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ABSTRACT

The purpose of this dissertation is to elaborate, with specific examples and calcula-
tions, on a new refinement of triangular factorization for the loop group of a simple,
compact Lie group K, first appearing in [34]. This new factorization allows us to
write a smooth map from S* into K (having a triangular factorization) as a triply in-
finite product of loops, each of which depends on a single complex parameter. These
parameters give a set of coordinates on the loop group of K.

The order of the factors in this refinement is determined by an infinite sequence of
simple generators in the affine Weyl group associated to K, having certain properties.
The major results of this dissertation are examples of such sequences for all the
classical Weyl groups.

We also produce a variation of this refinement which allows us to write smooth
maps from S! into SU(n) as products of 2n+1 infinite products. By analogy with the
semisimple analog of our factorization, we suggest that this variation of the refinement

has simpler combinatorics than that appearing in [34].
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CHAPTER 1

INTRODUCTION

The purpose of this dissertation is to elaborate, with specific examples and calcula-
tions, on a new factorization for the group of smooth functions from the unit circle
St into a simple, compact Lie group K, such as SU(n). Such functions will be called
“loops”, or “loops in K. This factorization, a kind of nonabelian Fourier transform,
makes its first appearance in the joint paper [34]. It induces a parametrization, by
sequence spaces, of the generic subset of loops having a triangular factorization, a
notion we will explain below.

The factorization appearing in [34] is a natural generalization of a factorization for
compact, simple Lie groups, which has topological, measure-theoretic and Poisson-
geometric significance [4, [37, 26, 6]. In this introduction, we will explain both of these

factorizations, and the results of this dissertation, in the case of the group
SU(n) = {g € SL(n,C) | gg" = I} C SL(n,C) = {g € GL(n,C) | det(g) =1}
and its Lie algebra
su(n) = {X €5l(n,C) | X = —X"} Csl(n,C) = {X € My | tr(X) =0}.

Throughout, we will use the following notational conventions. For integers i < jwe
will use the notation [i] = {1,2,...,i} and [z, j] = {i,i+ 1,...,7}. For a real number

r, |r] denotes the largest integer less than r, while [r] denotes the smallest integer

greater than or equal to 7. We will use the binomial coefficients () = ﬁlk)' In

general, for a space X, its loop space C* (S1, X) will be denoted LX.
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1.1 The Finite-Dimensional Case SU(n)

Any nxn traceless matrix X = (X;;) can be written uniquely as a sum X = L+D+U
of strictly lower-triangular, diagonal, and strictly upper-triangular matrices. In terms

of Lie theory, this corresponds to the triangular decomposition
sl(n,C) =n~ +bh+nt,

where n* are the nilpotent subalgebras of strictly upper/lower-triangular matrices,
respectively, and b is the maximal abelian (Cartan) subalgebra of traceless diagonal
matrices.

At the Lie group level, the corresponding factorization for g € SL(n,C) is the
familiar factorization ¢ = LDU, where L and U are unipotent lower- and upper-
triangular matrices, and D is a diagonal matrix. One way to obtain this factorization,

called the LDU or triangular factorization, is to apply Gaussian elimination to g. For

sets of indices [ = {i1,...,4} and J = {ji, ..., Jx}, we define the minor
Givjn -+ Girge
Mj(g)={ :
Girir -+ Gigg

If they exist, the entries of L, D, and U are given by the formulas
[¢] [F—-1]u{d} [¢]
det (M (9)) ;o det (M "M () det (M0 (9))

I A D S
1.1.1

i )

The condition for this factorization to exist is simply that det (M [[Z]] (g)) = 0 for each
i € [n]. In other words, the principal minors M[[Zf (g) are invertible. This condition is
satisfied on a set of full Haar measure.

Of course, we can go further and additively decompose X in terms of the basis

elements e;; for sl(n,C), where e;; has a one in position (7, j) and zeros elsewhere.

