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1. INTRODUCTION

There are many instances in which it is useful to approximate a Rie-
mannian manifold by a simplicial complex, which is a piecewise flat space
constructed, roughly, by gluing together Euclidean polygons of various di-
mensions. In these situations, it is also useful to equip such simplicial com-
plexes with some of the geometric structures of the corresponding smooth
manifold. For example, we might like to equip a simplicial complex with
a connection, metric, or curvature. Situations in which questions like this
arise include the lattice approach to quantum gravity using path integrals
([7], [5]), computational gravity, and computation of geometric flows. In all
these cases, we wish to analyze or simulate evolutions of manifolds derived
from action functionals involving geometric quantities.

This paper is an exposition of [2], which introduced a measure on an ap-
proximating simplicial complex which converges (in measure) to the scalar

Date: March, 2007.



2 BENJAMIN PITTMAN-POLLETTA

curvature of the manifold that the simplicial complex is meant to approx-
imate. This measure is defined on a simplicial complex of any dimension,
which does not have to be an approximation of a smooth manifold.

The organization of the paper is as follows. Section 2 is a review of
Riemannian geometry. Some basic results are proven, including the Taylor
expansions we will use frequently in the rest of the paper. The exposition
follows [6]. Euclidean and constant-curvature laws of cosines are presented
in section 3, and section 4 treats simplicial complexes. Section 5 gives the
motivation behind and definition of our simplicial scalar curvature measure.
Section 6 is a full treatment of convergence in dimension 2, and Section 7
gives a very brief, heuristic treatment of convergence in dimension n. The
Einstein summation convention is used for indices repeated above and below.

2. RIEMANNIAN GEOMETRY

I will assume familiarity with differentiable manifolds and tensor calculus.
Since curvature is a concept associated with Riemannian manifolds, I will
begin with a review of these manifolds and their geometry. As mentioned,
I will follow the exposition in [6], and the Einstein summation convention
will be employed.

A Riemannian manifold is a manifold which is equipped with concepts of
length and angle. These come from a set of smoothly varying inner products
on tangent spaces, which might be thought of as an inner product field. It
is called a metric, since in the end it gives distances on the manifold, and is
defined as follows.

Definition 2.1. On a differentiable manifold M, a Riemannian metric
is a symmetric, nondegenerate 2-tensor field, g. A Riemannian manifold
is an ordered pair of a smooth manifold and a Riemannian metric, (M, g).

Theorem 2.2. Every differentiable manifold has a Riemannian metric.
Proof. In each coordinate chart (Uy,x,) we can define g, as
Ga = Z ¢z ® qsia
i
where {(;S’} is a basis for the cotangent space on U, so that for vector fields
X=X'0;and Y =Y"0;,
9a(X,Y) =D X'V,
i
Now, being locally compact, Hausdorff, and o-compact, i.e. a countable
union of compact sets, M supports a smooth partition of unity subordinate

to its open cover by coordinate neighborhoods {U,}, let’s call it {ps}. We
can define a metric globally on M by

9= Zpaga-
(0%

By construction, g is smooth, symmetric, nondegenerate, and linear over
C*°(M) - i.e. tensorial - in both its arguments. O
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If {E;} is a local frame at a point p on an n-manifold M, and {¢*} is the
dual coframe, then an arbitrary Riemannian metric on M can be written
locally as

9 =9i¢' ®¢.

The coefficients g;; are % smooth functions on M, due to the fact that g

is symmetric. The components of the inverse of g (as a matrix) are written
y

9.

Maps which preserve Riemannian metrics are called isometries.

Definition 2.3. An isometry between Riemannian manifolds (M, g) and
(M, g) is a diffeomorphism f : M — M with the property that f*§g =g¢g. M

and M are then said to be isometric.

If f is an isometry sending M into itself, then we say f is an isometry of
M. The isometries of M form a group, called, naturally, the isometry group
of M.

If M is an immersed submanifold of a Riemannian manifold (M, g), then
the immersion ¢ induces a metric on M, called the induced metric § = /*g.

2.1. Connections. To see intuitively how a Riemannian metric can be used
to define distances on M, note that we can compute the length of any curve

vy:I —Min M as
I(y) = / VG 3.

Given two points in M, we can define the distance between them as the
infimum of the lengths of all paths connecting the two points. If length-
minimizing paths exist, they are called geodesics. These are the analogs of
straight lines on Riemannian manifolds.

Straight lines in Euclidean space are certainly length minimizing, but
they are also characterized by having zero acceleration. Indeed, since the
curvature of a plane curve 7 is just the magnitude of its acceleration, k(t) =
II7(t)]], its straightness is a consequence of the fact that it has no accelera-
tion.

It turns out that this is the property of straight lines in R™ which is
most convenient to abstract to geodesics on Riemannian manifolds. That is,
we’d like to define geodesics as curves with no acceleration. First, however,
we need to define acceleration on an arbitraty Riemannian manifold. In
Euclidean space, acceleration is the directional derivative of the tangent
vector field to a curve, along that curve. So, we have to find a way to take
directional derivatives of vector fields on abstract manifolds. The tool we
use to do this is called a connection. It will allow us to take the derivative
of one vector field with respect to another, and the resulting object will be
a third vector field.

What problems do we encounter when attempting to take the directional
derivative of a vector field intrinsically? Say we have a two-dimensional
surface S embedded in R3, a curve 7 in S, and a vector field X along -,
which is tangent to S at every point. We are perfectly capable of computing
the derivative of X along -, X, but this new vector field may not be tangent
to S, that is, it may not define a vector field on S.
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One way to rectify the problem is to project X back onto T'S. Then,
we can define the directional derivative as the new (tangent) vector field
resulting from this projection. This is an example of a connection, called
the tangential connection for the embedding. In fact, each embedding
of S in R™ provides us with a different connection on S by repeating this
procedure - taking the directional derivative in the ambient space, and then
projecting onto T'S. So we have a great deal of choice in defining intrinsic
directional derivatives. In moving to abstract manifolds, the most useful
way to define a connection is by its algebraic properties.

Definition 2.4. A linear connection on a manifold M is a map
ViTM)xT(M)—-T(M): (X,Y)— VyxY,
where 7 (M) is the space of smooth sections of T'M, which has the following
properties:
(1) VxY is linear over C*°(M) in X;
(2) VxY is linear over R in Y
(3) V satisfies the product rule

Vx(fY)=(X/)Y + fVxY
for f € C>(M).

These properties should be intuitive. The directional derivative of a vector
field depends on values of the vector field in a small neighborhood around a
point, thus (2), but on only a single vector giving the direction of derivation,
thus (1). (3) is simply the fact that we want a derivative, or in algebraic
terms a derivation, so we need some kind of product rule. The “linear”
in the definition refers to the second factor in the domain being 7 (M); in
general this factor can be the set of smooth sections of an arbitrary vector
bundle E over M, and we will see how a linear connection gives rise to a
connection on the tensor bundles of arbitrary order over M.

Why is this object called a connection? Say we want to compute the
acceleration of a curve 7. We must compute the difference quotient

. . At +h)—A(t)
t) =lim ———~.
7() = lim N
However, 4(t + h) € Ty 440y M, while 4(t) € Ty M. So we need a way to
connect the two tangent spaces - thus the name.
It is revealing (and useful) to see how a connection appears in coordinates.
If M is equipped with a connection V, and {E;} is a local frame on U C M,
then we can define n3 smooth functions on U, I‘fj, by
Vg, Ej = T}Ey.
These are called the Christoffel symbols of V with respect to the local
frame.

Lemma 2.5. Let V be a connection on M, {E;} a local frame on U C M,
and X,Y € T(U) with X = X'E;, Y = Y'E;. Then

VyY = (ka n Xiw'rfj) Ej.

The proof is a simple application of the connection properties.
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Proposition 2.6. Fvery smooth manifold has a connection.

Proof. Cover a M by coordinate charts {U,}, and let {0} be a basis for

TM on U,, i.e. a coordinate frame. Then, we can define a linear connection

V@ on U, using Lemma 2.5. First, we choose n? smooth functions on U,,

and label them F%k Then, for X = X902 Y = Y'9% € T(M), we define
ey = (Xiafyk + XinF%’k> .

Now, our manifold supports a partition of unity subordinate to {U,}, call
it {pa}; we use it to patch together our coordinate connections. Define

V= Zpava.

