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Math 410 (Prof. Bayly) EXAM 1: Monday 1 August 2005

There are 4 problems on this exam. They are not all the same length or difficulty, nor the
same number of points. You should read through the entire exam before deciding which
problems you will work on earlier or later. You are not expected to complete everything,
but you should do as much as you can.

You will not need a calculator on this exam. If your calculations become numerically
awkward and time-consuming, you may describe the steps you would take if you had a
calculator. ‘

It is EXTREMELY important to show your work! Correct answers without documented
support will have points deducted.

(1)(30 points) The linear system AZ = b has an infinite number of solutions with one free

variable, where
1 1 1 7 2
A‘(z 1 3) ’ b_(l)'

(a)(5 points) Find the general solution and identify the free variable and null vector.

(b)(10 points) Express the squared length of the solution as a function of the free variable,
and find the solution with the minimum length. '

(¢)(10 points) Calculate K = AAT and solve K@ = b for .

(d)(5 points) Calculate AT4. Is it the same as the min length solution you found in (b)?
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(2)(20 points) The electrical circuit on the accompanying page is described by the edge-
node matrix, conductivity matrix (i.e. inverse of resistivity matrix), and voltage vector,

t/ €L respectively:

0 -1 1 3 00 . (Va
A=|-1 0o 1 ., Cc=[010 . V=|Vvs].
-1 1.0 0 0 2 Ve .

(2)(10 points) The circuit equations involve the matrix K = ATC 4; calculate this matrix
and verify that (i) it is symmetric, (ii) its diagonals are all positive, other entries all
negative, and (iii) the sum of entries in each column are zero.

(b)(10 points) If we are given the voltages V4 = 10 and Vg = 0 (ground), we feplace the
top row of K with (1,0,0) and the bottom row with (0,0, 1); call this new matrix H. Solve

HV = (10,0,0)T for V.
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(3)(20 points) The roof structure on the accompanying page supports & weight of 6000
newtons at the top vertex B, and is itself supported by unknown forces F' at the left corner

A and G at the right corner C. The ”scaled tensions” in the beams satisfy AT = f , where

0 -3 -1 0
0 -1 -1 . F
-1 0 1 [T} = | o
A=119 o 1 ’ T“(:") » F=1 _6000
| 1 3 0 e 0
0 1 0 G

We are NOT interested in the actual values of 7, but we ARE interested in whether a
solution exists.

(a)(10 points) Verify that the following are kernel vectors of AT:
51 =(1’0,1’0,1’0)T ) 52 2(0,1,0,1,0, 1)T ’ §3 :(Oa 111’0111_2)T'

(b)(5 points) Use these vectors to find conditions under which A7 = £ will have a solution.

(c)(5 points) Find the values of F, G for which the solvability conditions in (b) are satisfied.
Do they seem reasonable for a 6000-newton roof?
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(4)(30 points) Four soccer teams play four games over three days, and we want to rank

them. In this problem you are encouraged to NOT solve any linear systems if you can
answer the questions otherwise.

In case you’ve forgotten, we represent a game by an arrow from the ” visitor” to the ”home”
team, and label with the score difference (home) - (visitor). '

(a)(5 points) On the first day A visits B and loses by 1 goal, and D visits C and also loses
by 1 goal. Draw a digraph that expresses this situation, and say why we cannot yet rank
all the teams with respect to each other.

(b)(5 points) On the second day, B visits C and wins by 2. Draw the new digraph and
rank the teams, if possible.

(c)(5 points) On the third day, A visits D and loses by 4. Draw the digraph, and say why
there is no perfectly consistent ranking.

(d)(5 points) Write down the edge-node matrix A for the digraph in (c), and find (without
doing any calculation) a kernel vector & of AT.

(e)(10 points) Find a linear system of equations whose solution would give a reasonable
approximate ranking. You do NOT have to solve them, but you should find the matrlx
and right-hand side vector explicitly.
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