b;E"~' € A, ). Indeed, b;E""! € bj(m)E'"! + E'F[u], and so if b, E'~! € A, (for
any v) then v, (b;(m)) + v,((i — 1)!) +i—1 > v. Since b;(7w) = xjim, by definition, we would clearly
have vy (x;) + vp(i!) + i > v as well.

We have reduced to showing b; E*~! € Ay, for 1 <i <h—1. Fori=1, by Lemma we have
b1 = b and so the claim is clear. Now assume that bjEj_1 € Ay, for all j <i. By the previous
paragraph we have x;E7 € A, () for all j <, and so z; € A, () for all j <1 (including zg, which
we define to be 0). By Lemma we have

(3.3) bi+1Ei = (a —Ccz; — dZ):L'zE'Z + (bz — xiiu)Ei_l
=(a—d—c(z + zi,l))xiEi + 0B — ppn BT — B

It is clear by induction that the final three summands are in A, (). For the first summand, we
know z; + zi—1 € A, ). Since vp(c) +vp(b) > 0 and a —d € A, we see a —d — ¢(z; + 2i-1) € Ao.
Since ;B! € Ay, (v)> by induction, the first summand also lies in A, (). Thus, b1 B € Ay, U

3.2. Explicit filtered (¢, N)-modules. Now assume F' contains an element o such that w? = p.
For £ € F and h > 1, we define Dy11 2 = Fe; @ Fey € MF?’N where, in the basis {ej, ea},

Dhiir if i < 0;
wh+1 0 0 0 i ’ ‘ '

=1 0 oh N=1, Fil' Dpp1, = S F - (e1 + Leg) if 1 <i < b
{0} it h <.

See [6, Exemple 3.1.2.2(iv)]. It is useful make a change of a basis. Set a, = w"~! + 1.

Lemma 3.6. If L # 0, then {fi, fa} = {—p(e1 + Lez),e1 + Lea} is a basis of Dpy1 o in which

1 1 ~h—1 Dypy1c ifi <0;

ap = w - . ‘

— (pz 0 ) N = ﬁ (wh+1 1 > Flll Dh+1,£ — Ff2 ’lfl S i S h;
{0} if h <.

Proof. It L # 0, then ej + Les is not an eigenvector of ¢, so {f1, f2} is a basis. We leave calculating
the matrices for the reader. ([l

Now let Dyi1,r = D(Dpyr,c) and Myui1r = Mo, (Dhy1,c) ®op SF € Modﬁfh. Recall that
¢ =¢(E)/p€ Sp. Let A =[50 9™ (E)/p and Ay = p(A-).
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Theorem 3.7. If L # 0, there exists a basis of M1 ¢ in which the matriz of ¢ is given by

A=

(3.4) () = (L) = == —wup(jl) — j
foreach1 <j<h-—1.

Proof. Let {f1, f2} be the basis as in Lemma Set j/"\l =1® f1 and fg = 1® fo, elements of
D1z, as before. Then, the matrix of ¢ in the basis {ﬁ, ]?2} of Dhy1is X = (Zﬁ = ) Moreover,

0
Proposition implies that Fil® Dpi1,c = Srar @ Spag, where

h

(a1,00) = (f1, f2) (’i ’j) = (h. }2)B

for z = Z;’;ll l‘jEj and some z; € F. Theorem implies that Mp,41 » has a basis in which the
matrix of ¢ is given by

_nh —h.—h -1 . h
(3.5) A = E"B X p(B)p e = a hphz p ¢ (_h _j; @}Ezi(ap pz)) '
E™p p~ ¢ "E"p"o(z)
hy\h
Since A_ and Ay, are units in Sg, we can replace A’ by CA'o(C~1) for C = (p 6\* )\]? > A short
£+

calculation shows A = CA'p(C~1), completing the general proof.
Finally, if v,(£7!) > —1, then the matrix of N in Lemma satisfies the hypotheses of Lemma
So, the estimates (3.4) follow from the b-entry of the monodromy matrix being

b= THIL1—p) @ L(1-p)

This completes the proof. O

Remark 3.8. An analogous calculation in the crystalline case, where z = 0 (see Remark , was
made in [2], Section 3]. The technique here, passing through the category MFg;N, is different than
loc. cit. The descriptions are the same, though. Compare with Example