The Lie algebra su(n) has the basis

{Xij:eij_ejia Yij =v—1(e; +€ji) 1§i<j§n}
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U {Hz = \/—_1 (62‘2' — €(i+1)(i+1)) 1€ [n]}

and a corresponding unique additive decomposition of Z € su(n)

7 = Z (’l“inij + Sijl/;j) + Z tiHi. (1.1.2)

1<i<j<n i€ln)
The factorization we are concerned with in this dissertation is the group analogue
of this decomposition. We define the homomorphism
Iiq
a f @ b
Lij SU(Q) —>SU(71) : —B a — B Ij—i—l ,
— ﬁ a
I,

where [, is the n X n identity matrix, and all other entries are zero. We also define

the normalization factor N (¢) = ——— (written a(¢) in [34]). The factorization we

vV 1FIC?

will discuss, when it exists, has the form
1 =
1<i<j<n K le[n]
Of course, we must specify the order of the factors in the first product. The ordering

we are interested in depends crucially on a reduced word for the longest permutation
wo: (1,2,...,n) — (n,n—1,...,1)

in the permutation group S, the Weyl group of SU(n) (but see Proposition 2.4.7]).
This is a decomposition of wy in terms of the adjacent transpositions s; = (4,7 + 1)

which generate S,,. Such a decomposition will be denoted wy:

Wo = S5 - Siq-

(3)
Given wy, define the sets of indices
[(]) :Sil---sij,lija J(]) :Sil...Sij71 (Z]+1)

The following is basically due to Soibelman [37] (with input from Bott & Samelson

[4], and in a formulation appearing in Caine & Pickrell [6]).
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Theorem 1.1.4. Given a reduced word wo and sets of indices {I(m), J(m)}me[(g)]
as above, an element k € SU(n) has a triangular factorization if and only if k has a

unique factorizatio

(5) _
k:ifﬁm@ﬂm(N«%)Q; _%ﬁ> [T exp(t:H,).

m=1 i€[n—1]

For example, in SU(3), there are two decompositions for wy = (1,3). The decom-

position wo = s18987 gives I = (1,1,2) and J = (2, 3, 3), leading to the factorization
1 ) N(G) —N((2)Cs
k= N(G) —N(G)G 1
N(¢)¢ N(G) N(¢2)¢ N(G)
N(G)  =N(G)G e
x| N(G)G N(G) eilt2—t) e
1 ez
The decomposition wy = sa8182 gives I = (2,1,1) and J = (3,3,2), leading to the
N(G)  —N(G)G N(¢) —N(C2)C
k= NG)G  NG) 1
1 N(¢2)¢ N(G)
1 ) et
X ( N(¢1) —N(Cl)Q) ( eilt2=t) ' >
N(G)G  N(GQ) e

These factorizations have several interesting interpretations and applications, many

(2)

of which are due to Lu [26]. For example the coordinates {(;},Z1 diagonalize the so-

factorization

called Evens-Lu Poisson structure on the top-dimensional isotypic part of K, they

n

'Here and throughout, we use H:l to mean a product “directed to the left”, and H:l to mean
a product “directed to the right”, so that

o
I1/i= fafar-o fr, Hfl = fifa-.
i=1
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Hl 2

((a)) wo = s15251. ((b)) wo = s25182.

Figure 1.1: The chamber walks corresponding to reduced words wo = 515251 (1.1(a)))

and wo = s18251 (L.1(b))).

diagonalize Haar measure for K, they can be used to derive Harish-Chandra’s fa-
mous formula for the diagonal distribution of K, and so on. We will discuss these
applications in more depth in Chapter 2

The reduced words for wy can be interpreted in terms of the action of S,, on R",
by permuting the standard basis vectors: oe; = e,(;). This action identifies S, with

the group generated by reflections in the hyperplanes H;; = {:1: e Rz, = xj}, and

the group of rigid transformations of the hyperplane arrangement

Ho == U Hl.?

1<i<j<n
The connected components of R™\H,, called chambers, are permuted by this action.

Each reduced word wy = s;,,. ...8; corresponds to a walk through (3) adjacent

(3)
chambers, beginning with the fundamental chamber

Coz{a:E]R" x1>x2>...>xn>0}

and ending with —Cj. Figure [[T] depicts the chamber walks corresponding to the
reduced words wy = $18251 and wy = $81 89 for SU(3). The figure shows the intersec-

tions of the chambers with the hyperplane 1+ perpendicular to the vector 1 = (1,1, 1);
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both are fixed by the action of S; on R3.