Now, this is clearly smooth, tensorial in X, and R-linear in Y. We must
show that the product rule holds. But,

x(fY) =) paV&(fY)
=Y pa (Xiaf‘( YR+ X"(fY)jP?;”“) I
_ za: 0o (ykxiag fH+ [X00Yr + XY FE}”“) Oy
_ Za: pa | X102 FYFOF + £ (X 0P + XTYITSY) 0|
_ f: pa [(XF)Y + FVEY]

— (XNY + 13 paV5Y

— (X[)Y + fVxY.
O

Given a linear connection V, we can define a unique connection on tensor
bundles of arbitrary degree, which restricts to V on TM.

Proposition 2.7. Given a linear connection V on a manifold M, there is
a unique connection V on leM, so that if X € TM, V has the following
properties:

(1) If Y e TM, VxY =VxY;

(2) If f € T°M, then Vxf = Xf;

(3) If FeTfM, G e TiM, then

Vx(F®G)= (@XF) RG+F® (@XG);
(4) If F € TFM, then Vx (trF) = tr (@ XF) ;
(5) IfweT*M,Y € TM, then

Vx(@(¥)) = (Vxw) (V) +(VxY);
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6) If F € TFM, Y; € TM fori =1,...,k, and w9 € T*M for j =
1,...,1, then

(@XF) Wb L Ve, V) = X(F(WY . ol YY)

=Y FW',...,Vixe!, ..ol Vi, V)
j

=Y P .o Y, VYY),
)

Henceforth, we will refer to this connection as V also. If X € TM,
F € TFM, then VxF is linear over C*°(M) in X, so by letting X vary we
can think of V(F as a tensor of degree (f“), called the total covariant

derivative of F', and written VF'.

2.1.1. Geodesics. Now that we have a concept of directional derivative, we
can do what we set out to do - write down the acceleration of a curve:

F(t) = V¥ (t).
From here, given only a connection, it is an easy step to define geodesics on
M.

Definition 2.8. Let M be a manifold equipped with a connection V. A
geodesic on M is a curve - satisfying the equation

Vi () =0.

If {x‘} are local coordinates on U C M, then the coordinate functions
{v'(t)}, where v(t) = (v'(¢),...,7"(t)), satisfy the equation

FH(E) + 4 (OF (T (4(2)) = 0.

Theorem 2.9. Given a point p € M and a vector X € T,M, there is a
unique geodesic yx passing through p with vx(p) = X.

The preceeding theorem is a consequence of the existence and uniqueness
theorem for ordinary differential equations.

2.1.2. Parallel Translation. We also hoped that a connection would allow
us to “connect” tangent spaces at different points. Parallel translation
will allow us to do this.

Definition 2.10. A vector field X defined along a curve ~ is said to be
parallel along ~ if

Vy

In fact, we can extend any vector on a curve to a vector field parallel on

that curve.

Theorem 2.11. Given a curvey : I — M, tg € I, and a vector Xo € T, M,
there is a unique vector field X that is parallel along v such that X,y = Xo.

This theorem is a consequence of the existence and uniqueness theorem
for linear ordinary differential equations. For ¢ € I, the vectors X; from the
theorem are called the parallel translates of Xy along . Parallel transla-
tion defines an operator between the tangent spaces at different points.
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Definition 2.12. Let p,q € M and v : I — M be such that there are
s,t € I with v(s) = p, v(t) = ¢. Then we can define an operator

Py, TyM — Ty M
which takes X € T},M to its parallel translate along 7 at q.

2.2. The Riemannian Connection & Riemannian Geodesics. Using
a linear connection, we can define geodesics on a manifold even if it is not
equipped with a Riemannian metric. Unfortunately, each connection on the
manifold defines a different set of geodesics. The one property of straight
lines in FKuclidean space we haven’t talked about is their uniqueness; given
two points in E", there is only one straight line connecting them. How do
we pick out a particular connection to use in our definition of geodesics?

It turns out that on a Riemannian manifold (M, g), we can single out a
connection which has two properties: compatibility with the metric and
symmetry.

Theorem 2.13. Let (M, g) be a Riemannian manifold. There is a unique
linear connection V on M such that for X,Y,Z € TM,
(1) Vxg(Y,Z) = g(VxY,Z) + g(Y,VxZ) (compatibility),
(2) VxY — Vy X = [X,Y] (symmetry).
If {z'} is a local coordinate system for U C M, then on U the Christoffel
symbols of this connection are
1
Iy = igkl (0igji + 0591 — D1gij)
It turns out that the tangential connection for an embedding, defined

above, is always compatible with the metric induced by the embedding.
Compeatibility confers several nice properties on the Riemannian connection.

Proposition 2.14. Let (M, g) be a Riemannian manifold equipped with a
linear connection V. Then the following statements are equivalent:
(1) V is compatible with g;
(2) Vg=0;
(3) If X,Y are parallel vector fields along a curve v, then g(X,Y) is
constant.

The Riemannian connection is natural in the sense that it is preserved by
isometries.

Proposition 2.15. Let ¢ : (M, g) — (M,§) be an isometry between Rie-

mannian manifolds, and let V, V be the Riemannian connections on M, M
respectively. Then, for X,Y € TM,

¢+ (VxY) = Vg, x (6.Y).

Geodesics defined by the Riemannian connection are called Riemann-
ian geodesics. If we have a Riemannian manifold in mind, we will often
drop the adjective Riemannian and refer to these special geodesics by their
surname. We can define the speed of a path v on a Riemannian manifold

(M, g) to be \/g(%(t),5(t)). Then, it is a corollary of Proposition 2.14.3
that Riemannian geodesics have constant speed.



8 BENJAMIN PITTMAN-POLLETTA

2.2.1. The Ezxponential Map. Just as it is nice to have a map between tan-
gent spaces, we would sometimes like to have a map between the tangent
space at a point p and the manifold near p. Such a map allows us to quantify
exactly how the tangent space locally linearizes the manifold. On Riemann-
ian manifolds, geodesics give us an intuitive way of constructing such a map.

Definition 2.16. Let £ be the set of all X € T'M with the property that
vx is defined on [0, 1]. Then we define

exp: &€ — M
Vo— ().

For p € M, we denote the restriction of exp to &, := £ NT,M by exp,,.

The following proposition summarizes some of the properties of the ex-
ponential map.

Proposition 2.17. (1) &, is star-shaped with respect to the origin.
(2) exp is smooth.
(3) For X € TM, vx(t) = exp(tX) whenever both sides of the equation
are defined. .
(4) Let ¢ : (M,g) — (M,g) be an isometry. Then, for p € M and
X € &, such that ¢. X € 5~¢(p),

) (epr(X)) = e>~<p¢(p) (9 X) .

In fact, we can say more. The exponential map is a local diffeomorphism
from T),M to M.

Lemma 2.18. Letp € M. Then there are open sets U,V with0 € U C T, M
andp € V.C M so that exp, : U — V is a diffeomorphism. V is called a
normal neighborhood at p.

Proof. This follows from the inverse function theorem, and the fact that we
can show exp,, : ToTp,M =T, M — T, M is the identity. The calculation is
as follows.

0 0
V=— tV) = — t)y=V.
XDy, 5|, XPEV) = 5| (D)
The first equality is due to the fact that tV is a path in 7T,, M passing through
the origin at ¢ = 0 and with tangent vector V there. O

Using this fact about the exponential map, we can use it to define a
coordinate chart at any point.

Definition 2.19. Let p € M, and let U be a normal neighborhood at p.
Let {E;} be an orthonormal basis for T, M, and define

E:T,M —R": X'E; — X'

where {e;} is the standard basis for R™. Then, we can define a coordinate
chart (U, ¢) with the map

¢=EFEoexp,' :U—R"
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Then (U, ) is called a normal coordinate chart centered at p. The co-
ordinate functions {z'} are called simply normal coordinates, the radial

distance function is )
2
r= ( E (mz)2>

i
and the radial vector field is
0 ; 0
— =z'—.
or ozt
Normal coordinates are endlessly useful in performing Taylor expansions,
partially because of the following properties.

Proposition 2.20. Let (U, {x'}) be a normal coordinate chart centered at
p. Then,
(1) The coordinates of p are p = (0,...,0).
(2) Let X = X'0; € T,M. Then, the geodesic starting at p in the
direction of X is given in coordinates as yx(t) = (tX1,... tX"™) so
long as yx(t) € U.
(3) Atp, g=>,dz* @ dz’. In other words, at p, gij = 6;;.
(4) The first partial derivates of the g;; and the Christoffel symbols Ffj
vanish at p.

In light of Proposition 2.20.2, we can think of normal coordinates as radial
geodesic coordinates.