Example 3.9. We need one ad hoc calculation in Lemma [£.4] below. Let h = 3. By Example [3.3
the element z in Theorem satisfies z(0) = %(a —d —3) where (%) is the monodromy matrix
in Lemma For p = 3, plugging in the explicit matrix, we see z(0) = ;—ﬁl (% +1).
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4. DESCENT AND REDUCTIONS

The goal in this section is to prove the main theorem of this article. Given h > 1 and £ € F we
write Vi1 1,2 for the unique two-dimensional representation of G, such that D% (Viy1,2) = Dpy1c
where Dy, 1 £ is as in Section Write V for the semi-simple reduction modulo mp of V. Let Qp2
be the unramified quadratic extension of QQ,, x the unramified quadratic character of G@pz’ and wo

G
a niveau 2 fundamental character of Q2. Note that Inng” (whx) has determinant w”, where w is
p2

the cyclotomic character, and its restriction to inertia is wél & uwh".

Theorem 4.1. Assume h > 2, p# 2, and if p = 3 then h > 3. Then, if L satisfies
h—1

vp(L71) > —— -1+ vp((h — 1)),

— G
then V1o = Inngp (Why).
p2

Remark 4.2. Our contribution toward Theorem is limited to h > 4 and p = h = 3. We could
also include p = 3 and h = 2 if we weaken the bound to v,(£71) > 251 + v, ((h — 1)!). In fact, if
we use the weaker bound then we do not need to give references to prior work, either. The proof
and further details are given in Section below.

We plan to take the matrix of ¢ acting on My 11,2 = Me, (Dpy1,0)®0,SF asin Theoremand
replace it with a @p-conjugate defined over &, when vp(ﬁ_l) satisfies the bound in theorem. This
defines a Kisin module 9 for V}, 1 o that allows us to calculate the reduction Vh+1, £ Throughout,
we assume without further comment that:

(4.1) p#2and h > 2;
h

op(L71) > % 4 ((h— 1)),

We will clarify result-by-result where we need to limit to A > 3 or h > 4. Also, fix z = ijEj as
in Theorem Note that by ([4.1)) v,(£~!) > —1 so the estimates (3.4) in Theorem hold.

4.1. Preparing for descent. Consider the ring
Ry ={f :Zaiui € Flu] | i + 2vp(a;) — oo as i — oo}
Thus Ry is the F-Banach algebra of series converging on |u| < p~ /2. We equip Re with the
valuation vg, (Y a;u’) = inf;{i + 2v,(a;)}. The canonical map O < Rs factors through Sp since
vr,(EP/p) = p —2 > 0. Finally, given v € R, we define additive subgroups H, C H, C Ry by
Hy ={f € Rz | vr,(f) = v}; Hy ={f € Ry | vr,(f) > v}
Our first lemma, concerning some entries of the matrix in Theorem [3.7] is straightforward so we
omit the proof (compare with [2 Lemma 5.1.1]).
Lemma 4.3. Let A= = [[,50¢*" " (E)/p and Ay = p(X-) be as in Theorem . Then,
(a) \o €1+ Hp 2 and Ay € 1+ Hpp_y;
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(b) A, Apt € R;,
(¢) vr,(AE) = 0 = R, (AT}).

We also prepare estimates for z. Note that by (4.1]) the estimate (3.4) becomes

(4.2) vp(xj) > vp((h = 1)) —op(j1) —j—12 —j — 1.

Recall, we write a, = @1 + w1, Thus, vy(a,) = 251

Lemma 4.4. For z = Z;’;ll x;E7 as above, and v = —1 + ¢(2)(a, — p"*z), we have
(a) pthHﬁ_l; (¢c)ve—-1+H; 4
(b) p(z) € Hy; (d) If h > 3, then v € RS .

Furthermore, if p=3 and h =3, then p(z) € H®, andv € =1+ Hp _, = -1+ H7.
Proof. First, vg,(E?) = j. By the ultrametric inequality and (4.2)), we see
VRy(2) >inf{2(—j—1)+j|1<j<h—-1}=—-1—h.
Part @ follows because vg, (p") = 2h. For note vp, (¢(F)’) = 2j. Thus, using (4.2),
Ry (p(2)) > inf{2(—j —1)+2j |1 <j<h—-1}=-2.