A result of Stanley [38] gives the number of decompositions of wy as

(5)!
1=13n=2  (2n — 3)

(1.1.5)

Stanley obtained this result by creating certain generating functions, now called Stan-
ley symmetric functions. Extending Stanley’s result to arbitrary Weyl groups turns
out to be a deep and difficult question (Chapter 7, [3]), and I don’t know of a closed
formula for the number of reduced words for the longest element of a general Weyl
group. It is interesting to ask whether (I.I.5) has interpretations in terms of the
geometry of the action of S, on R™ or 1+, or in terms of the braid group associated
to S,,.

The sets of indices I and J can also be interpreted in terms of the action of S, on
R™. The vectors a;; = £ (e; — €;), where 1 <i < j < m, are permuted by this action.
In terms of Lie theory, the collection of such vectors is the root system of SU(n). For
1 <i < j < m, theroots e; —e; are called positive, and the roots — (e; — e;) are called
negative. The indices I(m) and J(m) have the following meaning: s;, ... S; €1(m),7(m)
is positive for k < m, but negative for k& > m, so that ey jmm) is the m™ root
flipped from positive to negative by the successive application of the reflections s;,

in the decomposition wy = s; .. 8;,. Figure depicts the images of the positive

()

roots for SU(3) under the permutations s, s251, and s;5,8;, projected onto 1+.

The lexicographically minimal reduced word
Wy = 515251535281 ...5n-1Sp—2...51

has been singled out in a similar context [20] [I] for its nice combinatorics; we single
it out again in Chapter It has the property that among reduced words wy, =

i, --.Si, it minimizes Zje[(g)] i, and it produces the indices

()
I=(1,...,1;2,...,2;...;n—=2,n—2;n—1), (1.1.6)

J=(2,3,...,m;3,4,...,n;...;n—1,n;n). (1.1.7)
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((a)) The positive roots. ((b)) Their s; images.

((c)) Their s2s1 images. ((d)) Their s1s2s1 images.

Figure 1.2: The images of the positive roots (1.2(a)) under successive application of
s1 (L.2(b)]), s2 (1.2(c)), and s; (1.2(d)).
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(Here and henceforth, semicolons appear in the same positions in both vectors.)

1.2 The Infinite-Dimensional Case LSU(n)
1.2.1 The LSU(2) Case

We now want to illustrate the factorization for the simplest loop group, corresponding
to K = SU(2), which appears in [32]. This is the group of smooth functions k(z)
from S' into SU(2) (called “loops” or “loops in K”), with pointwise multiplication:

(k1k2) (2) = k1(2)k2(2). We write an element of LSU(2)

a(z z
K= (50 )
where a(z) and (z) are smooth C-valued functions on S*, and if f(2) = Yz fi2',
then f*(2) = Siez f-i2"
In this context, the concept of triangular factorization is best understood in terms
of the multiplication operator M}, corresponding to k = ez kiz* € LSU(2), where
ki is a 2 X 2 matrix. For f(z) € L*(S',C?), (Myf)(2) = k(2)f(2), and in terms of

the Fourier basis {z'¢;} g for L2 (S*,C?), we have the matrix representation

i€Z,jE

ko ki ks
My, = ki ko . (1.2.1)
ks k.1 ko

A triangular factorization k(z) = I(z)du(z) for k in terms of maps [, d, and u from C to
SL(2,C) corresponds to a factorization My = LDU, where the infinite matrices L =
M;, D = My, and U = M, are unipotent lower-triangular, diagonal, and unipotent
upper-triangular, respectively. Letting A and A* be the open unit disks at zero and
infinity, this can be restated as follows: [ is holomorphic on A* and I(c0) is unipotent

lower triangular, d is constant and diagonal, and u is holomorphic on A with (0)
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unipotent upper triangular. Explicitly,

[ — ( L+ st liiz™ DS lig,;z ™" )
o0 + i1 lo1i2™" 1+ Y is1 lagi2z™

_ I+ Zizl ull;iZZ U12:0 + Zizl u12;iz_Z
- —i —i .
Y oi>1 U212 14351 uai2

Triangular factorization is essentially equivalent to Birkhoff (or Wiener-Hopf, or
Riemann-Hilbert) factorization; see [32] or [35] for details.