2.3. Curvature. We define curvature as the degree of obstruction to par-
allel translation of an orthonormal frame.

Definition 2.21. The Riemannian curvature endomorphism is the
map

R:T(M)? — T(M):(X,Y,Z)— R(X,Y)Z
where

R(X,Y)Z =VxVyZ —VyVxZ — Vixy|Z.

The curvature endomorphism is tensorial in all its inputs. By pairing it
with another vector field via the metric, we can make it a covariant 4-tensor;
this is what is commonly known as the curvature tensor.

Definition 2.22. The Riemannian curvature tensor is the covariant
4-tensor field
R(X,Y,Z,W) = g(R(X,Y)Z,W).
Given bases {9;} and {¢’} for the tangent and cotangent spaces, respec-

tively, we can write both the curvature endomorphism and the curvature
tensor in coordinates, defining

Rij, = ¢' (R(9;,9;) )
and
Rijkl =R (017 aj, 0ka al) = glmR;?k-

It is a fact that the curvature of Euclidean space is zero.
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Theorem 2.23. A Riemannian manifold is locally isometric to Euclidean
space if and only if its curvature tensor vanishes identically.

We will most commonly encounter the curvature tensor in the form of a
number of contractions and derived quantities, defined below.

Definition 2.24. Let (M, g) be a Riemannian manifold and R its associated
curvature tensor. Also let p € M, X,Y € T,M, and let {z'} be coordinates
around p and {8;} and {¢’} be orthonormal bases for the tangent and
cotangent spaces.
(1) The sectional curvature is the map K : T,M x T,M — R defined
as

R(X,Y,Y, X)
K(X.Y)= .
XY = RPVE—g(x 72

(2) The Ricci curvature is the symmetric 2-tensor field defined as
Re(X,Y) =¢" (R(0;,X)Y)
=Y " R(9;,X.Y.8)).

Thus its coefficients are R;; = gkleijl.
(3) The scalar curvature is the C* function

R2 = Z Rc(@i, 81)

=Y R(8:,0;,0;,0) .

Z‘?j
Its value is R? = g gM Ry ;.

2.4. Jacobi Fields. Jacobi fields are vector fields which give us an idea
of how curvature affects nearby geodesics. More precisely, they are vector
fields associated to variations of geodesics.

Definition 2.25. A variation through geodesics of a geodesic 7 : [a, b] —
M on a Riemannian manifold (M, g) is a map I' : (—e,€) x [a,b] — M such
that:

(1) T(0,) = »(t);

(2) T is smooth as a map from R? to M;

(3) For each s € (—¢,€), the main curve T : [a,b] — M is a geodesic.

The tangent vectors to the transverse curves I'; : (—e¢,¢) — M which
lie along v form the variation field associated to I'.

Definition 2.26. If I'(s,t) is a variation through geodesics of a geodesic
~(t), then the variation field of I" along = is

V(t) = %F(s,t)‘

The variation field of a variation through geodesics is called a Jacobi
field. Jacobi fields satisfy the following differential equation.

(0,8)°
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Theorem 2.27 (The Jacobi Equation). Let V(t) be a vector field along a
geodesic y(t). Then V is a Jacobi field if and only if

D}V = —R(V,%)4.

Like geodesics, Jacobi fields are unique given initial conditions. The space
of Jacobi fields spans (with coefficients in C*°(7y)) the space of vector fields
along ~.

Proposition 2.28. Let~ : I — M be a geodesic, let a € I, and let p = v(a).
Then for all X,Y € T,M, there exists a unique Jacobi field J(t) along ~y
satisfying

J(a)=X
D,J(a) =Y.
Thus, the space of Jacobi fields has dimension 2n.

Jacobi fields look especially nice in normal coordinates.

Lemma 2.29. Let (U,{z'}) be normal coordinates around p € M, and let
v be a radial geodesic starting at p. For W = W'0; € T,M, the Jacobi field
J(t) with J(0) =0 and D;J(0) =W is given in normal coordinates as

J(t) = tW';.

2.5. Taylor Expansions. Using Jacobi fields and the various curvatures
we can obtain a number of useful Taylor expansions. The starting point
is the following Taylor expansion of the metric in terms of the curvature
tensor.

Proposition 2.30. Let (U, {z'}) be a normal coordinate chart centered at
peU C M. Then, forxz e U,

1 1
g(w) = 6ij — gRiklj(p)$kxl + évaiklj(P)fﬂkﬂclﬂﬁm +O(Jz|*).
Proof. Let {z'} be Riemannian normal coordinates around a point p. Then,

we can use Taylor’s theorem to expand the metric around p as
9i5(2) = 9ij(p) + Ok gi; (p)x" + 0195 (p) " 2! + 0k 0, Omgs; (p)*a'a™ + O(|z[*).

To find the partial derivatives of g;;, we will take the directional derivative
along a radial geodesic of the norm of a Jacobi field. Because of the Jacobi
equation, terms involving the curvature endomorphism will appear. Because
we choose our Jacobi field to vanish at p, most of the terms will vanish when
we evaluate the partial derivatives there.

We can concern ourselves only with Jacobi fields because because the
Jacobi fields vanishing at p provide a basis for T,M C T'U so long as q # p.
Thus, if {X;} is a basis for T, M, we can expand any vector Y at g € U as
a linear combination of the vectors J;(q), where J; are Jacobi fields along
the radial geodesic yy (t) = (tVl, - ,tV") connecting p to ¢, and for each ¢
Jz(p) =0 and Dth(P) :Xz

Take vy (t) = t>_, V'a' to be the radial geodesic with 7y(0) = p and
Av(0) = Vi9;. Also, let V = V0; be the vector field corresponding to 7.
Let J(t) = tW'0; be a Jacobi field along 7y. In normal coordinates the
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derivative along ~ is just the derivative with respect to ¢t. By compatibility
with the metric, we have

_9
~ ot

Also, by the Jacobi equation,

;IJ(t)!2 (J (), J(t) =29 (D:J (1), J(t)) = 29(W, J (1)).

§;|J(t)|2 =2g (D} J(t), J(t)) + 2| Dy J (1)
= =29 (R(J(t),5(1) (1), J (1)) + 2|W|?
= —2R(J(t),V,V, J(t)) + 2|W %

Then,

88;|J(t)|2 =29 (D} J(t),J(t)) + 69 (D} J(t), Dy J(t))
=29 (DyR(J(t),V)V,J(t)) + 6R(J(t),V,V,W).

Next,

3;|J(t)|2 — 2 (DLI(t), J(1)) + 89 (D3J(t), DiJ (1)) + 6 | D2 (1)
= —2g (D}R(W, V)V, J(t)) + 8¢ (D;R(J(t), V)V, W) + 12 |R(J (), V)V |*.

Now,

D,R(J(t), V)V = %R (J(t),V)V = R(DyJ (), V)V
—R(J(t),DV)V = R(J(t),V) D,V
= gtR(J(t), V)V —R(W,V)V,

so we have

o 9 9 0
Sl O == 20 (DEROVVIV.I(0) + 89 (5 RO VWY )

— 8R(W,V,V,W) +12|R(J(t), V)V|*.

Finally,

TV =29 (DLI(), J(0) + 109 (DLI(0), W) + 209 (DL (1), D)

= 29 (D{R(J(1), V)V, J(t)) — 10g (D{R(J (t),V)V, W)
+20g (DR(J(E), V)V, R(J(t), V)V)

Now,

= g;R(J(t), iV — 2QR(DtJ(t), V)V + R(D?J(t), V)V,

D?R(J(t), V)V o
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SO

82
ot2

85

%u(m? =29 (D}R(J(t),V)V,J(t)) — 10g ( R(W, V)V, W)

+ 20g <§ R(W, V)V, W> — 10g (R(DfJ(t)7 V)V, W)
+ 209 (DeR(J (1), V)V, R(J(t),V)V).
Also,
Dig (RW, V)V, W) =g (D:R(W,V)V.W) + g (R(W, V)V, D;W)

=g (g R(W, V)V, W) 9 (R(DW, V)V, W)
g (RW, V)V, R(J(t), V)V)

ot
+ 9 (RW,V)V,R(J(t),V)V)

=g < 0 R(W, V)V, W) g(R(R(J(t), VYV, V)V, W)

meaning that

Y <§tR(W, V)V, W> =DR(W,V,V,W) — g (R(R(J(t), V)V, V)V, W)

Substituting this into the expression for the fifth derivative, we have
85 5 3 82
551/ 01" =29 (DYR(J(1), V)V, J(t)) — 10g(55 RW, V)V, W)
+ 20D, R(W,V,V,W) — 209 (R(R(J(t), V)V, V)V, W)
(

— 209 (R(W, V)V, R(J(t), V)V) — 10g (R(D2J(t), V)V, W)
+20g (DyR(J(2), V)V, R(J (1), V)V).