Continuing, p(2)p"z € Hy_ . by partsandand, since vg, (ap) = h—1, we have ¢(2)a, € Hp_5.
This proves Finally, part @ follows from the geometric series and part
Finally, suppose p = h = 3. By the argument for (c) above, it suffices to show ¢(z) € H®;. We

note vg,(¢(E) — E(0)7) > p+2j — 2 for any j. Thus, by (4.2)

(43) o (9(2) — @(2)(0) > p+ 2 — 22+ 1) >p—d= 1
But, by Example We have ¢(2)(0) = 2(0) = 57 (% + 1). Since v,(£L7!) > 0, (£3) then implies
S0 VR, (¢(z)) > —1 as we wanted. O

We now write My = Mpi1 2 ®s, Re = Mo, (Dpy1,c) ®op Ra. Thus, My € Modﬁfh. We also
introduce some notation. Given A € Matg(R2) and C' € GLg4(R2) we write Cx, A = C-A-(C)~L.
Thus, if {e1,es} is a basis of My and A is the matrix of ¢y, in that basis, then C %, A is the
matrix of ppq, in the basis {€}, €5} is given by (e}, e}) = (e1,e2)C L.

Proposition 4.5. Assume h > 4 or p = h = 3. Then, there exists a basis of My in which the
h
matriz of Y, 1S (}?h Bl>, where G € (a, — phz) (Q—;) + Hyp.
Proof. By Theorem [3.7], there is a basis {e1,e2} of My such that gy, ((e1,e2)) = (e1, €2) A, where
h A \" h
(ap="2) (3=) ~1+¢(=)(ap — p"2) _(M ﬁ
h - )
h h A
E Ero(z) (3e2)
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where v is as in Lemma [£.4 and p and 1 are defined by the equality. Assume for now just that
h > 3. Then, by Lemma [4.4(d)} v € Ry. Making a change of basis on My, we replace A by (note

that un = (1 +v)E")
ve(n)
A=t N az (P V)
-n/v 0 —EhM~t 0

Since vg, (v +1) > 0 by Lemma we have v(0) € A*. Thus vy = v/v(0) € 1+ (Hy_;NuRy).
By [2, Lemma 4.1.1], we have ¢ (vg) € 1+ Hpy_34m, where mj — oo as k — oo. Thus, the infinite

product vy = [],~, 9> (vo) converges in Ry. Set v_ = ¢(vy), so vy € 1+ Hy 5 C Ry. We now
change basis on My again to get a matrix A” for g, given by

=1 v= 0 G -1
v(0) v
A”:<(())+ vy *@AI: Eh 0 )
where

(4.4) 6= (s 220 vt

o(v) ) vives
and vi4 = (V).
To complete the argument, we justify G € u + Hp. We already know v2 /vivy € 1+ Hp .
The same is true for v/p(v). So,

ven
(1.5 oy (Z20) 2 v 000 2 v () 2,
where we used Lemma to remove A\_ and A, from the estimate. We note vg,(¢(E)") = 2h

and vg,(¢*(2)) > vr,(p(2)) > -2, by Lemma (cf. [2, Lemma 4.1.1]). Thus from (4.5 we
deduce that vg,(re(n)/e(v)) > 2h — 2 = 2(h — 1). We also note that a, — p"z € Hj,_1. Thus,

i € Hp_1 and so, returning to the definition (4.4)) of u and G, we see

G e (p+Hyy,_qy) - (U4 H_3) C pt Hyppog + Hyp, gy = pu+ Ha_y.

Now, if h > 4, then 2h—4 > h and so G € p+ Hjy. This completes the proof except if p = h = 3.
In that case, Lemma shows v € —1 + HY, rather than —1 4 H{, from which we deduce

Ge (p+H;) - (1+HY)Cp+ HS =p+ Hy,
anyways. This completes the proof. O
4.2. Descent. To descend to &, we use the algorithm from [2, Section 4]. Write T<4 : Ro — F[u]

for the “truncation” operation T<4(>" a;u’) = > i<d a;u’ and Tsq(f) = f — T<a(f). In the next
two proofs, we will use the following principle: if f € Ry and vg,(T<4(f)) > d then f € mp[u].

Proposition 4.6. Suppose that G € Ry such that
(a) G e Hyp_1;
(b) Ton(G) € Hp_y;
(c) T<p(G) € mp[u].
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Then, given A = ( G _1), there exists C € GLa(R2) and P € mplu] such that C*, A = < L _1>.