The condition a loop must satisfy to have a triangular factorization is also stated
in terms of M. From ([2.1]), we can see that there are essentially two “principal

minors” of M. Block-diagonalizing M,

o ko ko ke ks :(A(k) B(k))
k D )

we obtain the first, the Toeplitz operator A(k) associated to k. Shifting our block
diagonalization by one row and one column, we obtain the shifted Toeplitz operator
Ai(k). A loop k has a triangular factorization if and only if A(k) and A;(k) are

invertible, which is equivalent to having
det (A(k)*A(k)) =: det (|A(k)|?) # 0 # det (A (k)" Ay (k) =: det (| Ay (K)[?).
With this in mind, we have the following [32].

Theorem 1.2.2. A loop k € LSU(2) has a triangular factorization if and only if it
also has a factorization

k(z) =kl (2)A\(2)ka(2), (1.2.3)

where
A= (exp ) exp(—iX(Z)))
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for x = Skezxuz® € C®(SYL,R), and ki and ko satisfy the following equivalent
conditions.

1. There are factorizations

M M

1 _ﬁizi 1 CiZ_i
ky = lim HN i) <77i2’_i 1 ), ky = lim HN Gi) < Gr 1 )

M—oo ; M—o0 ;
(1.2.4)

for rapidly decreasing sequences {n;} and {(;}.

2. There are triangular factorizations

(ol I e m=( ) )

where ™ and y* are holomorphic on A*, and a, and ay are real, positive con-

stants.

3. The forms of ki and ko are

n= (i w0 = )

for functions «; and [; which are holomorphic on A, such that «;(0) > 0,

B2(0) =0, and «; and B; do not simultaneously vanish on A.

Furthermore, in terms of the coordinates {n, x,C}, we have

a; = A}gnooll;[oN(m), as = A}@wg]v(@’
M — M
et (AE) = tim T+ ) s (— 3 k|xk|2> IR
i=1 k=—M i—=1

We can place Theorem [L2.2]into the framework of Theorem [LT.4 by showing that
the orders of the factors in (I.24]) also depend on words in a reflection group. The
reflection group of interest is the infinite dihedral group D.,. It is the group of rigid

transformations of the integers. Its generators are s;(n) = —n and so(n) = 2 — n,
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which are, respectively, reflection in the origin and reflection in 1. It is an infinite
group, so it has no longest element. However, there are two infinite reduced sequences
of generators, or “infinite reduced words”, sg, s1, So, s1, . .. and sq, Sg, S1, So, - - .. Each
of these gives us a sequence of integers, by the rule I(j) = s;, ...s;,_, (1 — ;). The
sequence S, S1, So, 1, - - - gives I = (1,2,3,4,...), while the sequence s1, sg, s1, So, - - -
gives I = (0,—1,—2,-3,...). For integers p > 0 and g > 0, we define homomorphisms
tp and ¢, from SU(2) into LSU(2) by

(G ) - D) (G )-8 )

The products
o 1 G
o T (Ve (¢, 7))
then give us loops of types ks and k;.

We can also describe these sequences as walks on the fundamental domains for
D.,. Removing the integers from the real line leaves behind the “chambers” for the
infinite dihedral group, namely the open intervals (¢,7 + 1). The two infinite reduced
words correspond to two infinite walks on intervals, beginning with the interval (0, 1).
The sequence sg, s1, S, S1, - - . corresponds to an interval walk towards oo, while the

sequence si, Sg, S1, So, - . . corresponds to an interval walk towards —oo.