Evaluating at ¢ = 0, we have

\J 0

Wlimo =

‘ ‘t =0 t3|J

@‘J t ‘Q‘t 0 2g‘p(W7W)

at4\J W|,_g = —8R|,(W,V,V,W)

%\J(t)ﬂt:o = 20Dy|,_ R(W,V,V, W)
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Now, g(J(t),J(t)) = g;;tWWJ. So, plugging the above into the Taylor
expansion of g(J(t), J(t)) with respect to t, we have

o 2 o ] . .
g5 (V)W W :tQagij(p)WZWJ - t4@Riklj(p)leleWj

20 . .
+ t5§Dt |,_o Riktj () W VFVIW

= gi;((V)YW'WI =5,;WWJ — tZ%Riklj(p)Wiv’flej
+ t%vvRiklj ()W VFVIWI 4 O(th)
=5, WiWi — %Riklj (p)WitVFeviw
Vo Ry ()W VRV 4+ O().

By replacing V' with 2, and since |x| grows like ¢, we obtain our result. [

This expansion of the metric also gives us an expansion of the volume
form in terms of the Ricci curvature.

Proposition 2.31. The volume form dV = y/det g on a Riemannian man-
ifold can be expanded in local coordinates (U,{x"}) as

1
thq = |:1 — 6Rkll’kl‘l + O(‘ﬂj|3):| dVg
where R;j are the coefficients of the Ricci curvature tensor and dVg is the
Euclidean volume form.

Proof. For an invertible matrix-valued function A(t), we have the identity

0 4,0
alogdetA =Tr <A 87§A) .

Let (U, {2'}) be local coordinates around p. Then, for a measurable set B
with p € B C U, we have

Vg(B):/BdV :/B@WE'

We can Taylor expand the integrand at the point x = (tV1,...,tV") € B
around p as

Vet g(x) = /et g(p) + 0y/Aet gp)a* + 500/ Aet glp)ata! + O(lof?).

Now, we compute the first and second derivatives of v/det g along the geo-
desic tV.

0 0 1
- - 1
a1V =g exp (5 rosdeto)
1 0
==\/detg(p)—| logdet
5 Vdetg(p)o,|  logdetyg

1 (D
—2T7”<9 (p)at‘tog>

=0.
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Also,
A ‘ det o ‘ e 1 log det
el / -7 <o | =
ot? li=0 I =02 =g P\ 2 08I
10 0
== \/ T —17‘
2 0tli=0 det gl <g ot t:Og>

+ L Jdetgmyrr (47X )52]
5V detg(P)Tr {97 (P) 55|, 9

ot?
1 0?
=-Tr (= .
2t " (8162 ‘t:og)

But, from the Taylor expansion of the metric, we know

0? 1
il = —3 P
SO
H? 1
51 bVt = —5 P
and we have our result. O

Finally, we have an expansion of the volume of a geodesic ball in terms
of the scalar curvature.

Proposition 2.32. Let B/ (p) be a geodesic ball of radius t around p € M,
where (M, g) is a Riemannian manifold of dimension n. Let B¢(0) be a ball
of radius t around the origin in R™, and let R? be the scalar curvature at p.
Then,

R2
6(n+2)
where Vy is the Riemannian volume form, and Vg is the Euclidean volume
form.

Vy (B (p)) = |1 - 2+ Ot | Vg (B(0)),

2.6. The Gauss-Bonnet Theorem. One result that will motivate us in
the coming pages is the Gauss-Bonnet Theorem, which tells us that the sum
of the exterior angles of a geodesic triangle on a Riemannian 2-manifold
relates to the integral of the scalar curvature over the triangle. First, how-
ever, we will need a more general formula, called the Gauss-Bonnet Formula.
This formula is concerned not only with the integral of the scalar curvature
over a piecewise smooth polygon, but also with the integral of the signed
curvature over its edges, and with the exterior angles at its vertices.

Definition 2.33. Let v : [a,b] — M be a piecewise-smooth curve in a
Riemannian 2-manifold M such that vy(a) = (b). Also, assume that there
are a finite number of points {a;}}¥, in [a,b], indexed by magnitude, a #
a; # b, at which + is not smooth. Then the exterior angle of v at a; is the
angle ¢; € (—m,m) between the tangent vector from the left at a;, % (ai_),
and the tangent vector from the right at a;, ~ (a;r), which has the same
sign as dA ("y (ai_) )Y (aj)) (in other words, is positive if ¥ (ai_) is clockwise
from ~ (a?), and negative otherwise).

_1§
Ot 1t=0

)
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Definition 2.34. Let v : I — M be a smooth curve in a Riemannian 2-
manifold M. Let N(t) be the unit vector orthogonal to §(t) in T’ M so
that dA (%(t), N(t)) > 0 (in other words, 4(¢t) and N(t) form a positively
oriented basis for T’ ;) M ). Then the signed curvature of ~ is the function

kI — R:it— kn(t) = g (Dy(t), N(1)).
Now we can state the Gauss-Bonnet Formula.

Theorem 2.35 (The Gauss-Bonnet Formula). Suppose v is a smooth poly-
gon on a Riemannian 2-manifold (M, g), bounding an open set  with com-
pact closure. Then,

/KdA+//<Nds+Zei:27T,
Q ¥ i

where K is the sectional curvature of g, dA is the Riemannian area form on
M, kn is the signed curvature, and €; are the exterior angles of ~y.

This formula simplifies nicely in the case of a geodesic triangle.
Corollary 2.36. Let A be a geodesic triangle on a Riemannian 2-manifold

M, and let ¢; be its exterior angles. Then,
3

A =27 — i
/AKd 27 Ze

=1

The Gauss-Bonnet Formula can be used to prove the celebrated Gauss-
Bonnet Theorem.

Theorem 2.37 (The Gauss-Bonnet Theorem). If M is a triangulated, com-
pact, oriented, Riemannian 2-manifold, then

/ KdA =2mx (M),
M

where x (M) is the Euler characteristic of M.

3. LAaws OF COSINES

In the sequel, we will use two laws of cosines. The first, the familiar
Euclidean law of cosines, is stated below without proof. The second, the
spherical law of cosines, will be proven for sectional curvature K = 1.

Theorem 3.1. Let T be a Euclidean triangle with side lengths a,b and c.
Let the angles opposite these sides be labeled o, 3 and ~y respectively. Then,

& =a® +b* — 2abcos~.

Theorem 3.2. Let T be a geodesic triangle on a sphere of constant sectional
curvature K, with vertices A, B, and C'. Let the sides opposite these vertices
have lengths a,b, and c, respectively, and let the angles at these vertices be
a, B, and vy, respectively. Then,

cos VKc — cosvVEKacos VKb
sin vVKasin VKb .

cosy =
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Proof. 1 will prove this theorem in the case that K = 1.

trty
[talllltsll”
where ¢, is the tangent vector at ¢ in the direction of a, and ¢, is the tangent
vector at ¢ in the direction of b. Let u,v, and w be the (unit) vectors from
the center of the sphere to A, B, and C, respectively. Then, t, is the vector

perpendicular to w in the ww-plane, which can be obtained by subtracting
the projection of u onto w from wu:

cosy =

te =1 —ww*)u
=u — (wu) w.

Also, we have that

v*w = cosa, u*w = cos b, u*v = cosc.
Thus,
ta = u — (cosb)w,
and
[tal|* =u*u + (cos® b) w*w — 2 (cos b) u*w

=1 —cos’b

=sin? b.
Likewise,

ty = v — (cosa) w, l|t||> = sin® a.

Thus

u*v + (cosacosb) w*w — (cosb) v*w — (cosa) u*w

cosy = . -
sinasin b

cosc+ cosacosb — 2cosacosb

sina sin b
cosc — cosacosb

sinasin b

The case 0 < K # 1 is the rescaling given in the statement of the proof; if
K < 0, then the expression is equivalent to the following hyperbolic law of

cosines:
coshv/—Kacoshv—Kb— coshv—Kc
sinh vVKasinh VKb .

cosy =

4. SIMPLICIAL COMPLEXES
We will be dealing throughout this paper with simplicial complexes.

Definition 4.1. A finite simplicial complex K is a finite set of elements
called vertices and a set of finite, nonempty subsets of vertices called sim-
plices that satisfies

(1) Any set containing a single vertex is a simplex.
(2) Any nonempty subset of a simplex is also a simplex.
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A simplex containing j + 1 vertices is said to have dimension j, is called a
j-simplex, and is denoted by ¢/. The dimension of K is sup,-y dimo. A
verctex has dimension 0, 1-simplices are called edges, n — 1-simplices are
called faces, and n — 2-simplices are called bones.