EM 0 EM 0O

Proof. Since E" € u" + Hj, 1, the assumption @ implies that

()
u 0 Hh+1 0

In the notation of |2, Section 4.3], set a = 0, b = h, d’ = % — p%l and b = %—i— %, and
(co,cn) = (—1,1). Since h—1—d = % -1+ % > 1, we see A is y-allowable with v = 1 in the
sense of [2, Definition 4.3.1]. The error of A, in the same definition, is € = vg,(T>,(G)) — a’. By
[2, Theorem 4.3.7], with R = Ry in loc. cit., there exists C' € GLy(R2) such that C|,—9 = I and

P -1
Cxp, A=
f 0
where P and f are polynomials of degree at most h and P satisfies, because of assumption @

URQ(P — Tgh(G)) >e+ ad+1= UR2(T>}L(G)) +1>h.

Since P — T<y(G) has degree at most h, we deduce P — T<;(G) € mp[u|. By assumption we
have P € mp[u] as well. Finally, f = det(C x, A) = rE" for some r € R;. But, f and E" are

both polynomials of degree at most h with the same constant term, since C|,—9 = I, and thus
f=E" O

We now verify the G from Proposition satisfies the hypothesis of Proposition

h A"
Lemma 4.7. Let G € (ap — p"2) (ﬁ) + Hp. Then,
(a) G € Hy_q,
(b) Tsh(G) € Hp _,, and
(¢) T<n (G) € mplu].

Att

Part @ follows from Lemmas and For part @ we first have, by Lemma [4.3(a)| that
h h
ap i >\)\+7_+) € ap +apH, 2. So, T-q (ap (ﬁ) ) € Hp1p—3 € Hy. On the other hand, by Lemma

h
Proof. First, the conclusions depend only on G mod H}, so we suppose G = (a, — pl2) —*>
é

we have p"z € H? |. Thus we've shown in fact T5o(G) € Hy_,.
o0
Finally, we consider part |(c) Since E = u + p, any f € Sy can be written f = nZ::O a”ﬁ
with a,, € A. Let f = /\’1—1 € Sy, in particular. Since v,(ay) = 251 > {%J unless p = h = 3 (or
p = 2, which we have excluded in (4.1))), we see immediately that T<j(a,f") € mp[u] except when

o0
h =p=3. When h = p = 3, though, f* = f? is of the form «af + lea;b]fé with of € A; thus
n—=

T<p(apf™) € mp[u] in every case.
It remains to show that T<;(p"2f") € mp[u] as well. Since z = > j<h z;E7, it suffices to show
h+vp(z;) = [%52] > 0 for n < h and j < h. This follows from ({.2). O
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4.3. Proof of Theorem Finally, we give the proof of the main theorem:
Assume that h > 2, p# 2, and if p = 3 then h > 3. Then, if L satisfies

w(e™) > " (- 1),

— G|
then Vi1 = IndGE’; (whx).
D

Proof of Theorem [{.1. First if p > 5 and h < 4 then h < p — 1. Thus the result follows from [0,
Theorem 4.2.4.7(iii)] when h is odd and [I4, Theorem 5.0.5] when A is even.

Now we assume that either h > 4 or p = h = 3. Then, applying Proposition Lemma [4.7]
and Proposition we deduce that there exists a basis of M3y in which the matrix of p, is given

by A = (EP;L *01) and P € mp[u]. Define M = 6;‘32 with the matrix of ¢ being given by A. Clearly

M is a Kisin module over G of height < h, and
m Xa, Ry =2 My = MOF(Dthl,ﬁ) Rog Ry

as p-modules over Ro. Thus, by Propositionwe deduce M = M(T') for some lattice T C Vj, 11 .
Furthermore, M®g , Flu~!] is a p-module over F((u)) with Frobenius given by (uoh Bl ). This shows,
in particular, that V41 ¢ is the same for any £ satisfying (see [2, Corollary 2.3.2]).

Let Vi41,00 be as in the introduction. By [2, Corollary 5.2.2], for Vj4; o there exists a Kisin
module MV so that M’ := M’ ®g, Flu~!] has Frobenius also given by ( 5 ') and M’ determines

uh 0
— G — — G
Vihtloo = Indgz’; (whx). Therefore, V412 = Vi1 oo = Indaz’; (whx). O
P P

Remark 4.8. We return to Remark Suppose we replace (4.1)) with

(4.6) (L)) > % +up((h—1)).