1.2.2 Periodic Infinite Reduced Words

Theorem [[L2.2is generalized to arbitrary simply-connected compact Lie groups in [34].
In this case, the factorization ([L2.3]) depends on the choice of an “affine periodic
infinite reduced word” in the affine Weyl group of K, an infinite reflection group.
For SU(n), the affine Weyl group is the affine permutation group S,,, the group of
permutations of Z which commute with translation by n, ¢, (i) = ¢ + n. This group
is generated by the transpositions s;, which swap the indices (i +mn, i+ 1+ mn) for

allm € Z, and for i =0,1,...,n — 1.
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An infinite reduced sequence or word is a sequence of transpositions {sij}jeN such
that for every j € N, the word s;,s;._, ...s; cannot be made shorter by applying the
relations defining S,. Such a word is called periodic if there exists some integer p so
that i,,, = i4, for all integers ¢. An infinite reduced word in S, can be associated
with sequences of indices I, J, and P such that 1 < I(m) < J(m) < n for all m, and
P(m) € Z. This is done in a way similar to the examples we have already seen, but
we will not go into it here.

Focusing on the factor ky(z) in (L23]), which, in the context of the group LSU(n),
has a factorization of the form

ko= lim [ ] (N (Cpsij) <_‘1 Cp;ijlz_p>) :

.. ~P
M—)oope [M] 1<i<j<n Cp;zyz

we seek periodic infinite reduced words that produce sequences of indices I, J, and
P which order the above product. (The sequences I and J specify a homomorphism
Li(m),J(m), and the sequence P specifies a power of z appearing in the element of
LSU(2) mapped into LSU(n) by t1m),1m)-)

In the case of K = SU(3) it is possible to write down examples of such sequences

in a fairly simple way. Two such affine periodic reduced sequences are
S0, S1, S25 S15 805 S1, 52, S1, S0 - - - » S0, S2, S1, 52, S0, 52, S1, S2, S0 - - - -
The first of these produces
I=(1,2,1,1,1,2,1,1,1,...), J=(3,3,3,2,3,3,3,2,...),

P=(1,1,21,3,24,2,..),
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and the factorization

1 a(Cs) a((s) G2
ka(z) =. .. a(G)  a(le)Cez? 1
—a (Cs) C622 a (Cs) —a ((5) C523 a(Cs)
a(C)  a(C) Gzt a(¢s) a(Cs) sz~
x | —a(C) Gz a(Cs) B 1
1 —a ((3) (322 a(Cs)
1 a(Cr) a(C) Gz
X a(C)  a(l) ez 1
—a(¢2) Gz a(C) —a(¢) Gz a(¢)
You may notice that both the given affine periodic sequences for K = SU(3) have
the form sqwpsgwyg . .., for some reduced word wq for wy. The same is true for the
sequence SpS1S0S1 - - ., since sp is the longest element of the Weyl group of SU(2),

a cyclic group of order 2. It is surprising that this pattern does not continue for
higher rank groups, where it is more difficult to produce examples of affine periodic
sequences. This is one of the main points addressed in this dissertation.

The major new results in this document are examples of affine periodic reduced
sequences producing factorizations of the form ([L2.3)) for all the classical Lie groups.
Such sequences have been studied in several contexts [8] 24] by investigators including
Cellini & Papi, Ito, Shi, and Lam & Pylyavskyy, a fact we discovered late in our
investigations. The overlap between the present work and previous research is still
being explored, but will be discussed in Chapter [3]

Our approach relies on a geometric realization of the affine Weyl group, and
a closer analysis of the situation for SU(3). The affine symmetric group, like the
symmetric group, acts on R™. It is the group of reflections in the hyperplanes

H,;; = {a: c Rz, —x; = p}, or the group of rigid transformations of the hyper-

plane arrangement

H = U Hp;ij-
PEZL
1<i<j<n

For i € [n—1], s; is the reflection in the hyperplane Ho,ii4+1), while s is the reflection

in the hyperplane Hy.j,. (Note that the action of D, on R can be obtained from the
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> & > i
> SO <

((a)) The alcove diagram for SU(3). ((b)) The minimal alcove walk corresponding
to so, 81, 82,51, 50, 51, 52, 51, - - -

Figure 1.3: Alcoves for SU(3).

action of Sy on R? by projecting the latter space onto the line e; + ey = 0, which is 1+
in this case.) The connected components of R"\#H are called alcoves, and the alcoves
are permuted by the action of S,. Figure shows the intersection of the alcove
diagram for SU(3) with 1-+.