It is often useful to think of simplices as subsets of R™.

Definition 4.2. Let {z;} be a set of m + 1 vectors in R", n > m, lying in
no m — l-dimensional affine subspace of R™. Then the convex hull of {z;}
(the intersection of all convex sets containing {x;}) is called a closed linear
simplex. Its interior is called an open linear simplex.

Coordinates for a closed linear simplex of dimension m take the form
(t1,...,tm+1), with the condition ¢; + ... + t;,41 = 1, corresponding to the
point in R"

t1z1 + ... F 1 Tm1-

Furthermore, we can associate every simplicial complex of dimension n
with a subset of R™ as follows. Let {e;} be the standard basis vectors in R",
and associate to each basis vector the corresponding vertex of K, ¢;. Then,

to each simplex

k __ 0 0
o ={oj,. .05,

associate the convex hull of the corresponding basis vectors,

{6,’1, . '767Lk}~

This geometric realization of K inherits a metric from R"™, which is piece-
wise flat on all simplices. However, it can be equipped with any metric which
is piecewise flat on each simplex - in other words, any metric so that each
simplex is isometric to some linear simplex. Such a metric is completely
determined by the edge lengths of the geometric realization of K.

Definition 4.3. A piecewise flat space is a geometric realization of a
simplicial complex K, along with a set of edge lengths L defining a piecewise
flat metric on the simplices of K. The mesh of (K, L) is n = sup L.

We approximate manifolds with piecewise flat spaces as follows.

Definition 4.4. A smooth triangulation of a Riemannian manifold (M, g)
is a pair (K, f) of a simplicial complex K and a map f : K — M so that
f is smooth on each open simplex ¢ C K. The edge lengths which make K
into a piecewise flat space are the geodesic distances between vertices,

Ly =p(f (o)), f(07))
where p is the geodesic distance in M and 0¥ is a vertex of K.

It is known that any compact smooth manifold admits a smooth trian-
gulation (where f above is required only to be smooth on simplices). Also,
in [2] an argument is given that, for any piecewise linear space, it is pos-
sible to find a series of subdivisions with 7 approaching zero. Finally, in
dimension 2, if the triangulation is fine enough, it is possible to replace the
edges of a smooth triangulation with minimizing geodesic segments, forming
a geodesic triangulation
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4.1. Interior and Exterior Angles. Given ¢! C oF in a piecewise flat

space, there is a set of vectors perpendicular to ¢! pointing into o, called
the normal cone C* (O’l, O'k). Intersecting the normal cone with S*~¢ gives
us a sector of S¥7! the link L (O‘l, ak).

Definition 4.5. The internal angle of ¢! with o* is
I k
(al ak> _ Vol (L (c',c ))
’ Vol (Sk=1)

Now, look at the set of all vectors making an angle of more than 5
with Ct (Jl,ak). If we intersect this with S*~!, we get a different sector
L* (O'l, O'k).

Definition 4.6. The exterior angle of ¢! with o* is

( I k)* B Vol (L* (O'Z,O'k)).

79 Vol (SF1)

Z (al,ak>* =1

olcok

*
(Ul,0l+2) —1_ (Uz’az+2> '

Finally, for future reference, we define
ct (O‘l> S | (Jl,a”) ,

where dimK = n, and dimC~* (O’l) =n—I.

Note that

and that

Example. T will illustrate the formulas for an internal angle in two dimen-

sions. Let v; be a vertex incident on a triangle AA;. The edges of A; incident

on v; form a basis for R?. The set of vectors pointing into Aj from v forms

a cone C*(v;, A\;) consisting of rays beginning at v; through points of A;.

This cone intersects S*(v;), the unit circle centered at v;, in an arc L(v;, A;).

Then, it is well known that the angle made by A; at v; is
UL ) UL 1)

‘ 7r (SN (w))

5. SCALAR CURVATURE ON SIMPLICIAL COMPLEXES

The Gauss-Bonnet theorem tells us there is a relationship between the
angles of our triangulation and the curvature, but what is the precise re-
lationship we are looking for? This is easiest to see in two dimensions.
Imagine a surface S and an associated piecewise flat approximation 7. By
construction, the curvature is zero at any point in the interior of a triangle
of T'. Likewise, the curvature is zero at any point in the interior of an edge
of T. Indeed, the only places that the curvature can be nonzero are at the
vertices of T'. How shall we define the curvature at vertices? Well, the only
information we have about a vertex v are the angles that adjacent traingles
make there. If our surface is flat at v, the sum over the triangles adjacent
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to v of the interior angles will be 27. If v is a point of positive curvature
for our smooth surface, it is easy to see that sum of these angles for our
approximating simplicial complex will be less than 27, while if v is a point
of negative curvature for our smooth surface, the sum of these angles will be
larger than 27. Thus, for simplicial complexes of dimension two, we choose
our measure of curvature to be a multiple of 2r — 3 o/, where j indexes

the triangles incident to v, and o indicates the interior angle each triangle
makes at v. No matter the dimension of our manifold, the fact that the cur-
vature tensor is determined by the sectional curvature tells us that curvature
somehow lives on submanifolds of dimension 2. This suggests that in higher
dimensions, we calculate the angle defect around simplices of codimension
two, or bones.

A more rigorous argument is the following. Scalar curvature for a simpli-
cial complex should scale the same way with length as classical scalar cur-
vature does, so if length is multiplied everywhere by ¢, then R?7 — c”*QR%.
The easiest way to obtain this is to include the volume of n — 2 dimensional
simplices in our simplicial scalar curvature measure.

Now, if p € 0™ 2, then some neighborhood of p looks like the product U x
ct (0”*2), where U C ¢™ 2 and the normal cone C+ (U”*Z) has dimension
2. Now, U is flat, being an open subset of a totally geodesic submanifold,
but the volume of 6”2 scales in the correct way. If we want R,ZZ to be a
locally computable invariant which scales correctly, then 7?7 claims that we
must have something like

R (") = ¢ (C* (0" 7)) Vol (¢"72) ,

where ¢ is a locally computable invariant of C'*- (a”_Q). Compare this with
the smooth scalar curvature measure on a metric product between flat space
and a manifold M?2,

R3*(M?* x E"?) = Py,(M?) X wgn2,

where P, = Pfaf f(Q) is the Chern-Gauss-Bonnet form, for the symmetric
matrix {2 whose entries are the curvature two-forms. Thus, the function ¢
that we seek is the analog of P, for the 2-dimensional piecewise-flat cone

CL (O.n—2)'
In the smooth case, the Chern-Gauss-Bonnet Theorem tells us that

Py(M) = /M Pfaff(Q) = 2"\ (M),

where x (M) is the Euler characteristic of M. If M has dimension n and is
triangulated by a simplicial complex with simplices {o"} having dimension
i, then

i=1
For any simplex ¢°, the sum of its exterior angles is 1:

Z (O‘O,O'i)* =1.

oVeot
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Thus, we can write x(M) as

X(M)Zi— NPy Y (%)

U”“EMUOEUZ
= Z >, (1 (%)
oteM oV¢oi
= 2 (1(e%a)
o%eM oi300

where the summation is understood to be over all possible i. Likewise, we
have

w(e (o)) = 3 S u (o)

i=l+1 gi3q!

since we can think of the normal cone as the full space “modded out” by the
! dimensions of o'; the o! becomes a vertex, the faces o become like faces of
dimension ¢ — [, and so on. This is the relation we take to define our scalar
curvature measure. That is, we let

o(cH (o)) = 30 X1 (o)

i=l4+1 gi30!