This has the impact of scaling z by a p-adic unit multiple of p, thus increasing vg, (z) by 2 throughout
our estimates in Section [I.] The reader may check that Proposition holds with these new
estimates, and so the proof goes through for all A > 2 and p > 3 under the assumption (4.6]).

REFERENCES

[1] J. Bergdall. Upper bounds for constant slope p-adic families of modular forms. Selecta Math. (N.S.), 25(4):Art.
59, 24, 2019.

[2] J. Bergdall and B. Levin. Reductions of some two-dimensional crystalline representations via Kisin modules.
Preprint, 2019. Available at arXiv:1908.09036.

[3] L. Berger. Local constancy for the reduction mod p of 2-dimensional crystalline representations. Bull. Lond.
Math. Soc., 44(3):451-459, 2012.

[4] L. Berger, H. Li, and H. J. Zhu. Construction of some families of 2-dimensional crystalline representations. Math.
Ann., 329(2):365-377, 2004.

[5] C. Breuil. Représentations p-adiques semi-stables et transversalité de Griffiths. Math. Ann., 307(2):191-224,
1997.

[6] C. Breuil and A. Mézard. Multiplicités modulaires et représentations de GL2(Z,) et de Gal(Q,,/Q,) en I = p.
Duke Math. J., 115(2):205-310, 2002. With an appendix by Guy Henniart.



REDUCTIONS OF SEMI-STABLE REPRESENTATIONS 21

[7] K. Buzzard and F. Calegari. A counterexample to the Gouvéa-Mazur conjecture. C. R. Math. Acad. Sci. Paris,
338(10):751-753, 2004.
[8] K. Buzzard and T. Gee. Explicit reduction modulo p of certain two-dimensional crystalline representations. Int.
Math. Res. Not. IMRN, (12):2303-2317, 2009.
[9] P. Colmez. Représentations triangulines de dimension 2. Astérisque, (319):213-258, 2008. Représentations p-
adiques de groupes p-adiques. 1. Représentations galoisiennes et (¢, I')-modules.
[10] P. Colmez. Invariants .Z et dérivées de valeurs propres de Frobenius. Astérisque, (331):13-28, 2010.
[11] P. Colmez and J.-M. Fontaine. Construction des représentations p-adiques semi-stables. Invent. Math., 140(1):1-
43, 2000.
[12] J.-M. Fontaine. Représentations p-adiques semi-stables. Astérisque, (223):113-184, 1994. With an appendix by
Pierre Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988).
[13] J.-M. Fontaine and B. Mazur. Geometric Galois representations. In Elliptic curves, modular forms, €& Fermat’s
last theorem (Hong Kong, 1993), Ser. Number Theory, I, pages 41-78. Int. Press, Cambridge, MA, 1995.
[14] L. Guerberoff and C. Park. Semistable deformation rings in even Hodge-Tate weights. Pacific J. Math.,
298(2):299-374, 2019.
[15] M. Kisin. Crystalline representations and F-crystals. In Algebraic geometry and number theory, volume 253 of
Progr. Math., pages 459-496. Birkh&duser Boston, Boston, MA, 2006.
[16] G. Laffaille. Construction de groupes p-divisibles. Le cas de dimension 1. In Journées de Géométrie Algébrique
de Rennes. (Rennes, 1978), Vol. III, volume 65 of Astérisque, pages 103-123. Soc. Math. France, Paris, 1979.
[17] T. Liu. Torsion p-adic Galois representations and a conjecture of Fontaine. Ann. Sci. Ecole Norm. Sup. (4),
40(4):633-674, 2007.
[18] T. Liu. On lattices in semi-stable representations: a proof of a conjecture of Breuil. Compos. Math., 144(1):61-88,
2008.
[19] T. Saito. Modular forms and p-adic Hodge theory. Invent. Math., 129(3):607-620, 1997.

BRYN MAWR COLLEGE, DEPARTMENT OF MATHEMATICS, 101 NORTH MERION AVENUE, BRYN MawRr, PA 19010,
USA
E-mail address: jbergdall@brynmawr.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, 617 N SANTA RITA AVENUE, TUCSON, ARIZONA
85721, USA

FE-mail address: bwlevin@math.arizona.edu

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, 150 N. UNIVERSITY STREET, WEST LAFAYETTE, INDIANA
47907, USA

E-mail address: tongliu@math.purdue.edu



	1. Introduction
	2. Theoretical background
	3. An explicit determination of a Breuil module
	4. Descent and reductions
	References