Infinite reduced words correspond to infinite alcove walks which are “minimal”
in the sense that all their initial subwalks are as short as possible. Periodic infinite
reduced words correspond to so-called affine periodic infinite minimal alcove walks.
These walks have the property that for some p € Z, the walk from p'" alcove on is a
translation of the original walk. The periodic reduced sequences we seek correspond

to affine periodic infinite minimal walks which begin with the fundamental alcove
AO:{mGR"‘x1>x2>...>xn, xl—a:n<1}

and proceed infinitely far into the interior of the fundamental Weyl chamber Cy. The

alcove walk corresponding to the sequence sg, s1, S2, S1, So, S1, S2, S1, So, - - - Appears in

Figure [1.3(b)

The action of S, on R™ allows it to be realized as the semidirect product of S,, with
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((a)) Repeated translation by
h*.

~
< <

((b)) The reduced word typ+ = ((c)) The reduced word ty~ =
5$18525150- §9515250.

b

Figure 1.4: Constructing infinite reduced words in SU(3).

the set of translations by the lattice T = Z" N 1. One way to construct a reduced
word corresponding to an affine periodic minimal walk is to choose a translation ¢,
choose a reduced word t for that translation, and then repeat t (Figure [[4]). In
SU(3), we have chosen a translation by h* = e; — e3. To explain this, note that
the closure Cy of Cj is the convex hull of the lines spanned by the vectors ©; = e,
Oy = e+ €9, and e; +e5 + €3, and the sum of these vectors, which is clearly contained
in Cy, projects to e; — es in 1+.

Each alcove walk is equivalent to a walk on the “dual graph” obtained by placing a
vertex at the center of each alcove, and connecting the vertices of alcoves which share

a boundary. The dual graph for the alcove diagram of SU(3) is a tiling of the plane
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by hexagons. The two alcove walks from Ay to Ag + h* correspond to the two ways
of traveling around a hexagon. Indeed, any walk from Ag into Cy can be reduced to
a set of successive choices of whether to go right or left at a given vertex of the dual
graph. Going right is equivalent, on the dual graph, to a translation by ©,, and going

left is equivalent to a translation by ©,. This discussion leads us to the following.

Proposition 1.2.5. Let A be an alcove in the alcove diagram of SU(3) such that
center(A) — center (Ag) = aO; + bO,.

Then the number of minimal alcove walks from Aqy to A is (¢1?).

Furthermore, we can express the reduced words corresponding to these minimal
alcove walks in terms of the transpositions sg, s1, and so, and we can characterize the
sets of indices I, J, and P they produce.

Let Wi = sps9, let Wy = 551, and let W2(k) = So4kS14k, Where the indices are
taken mod n. Also, denote a choice of k integers from [n] by ¢ € {a,b}", where

¢; = a indicates that 7 has been chosen, and denote the set of all such choices by

(7] € {a,b}", not to be confused with [(})] = {1,...,(})}.

Proposition 1.2.6. 1. For any alcove A in the alcove diagram of SU(3), the min-
imal path from Ay to A corresponding to o € [¢FY] C {1,2}a+b corresponds to

the reduced word

W(o) = W, (S5 ) w, @tew, aw, |

2. The reduced word W (o) produces sets of indices I, J, and P, where

Hm) = {1 m odd, Jom) = {3 m odd,

Omj2 M even, Oms2 +1 m even,

P(m) = {%J m odd,
61,0m/2 (El<m/2 61,0[ + 1) + 52,0m/2 (Zl<m/2 52,01 + 1) m even.
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In Chapter [3 we provide generalizations of Proposition for all the classical
Lie groups. Unfortunately, we have found no such generalizations of Proposition [[.2.5]
In this affine case, so-called affine Stanley symmetric functions have been developed,
and these can be used to enumerate the number of reduced words of a given element.
However, I know of neither closed-form expressions, nor of geometric interpretations,

for these numbers.

The reduced words W) appearing in the version of Proposition [[2.6] for SU(n) are

-1

<_

Wi = J] Sit14kSi021k - - - Sn—14%5k-
k=0

The above word produces the indices
P=(1,...,1), I=(1,...,1;2,...,2;...50,...,0),
J=mn—-1,...;0+Lnn—-1...l+1..;nn—1,...,0+1).

This leads us to propose the following affine analogue of the lexicographically minimal

reduced word,

W, = w,_,(("2)) . w,®w,Ow,.