Then, we have

R?] (O_n—2) — Z (_1)2'—71—2 (O_n—Q’ O_i)* Vol (O_n—2)

ot30m 2
— Z (O_n—2’o_n)* _ Z (O_n—Q’O_n—l)* Vol (o_n—2)
onygn—2 on—lygn—2
= Z (c" 2, 6™)*Vol (0"_2) .
onygn—2

In other words, the piecewise-linear scalar curvature measure is the sum of
the exterior angles that 0”2 makes in ¢”, weighted by the volume o" 2.
We'd like to express this in terms of interior angles, which is easy enough
since

Thus,

R?7 (c"7%) = Z [1- (o2, ™) Vol (0"72) .

ons30n—2

To find R?? on an open neighborhood U, we merely sum over n—2-dimensional

faces:
Z Z [1 — (0"72, U")] Vol (0"72) .

on—2¢U gn30n—2
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6. CONVERGENCE IN DIMENSION 2

In dimension 2, I have been able to work out the details of the proof that
our simplicial scalar curvature measure converges to the smooth scalar cur-
vature measure. I follow the argument in [2], which relies only on local calcu-
lations. This makes the proof considerably simpler than the n-dimensional
case.

Also in dimension 2, we have the Gauss-Bonnet theorem, which motivates
us to define a second simplicial scalar curvature measure. We will see that
it is an easy consequence of the Gauss-Bonnet theorem that this Gauss-
Bonnet measure converges to the smooth scalar curvature measure, but this
measure has less practical use than the one defined above, which we call the
angle-defect measure.

6.1. Scalar Curvature Measures. We deal with a Riemannian 2-manifold
M and a geodesic triangulation T" of M. The vertices of T are the set {v;},
while the triangles of T" are the set {/A\;}. Also, we redefine the interior angle

az that A; makes at v; to be unnormalized, so that if M is flat at v;,
Z a{ =2,
A]‘ Sv;

rather than 1.

We must compare our simplicial scalar curvature measures to another
measure. We can transform the scalar curvature into a measure simply by
integrating it over a measurable set.

Definition 6.1. The scalar curvature measure for a measurable set U on a
Riemannian 2-manifold is

R*(U) := /U R?(x)dA,

where dA is the Riemannian area element, and R?(z) is the scalar curvature
function.

We rescale the simplicial scalar curvature measure defined in section 4
above to obtain the angle-defect measure.

Definition 6.2. The angle-defect scalar curvature measure for a measurable
set U on a Riemannian 2-manifold with geodesic triangulation T is

RXU):= > Ri(w),
v; €TNU

where

Ri(v;):=4r -2 > &,
AV D

where 54{ is the angle at v; of the Euclidean triangle with the same edge
lengths as A;.

We also have another scalar curvature measure, motivated by the Gauss-
Bonnet Formula.
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Definition 6.3. The Gauss-Bonnet scalar curvature measure for a mea-
surable set U on a Riemannian 2-manifold with geodesic triangulation T'

is
RyU) = ) RiA),
A eTnNU
where R ‘
R?Z(Aj) =2 Z ol —2m,
mEA]’
where ozg is the angle of the geodesic triangle at vertex v;.

The qualitative difference between these two measures is the following.
In the angle-defect measure, we sum the differences between Euclidean and
geodesic angles around each vertex; the sum of the geodesic angles around
a vertex is always 27. In the Gauss-Bonnet measure, we sum the differences
between Euclidean and geodesic angles for all the vertices in each triangle;
the sum of the interior angles of a Euclidean triangle is always w. Only the
angle-defect measure can be generalized to more general simplicial approxi-
mations and higher dimensions.

6.2. The Gauss-Bonnet Measure. The proof that the Gauss-Bonnet
measure converges to the scalar curvature measure is a fairly straightfor-
ward application of the Gauss-Bonnet Formula.

Theorem 6.4. There exist ¢ = c(|R]|) and no = no(||R||), so that

Ry(U) = R*(U)| < cA(9,U))
whenever n < ng. A(0,U) is the Riemannian area of the set of points a
geodesic distance less than n from OU.

Proof. For each Aj € UNT, the Gauss-Bonnet Formula gives us
3 .
21 — Ze{ :/ KdA,
Aj

i=1

where € is the exterior angle of A; at vertex v; and K is the sectional
curvature. Now, eg =7 — ag , S0 we have

Zg:aj—ﬂ'—l/ R%dA = 223:aj—27r—/ R%dA

i=1 i 2 A i=1 i N A '

Summing over the triangles in U, we have

RU)=r"| |J 2
A]’GU

=R(U)-R* U\ |J 2y
A;eU
< R*(U) = (|| R])A(3,(U)),

which completes our proof. O
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6.3. The Angle-Defect Measure. Proving that the angle-defect measure
converges to the scalar curvature measure is quite a bit more technical. The
crucial step in the proof is estimating the angles of the geodesic triangulation
with the corresponding angles of the piecewise linear triangulation - in other
words, with the corresponding angles of Euclidean triangles with the same
side lengths. The error we incur includes a function of the scalar curvature.

The Euclidean and constant-curvature laws of cosines give the value of
an angle in terms of the lengths of the sides of a triangle, and they will be
our main weapon. We’d like to wield them on 2-manifolds of nonconstant
curvature; luckily, they hold in this case, but only up to third order. In
dealing with laws of cosines, we will treat only the case of positive sectional
curvature; the case of negative sectional curvature is similar.

Once we have expressed the difference between geodesic and Euclidean
angles as a function of the scalar curvature plus an error term, we sum this
difference for each of the triangles incident on a vertex. In this way we
obtain the angle defect of the vertex as a function of the scalar curvature at
the vertex plus an error term. By summing over the vertices in U, we obtain
a relation between R%(U ) and a sum of scalar curvatures over the vertices
in U. Our final step is to relate this sum of scalar curvatures to the scalar
curvature measure; we take care of this in a lemma.

6.3.1. Preliminary Lemmas.

Lemma 6.5. Let A be a geodesic triangle on a Riemannian 2-manifold M
of nonconstant but bounded curvature. Let the covariant derivative of the
curvature tensor be bounded, and let |R||, ||[VR)|| indicate the suprema of
the operator norms of these tensors. Let d be the diameter of the smallest
geodesic ball containing /\, and assume that no conjugate points lie within
this geodesic ball. Then the hyperbolic or spherical law of cosines holds for
T up to O (d3). More precisely,

cos(VKl;) — cos(VKl;) cos(vVKly)
sin(vVKl;) sin(vVKly,)

where «; is the angle at the it vertex v, l,, is the length of the side opposite
Um, K is the scalar curvature at v;, and the constant in O (d3) depends on
IVE].

Proof. Let 1, 72,73 be the sides of A, having lengths Iy, 12, 13. Let 2 = (%)
be normal coordinates centered at v1, and let K be the sectional curvature
at v1. Now consider a surface S of constant sectional curvature K with
constant-curvature metric gx which is “tangent” to M at v, in the following
sense. Choose a point vX € S, and choose normal coordinates centered at
v, These normal coordinates give an orthonormal basis for 7] K S, just as

+0 (d*),

cos(a;) =

the coordinate x gives an orthonormal basis for 7;, M. By identifying the
two bases, we obtain a linear isomorphism which allows us to identify the
two tangent spaces; we also identify v; with vf( .

Now, let v and 'yf be the gx-geodesics of length [ and [3, respectively,
starting at v; and heading in the direction of 4 and #3. Let v{ be the
geodesic connecting the endpoint of 74 to the endpoint of v?f( . Let AK be
the triangle whose sides are 71K , 75( , 73{( , with respective lengths lf( , lé( , lg( .
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Then A and AX are both geodesic triangles having angle o at v;. By
construction lg = lé( and [y = lé(.

We can apply the constant-curvature law of cosines to AX | and we’d like
to apply it (up to some error) to /. One way to do this is to replace [{
in the constant-curvature cosine law by [1, but in order to do this we must
compare [; with [{. In turn, we can only do this by pulling back the two
geodesic triangles into the tangent space at v.

Since we’ve identified the normal coordinates for the two manifolds, 42 =
expg_l(yg) = expg_; (v45), and likewise for 43; both are straight lines. How-
ever, y1 = expg_l(v;l) and 4 = expg_; (v) are not straight lines, and are
not the same. Luckily they will have the same endpoints, 6o = exp~!(v)
and 03 = exp ! (v3). We want to compute

=15 / \/expv1 71 'yl( ))dt,
71

i = / Vexpn, i GE (0,4 )t

where the exponential maps are those generated by the respective metrics.
But

expy, 9(3 (1), 11(8)) = g((expy, (1 (8)), (expy, )« (1(1))),

and
(000, )- Ga(0)) = (5D, )s - (003! 1) o5
= (expy, ) (exppt)uin (t)
( XDy, eval )*71 (t)
= 1(1),
so that

expy, 9(91(1), 31(8)) = g(1(8), 11(¢)).
The same is true for the second integrand, where the only dependence on
gk is in the exponential map. Thus we have that

h= [ Valn)n())d,
71

1= [ Voo 48 @)t
71

and we can remove the discrepancy in the “limits” of integration by re-
parameterizing both 4 and 4{€ so that they are images of the unit interval.
Since we are computing length, this rescaling does not affect the value of the
integral. Now, 41 is a minimizing geodesic for exp* g, and ’7{( is a minimizing
geodesic for exp* gx. Thus we have the following inequalities:

| VIGO0 < /[0 . VIGE @5 1),

| VaGE@Q 0 < [ VoG @)
[0,1] [0,1]
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In other words,

= < ma [ [VaG 0, 510) Vo Gi® 3]

/[01] ‘\/9(1{((75)’7{((75)) - \/QK("V{((t),ﬁff(t))‘dt}

We will assume the first integral is larger for definiteness; all the arguments
are analogous if the second is larger.