Why is this an affine analog of the lexicographically minimal reduced word? Its
length is minimal among reduced words for which the indices I and J run through

all possible pairs 7,7 with 1 <7 < 7 <n, and we have
I=(1,...,1:1,...,1,2,..., 2. ;1,2,....n—1),
J=n,n—-1,....2sn,n—1,....3,n,n—1,....3;...;n,m,...,n),
which we invite the reader to compare with (IL.I6). The indices P are given by
P=(1,...,1;2,...,2,1,...,1;..;n—1,n—2,...,1).

For arbitrary n, Cj is the convex hull of lines spanned by the vectors ©; = e; +

..+ e, where [ € [n]. The vector

1
—p = Z@l:n61+...+en
2 l€[n]
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projects onto an element of 7" only if n is odd. Thus, we take

h*:{

When n is odd, Wy is a reduced word for t,-; when n is even, Wo((g))Wo is a reduced

p nodd,

n even.

ReYE NI

word for this translation.

1.2.3 The LSU(n) Case
In general, the Lie algebra Lsu(n) of LSU(n) has the basis

{Xijzp, Yijef, HizP |[1<i<j<n,l€[n], pe Z} :

and combining the Fourier transform with (I.T.2]), we have the additive decomposition
Z(z) =) < > (rpiiXis + spis¥i) + D tp;in) 2
p€EZ \ 1<i<j<n i€[n]
for Z € Lsu(n).
The corresponding factorization at the group level is given in the following ana-

logue of Theorem [LZ3l Let AIC™ = C(?) denote the space of alternating [-linear

forms on C", having basis

{€i1/\---/\€il i€ [n], z]#zk}

For a set of indices ¢ € [n]' with i; # 4y, we let ¢ A ... A ¢k denote the vector in

A'C™ whose entries are the determinants of all [ x [ minors lying in rows iy, ..., of

k.

Theorem 1.2.7. A loop k € LSU(n) has a triangular factorization if and only if it

also has a factorization

k(2) = ki (2)A(2)ka(2),
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where

exp (ix1(2))
exp (i (x2(2) — x1(2)))

exp (—ixn-1(2))
for functions x; € C* (S, R), and ky and ky satisfy the following equivalent pairs

conditions.

1. For the sequences I, J, and P produced by the sequence Wy™, and the sequences
I', J', and P’ produced by the sequence wo~*Wo™°, where wq is a reduced word

for the longest element of S, there are factorizations

1 _7—] ZP(m)
]{,‘1 = lim 1__[ Li(m),J(m) (N (nm) (nmz_P(m) pl ’

M—oo

ky = lim l:IL[f J'( ( (Gm) (_CmiP'(m) sz_lpl(m)))

M—oo

for rapidly decreasing sequences {n,} and {(n}.
2. There are triangular factorizations
]{31 = ll(Z)a1U1(2>, ]{32 = lg(Z)CLgUg(Z),

where 1y is unipotent lower-triangular and 11(0) = I, ly is unipotent upper tri-
angular, and a; and as are real, positive diagonal matrices with determinant

one.
3. For each i € [n— 1] and j € [2,n], the functions
¢1 VAP ¢zkl : Sl — /\i(cn’ ¢ A ¢nk2 Sl AT H—lcn

are holomorphic and nonvanishing on A, and there are real, positive numbers

r1 and ry such that

P" AL NG R(0) =Tier AL Aey, &N NP Ea(0) = Taei AL Aey,.
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Furthermore, in terms of the coordinates {n, x,(}, we have

ar = lim H L1 (), )<(N(77m) N(nm)_1>)’
ay = lim_ 11 L) ) ((N(Cm) N(Cm)‘l))’

2 . i o\ —P(0) M 5\ o o\ —P ()
det (JAR)E) = B T (1+ )" exp [ =n S kbal? ) T (1 1G) "

We will now illustrate this theorem in the cases n = 4,5, extending §5 of [34].
When n = 4, we have
Wi = sa8350, Wy = 50515350, W3 = 525150,

and

Wi =$1508351525051525350,
th* —8352515350525350515251505351525051525350.