We proceed by using Taylor expansions to simplify the integrand. Both
g and gg can be Taylor expanded in terms of x:

1
g =0ij — gRiklj(U)l’kﬂCl + Vi Rt (0)2F 2™ + O(|z[*),
1

gk = 0ij — g(RK)iklj(O)xkxl + Vin(Ri)inj (0)a*a'z™ + O(|z[*).
Let # = y1(t), and v = 41 (t) € T, ()M . Since we are in normal coordinates,
the vector e:vp;ll (x) € Ty, M has the same coordinates as x; we will refer to

it as x also. Then,
1 1
9(0,0) = lol} = SRO)w,2,2,0) + =V, RO, 2,2,0) + Ol of?)
1

1
gK(’U,'U) = HUHQE - 7RK(0)(1)7‘737$’U) + 6

. VERK(0)(v, z,2,v) + O(|z|*|v]?),

where ||v||g is the Euclidean norm of v. Taylor expanding the square root
around ||v||%, we obtain

/[0 1] ‘\/g(;yl(t)’;h (1)) = Vg (1 (8), 51 (1)) |dt

6llvlle

:/ ‘ 1 [R(0)(v, %, x,v) — Rg(0)(v, x, x,v)
(0,1]
- %VxR(O)(v,x,x, v) + %VfRK(O)(U,ZE, x,v) + O(|33|4)} ‘dt.

Now, by uniqueness of geodesics, v is not parallel to the radial vector % at
x, so the components of v and z are linearly independent as vectors in R2.
Since we are on a 2-dimensional manifold, the sectional curvature of any two
linearly independent vectors in T, M is the same. Thus,

R(0)(v, z,2,v) = K (9(0)(x, 2)g(0)(v,v) — g(0)(x,v)?)
= K (|zlEvllE - 95(z,v)%)
R (0)(v, 2, 2,v) = K (95 (0)(z, 2)gx (0)(v,v) — g (0)(z,v)?)
= K (|zlEvllE - 9(z,v)%)

where gg is the flat metric. As a result,

R(0)(v,z,z,v) — Rx(0)(v,z,z,v) =0,
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as we might expect, and

i — 15| < /
[0,1]

4 / O] [o]).
[0,1]

V2 R(0) (v, 2, 2,v) — Vi R (0) (v, z, 2,v))|
< Vo R(0)(v, 2, 2,0)| + [VE Ric (0) (v, 2, 2, v))|
< IVR||lz|% 0%,

since VERg = 0. Thus,

VR||[]|%]|v]|
z—ng/ [” ETE 1 O(||*|v
‘ 1 1 ’ 0.1] 12HU||E (| ‘ | |)

< c(|IVRI)d*,

[VwR(O)(v, z,z,0) — VERK(0)(v, 2, z, v)]

2]

But,

since, thanks to our choice of parametrization, ||v||g = (1.

Now, let aff be the angle of the constant-curvature triangle at v;. By
construction, aff=a;. Let If 1£ and £ be the constant-curvature lengths
of the sides of the triangle. If K > 0, then, by the spherical law of cosines,

cos(an) = cos(al) = CSVEL) = cos(VEIF) cos(VEILY)
sin(VE L) sin(VEL)
 cos(VE (I + O(d)) — cos(vKly) cos(VEL)
: sin(VKly) sin(VKl3)

By Taylor expanding cosine, we can see that

cos(VET + O(WKdY) =1 - 5 (VEl + O(VEd")?

+ i(@zl +O(VEKdY)) +...

=1 S(VEW + gy (VEL) + ..+ O(K D)
= cos(VKlL) + O(KdP).

Substituting this into the above expression, and recalling that the constant
in O(Kd®) depends on ||VR||, we obtain our result. O

Proposition 6.6. Let A\ be a geodesic triangle on a Riemannian manifold of
nonconstant but bounded curvature. Let the covariant derivative of the cur-
vature tensor be bounded, and let d be the diameter of the smallest geodesic
ball containing /\. Then the angles of /A can be expanded in terms of the
angles of a Euclidean triangle A with the same edge lengths. In particular,

K
ai = ap + - Ap + 0(d),

where a; is the angle of /\ at v;, ag is the corresponding angle of A, and
Apg is the area of A.
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Proof. Let 1,12, and I3 be the lengths of the sides of /A, with [; being opposite
vertex v;. Our strategy is to apply the nonconstant curvature law of cosines
from Lemma 6.5, to Taylor expand this expression, and finally to simplify
the resulting expression using the Euclidean law of cosines:

(12)% 4 (13)% — (I)?
2l5l3 ’
()" + (I2)* + (I3)* + 2(12)*(I3)? — 2(11)? [(I2)* + (13)?]
4(15l3)? '

cos(ap) =

cos?(ap) =

Let s; = \/(K)ZZ Then, by Lemma 6.5,

cos(ay) = [cos s1 — cos 59 cos s3] / [sin s sin s3] + O(d>).

Taylor expanding, we find the numerator of the first term to be

- 88 B o)

2 24
S 2 S 4 S 2 S 4

- [1 _{ ;) + (224) +O((52)6)} [1 ¢ ;) + (234) +O((53)6)}

oyt ()
2 24
2 2 2 2 4 4

_ |:1 _ (SZ) B (5;) + (82) 4(83) + (5224) + (532 } +O(K3d6)
=5 1602 = (52 — ()] = (o230

+ oz (0" = ()" = (53)") + O(K*).

The denominator looks like

S 3 S 3
2= 25 00620 [sa = 25 4 00
= S9S83 — 52(83)3 —g 83(82)3 + O(K3d6)

= 5953 {1 = é [(52)? + (s3)%] + O(K2d4)] )
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Expanding the denominator using the Taylor expansion for (1 — z)~!, we
get
1

cos(aq) = "o

1 1 1

X [2 [(51)% = (s2) — (s3)°] + 1(8283)2 ~ 51 [(s1)* = (s2)* = (s3)*] + O(K?d°)

X [1 + % [(s2)% + (s3)%] + O(Kd") | +O(d®)
_ (32)* 4 (s3)* = (s51)®  (s253)° N (s1)* = (s2)* = (s3)*

N 28283 48283 248283
[(s1)? = (52)* = (s3)%] [(s2)* + (53)°] L O(KdY)
128283
(s1)" — (s2)" — (s3)"  3(s2s3)?
248283 128283
 [(s12)* = (s2) — (s352)° + (s183)° — (s5283)° — (s3)"]

128233
(s1)* = (s2)* — (s3)* N [(s2)* + (s3)"]
248283 128283
[(s152)% + (s183)% + (5253)]
B 128283

S983 (81)2 + (82)2 + (83)2 — 2{(8182)2 + (8183)2 + (8283)2} 3
6 ( 4(s283)? ) +0@)
= cos(ap) + % [cos®(ag) — 1] + O(d?)

= cos(ap) — %sinQ(aE) + O(d®).

= cos(ag) +

+ O(d®)

= cos(ag) +

+ O(d®)

= cos(ag) +

Here ag is the angle at v; of a Euclidean triangle with side lengths s1,
s2, and s3. Now we perform a final Taylor expansion, for cos~!(z) around
cos(ag). The expansion is

cos H(x) = cos !(a) —
The result is that
o = cos 1 (cos(ay))
(—=222) sin?(ag) + O(d®)
1 — cos?(ag)
—agp + % sin(ap) + O(d%)

K

=ap+ o <l22ls> sin(ag) + O(dS)

= cos ! (cos(ag)) — + O(K?d*)

K
=ag + ?AE + O(d3)

where Ap = % sin(ag) = O(Kd?) is the area of the Euclidean triangle
with side lengths 1, l2, and 3. O
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Lemma 6.7. Let U be a measurable set in a Riemannian 2-manifold. Let
the curvature tensor and its covariant derivative be bounded on U, and let
T be a geodesic triangulation of U with 1 the mesh of T'. Then,

ZH? v) Y AN < e(IRILIVRI) [AWU)n + AD,U)]

UZEU Ajdv;

where v; and A; are the vertices and faces of T', A denotes the Riemannian
area measure, and O,U is the set of points a distance of less than 7 from

ou.

Proof. This is a standard approximation of an integral by a finite sum.

By summing first over all the faces containing v;, and then over all the
vertices v; in U, we end up counting each face three times - once with each
incident vertex. So we have

3
S R Y AG) = Y ALY R
v, €U 23 neU i=1
where vf is the ith vertex of AA;. Now, choosing normal coordinates at v1,
say, we can expand R as
R?(z) = R?(v1) + VR?(v1)(z) + O(|z|?).
Then, if A; > v1 has diameter d,
R*(v]) + R*(v}) + R*(v])
= R¥(v]) + (R%(o]) + VR2(0)(v] — v]) + O(1v] — o]®))
+ (R2(]) + VEX(0) (v] = v]) + O (v} - v{|2>)
)+ VR*(0)(v§ — v]) + VR*(0)(v} — of) + O(d?)

i
1
1)+ 2||VR||d + O(d?).

R?(v

LY RL) Y A< Y A, [ >+§HVRHn+O<n2>}

v; €U A]’BUZ A ieU
= > Rv f||VR||A< )+ O(n?),
A eU

so that

Z R(v) Y AL = Y RA)AL)| = O(n),

vZEU VAVEDR N;eU

with the constant depending on ||V R|| and A(U). Now, let’s estimate the in-
tegral of R? over a single geodesic triangle, /. Choosing normal coordinates
at vertex vy, we can expand R? as

R*(z) = R*(v1) + VR?(v1) () + O(|z ).
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Now, integrating both sides of this equation over A, we have
/ R*(z)dA :/ [R?(v1) + VR*(v1)(z) + O(|z[*)] dA
A AN

= R%(v1)A(D) + /A VR?(v1)(x)dA + A(N)O(d?)
— R%(A) — R*(v)A(A) < ||[VR?|A(A)d + O(d?),

where the constant in the O(d?) depends on A(A). Summing over all the
triangles in U, we have

> R(B) - ) R

A;eU A;eU
1
=R’ {J a5 =3 ) Bw) D A(%)+0()
A]‘EU v, eU AjB'Ui

< > [IVRIAL)d; + O(d3)]
A;eU

<|VRln Y A(L)) +O00)
A;eU

VRA( U A)n+o 2).

A cU
< [[VR[A(U)n+ O(n?).

Now, we also have

— R? ( U Aj) = R? (U\ U Aj)
NEU NeU

= / R?(x)dA
U\ UA]-eU AJ'

<|R|A (U\ U A])

AjEU
< [|R[A(9,U).

Combining the previous two estimates, we obtain our result. O
6.3.2. Proof of the Main Theorem.

Theorem 6.8. Let U be a measurable subset of a Riemannian 2-manifold.
There ezist ¢ = c(||R||,||VR]|) so that

|R2(U) — R*(U)| < c[A(U)n+ A(9,U)].

A(U) is the Riemannian area of U, and 0,U is the set of points a geodesic
distance less than n from OU.
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Proof. The proof proceeds as follows. We sum the relation in Proposition
6.6 over all angles at a vertex and over all vertices inside of U, thus obtain-
ing a relation between R7(U) and a finite sum of (smooth) scalar curvatures
over points in U. Then, using Lemma 6.7, and a few other facts, we obtain
a relation between this finite sum of scalar curvatures and R?(U). Combin-
ing the two estimates, and estimating the difference between the areas of
geodesic and Euclidean triangles, we obtain our result.
Proposition 6.6 tells us

where af is the geodesic angle of the jth triangle at vertex wv;, a{ is the

corresponding angle of the Euclidean triangle with the same edge lengths,
Ag () is the area of that triangle, d is the diameter of the geodesic triangle,
and K is the sectional curvature of our manifold at v;. Multiplying by 2 and
adding up over all the triangles containing v;, we have

A — 9 Z dg—gK(%‘) Z Agp(Ly)

Ajavi Ajavi

= Rfo) — S F2(w) Y Ap(8y) = O,
VAVEDN

since K (v;) = %RQ(W). Now, summing over all the vertices in U we have

S Rw) - Y 5B Y As(sy)

v eV vielU AJ‘BUZ'
1
= Ry(U) =3 > R(w) Y Ap(L)) = 0(n).
v;eU JAVEL

Now, we find

v;eU VAVEDH
1 1
+ 3 Z R2(UZ) Z Ap(L;) — 3 Z Rz(”%) Z A(4L;)
v, €U VAVEDR v, €U Ajdv;
1
+5 D Bw) D AL - R(U)
v, €U A]'B’Uz
1 1
<3 D Rw) Y Ap(Ly) - 3 > RAw) ), A(L)
v;eU AJ‘BU»; v, eU AJ‘B’UZ‘

+e(IRILIIVRI) [AU)n + A 0,U)] + O(n).
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To estimate the remaining term, we use the expansion of the Riemannian
volume element in terms of the Ricci curvature, writing

A(D) :/AdV:/A [1 — éRjkxjxk—&—O(\x]‘g) dVg
— Ap(D) - é /A Riya'a!dA + O(d%)
< Ap(L) [1+0@d*)],
where d is the diameter of the triangle, so that
A(D) = Ap(D) = Ap()O(d).
Thus we have

SR Y Ay -5 YR Y Anay)

v, €U AjB’Ui v, eU AJ‘B’UZ‘

_ %ZRQ(W) ST AL)) - Ap(Ly))

v; €U A]‘BUZ'
1
<SR YD As(2,)0 (77)
v, €U AjBUi
< IRIAE(U)O (%) = O ().
Combining this with our above results, we have
|R5(U) = R*(U)| < e(IRII, [V RI) [AU)n + A@,U)] + O (1) + O (n*)
< c(|[R[], [IVR[) [A(U)n + A(O,U)]

up to leading order, as desired. O

7. CONVERGENCE IN DIMENSION n

The theorem is the same as in dimension 2.

Theorem 7.1. Let U be a measurable subset of a Riemannian manifold
(M, g), and let R? and R% be defined as in Section 4. There is a constant
c=c(| R, VR]) so that

[R(U) - RA(U)| < ¢ [VU)ii + V(O50)]

where V' is the Riemannian volume measure, and 8\/5U is the set of points
a geodesic distance less than \/n from OU.

Unfortunately, the local approach used in dimension 2 cannot be ex-
tended to higher dimensions. The main problem is that given a geodesic
triangulation of a higher-dimensional manifold, the interior angle an n — 2
-dimensional simplex ¢™ 2 makes with an n-dimensional simplex ¢™ may
vary along its length. Let o’f_l and 03_1 be the faces of o™ with

n—2 _ n—1 n—1
o =0, Noy .
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The angle between the vectors normal to 0”2 pointing into o7~ " and o~
may vary as much as O (772) as we move along 0"~ 2. This is an untenable
situation.

Instead, we find that

R3(B(p)) ~ Ly(p)(r,Ty)V ol(B:(p)),

where L, is a linear expression in the curvature at p, some point in U, whose
coefficients are uniformly bounded, regardless of triangulation. The proof
of convergence has two parts.

First, it is a theorem of Gilkey ([4]) that any linear function of curvature
is equal to R? if it has the following three properties:

(1) It is invariant under orthogonal transformations of the tangent space;

(2) L(M"' x E»1) =0, where M is a one-dimensional manifold;

(3) L(S% x E""2) = xR%(S? x E"72).
Above, E' denotes Euclidean space of dimension 4. In [2], it is shown that
L,, satisfies these three properties. The second property is built into L,
while the final property is shown by choosing a special approximating tri-
angulation.

Secondly, it is shown that L,(p)(r,T;) is independent of the particular
triangulation T}, in the limit of small . Part of the proof of this involves
constructing appproximating triangulations as follows. Given two triangu-
lations T; and T35 of a bounded region, two other triangulations 73 and 7}
can be created, which agree on the boundary, and agree with 77 and 75,
respectively, in the interior up to high order.

These ideas are still not entirely clear to me. I have some parts of these
arguments worked out, but for the sake of clarity I've chosen to leave the
above bare-bones sketch. The rest of the n-dimensional case is something
to be worked out in the future.
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