The word W produces the indices
I=(1,1,1,1,1,2,2,1,2,3), J=1(4,3,2,4,3,4,3,4,4,4),

P=(1,1,1,2,2,1,1,3,2,1).
Thus, a product of type ko begins

1 1 * *
by = . 1 * * 1

—_
—_
*
*
*

*

* * * 1 1
x * 1 * * 1
1 * * 1 * *
* * * *
« 1 1
1 * * 1



We have the triangular factorization ky = lyasug, where lo = exp (Lg) for

0 Tgz ™' +... Toz ' 4 T5z 4. Tz 4Tzt Tz 4
0 e e S Tez L+ Tgz 2+ ...
Ly = T
0 T10° + ...
0

. -1 -1 -1
and ay = diag (021, 22097 , A230923 , (g3 >, for

an= [ NG, an= [[ N, as= [ NG

i£6,7,9,10,... i#3,10,... i£2,3,5,7,...

Finally, for £ = kj Ak as in the theorem, we have
det (JAR)?) =TT (1 + ) ™" exp (=43 kbal®) TT (1 + 16,
where the infinite sequence P begins
P=(1,1,1,2,2,1,1,3,2,1,4,3,2,5,4,3,2,6,4,2,7,5,3,8,6,5,3,9,6,3, ...).
For SU(5), we have
Wi = 52835480, Wa = 548051838450, W3 = 515250518450, Wi = 53528150,

and

Wi = ths = 5453525154505354525350515254505152535450,

which produces the indices

I1=(1,1,1,1,1,1,1,2,2,2,1,1,2,2,3,3,1,2,3,4),
J =(5,4,3,2,5,4,3,5,4,3,5,4,5,4,5,4,5,5,5,5),
P=(1,1,1,1,2,2,2,1,1,1,3,3,2,2,1,1,4,3,2,1).

32



Thus, a product of type ks begins

1
1
]{72: ]_
*
*
1
1
X
1
* *
1
X 1
* *
1
1
*
X 1
1
*
X 1

33

0 Yima,. 727"
j=1,..

)

Ly

0

1

We have the triangular factorization ky = lyasug, where Iy = exp (Lg) for

2_i=10,... Tz

> i=2,6,12,... Tiz~ ! Y i=15,11,17
j j=1,2,3.4,..

Jj=1,23,... .
> i=8,13,18,...
j=1,2.3, ..

> i=9,14,... Tiz "~/
=12,
> i=16,... Tiz 7 > i=15,19,...
j=1,... J=12,...
0 > i=20,.. T
G=1,..
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. —1 —1 -1 -1
and ay = diag (021, 22021 , A23022 ; A24Gg3 ; Aoy >, for

ag = II N(G), an= II N (G),

i#8—10,13—16,18—20,... i#4,15,16,19,20,...
-1
Q23 = H N(Q) ) 24 = H N (Cz) )
i#3,4,7,10,15,20,... i#2-4,6,7,9,10,12,14,16,...

where by 8 —10 we mean 8,9, 10, and so on. Finally, for £ = £} Ak as in the theorem,

we have

det (JAMK)1?) =TT (1 + mf?) ™" exp (=5 klal?) TT (1 + 1612) ",

where the infinite sequence P begins

P=(1,1,1,1,2,2,2,1,1,1,3,3,2,2,1,1,4,3,2, 1,
5,4,3,2,6,5,4,4,3,2,7,6,5,4,3,2,8,6,4,2,...).

1.3 Plan of this Dissertation

We now describe the contents of the rest of this document, indicating the dependence
of the different chapters on each other. Notation which we refer to here will be

introduced more thoroughly at the beginning of each chapter.

1.3.1 Chapter

In this mostly expository digression from the rest of the dissertation, we seek to put
the finite-dimensional factorization appearing in Theorem [L.T.4lin a broader context.
We also attempt to point out some of the unanswered questions regarding this factor-
ization even in finite dimensions, and to motivate further results and questions about
the infinite-dimensional version of this factorization.

The factorization and parametrization in which we are interested have a general

form which appears multiple times in Lie theory. To a reduced word Sirgy -+ - Sia for
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an element w of the Weyl group W of GG, we associate an ordered set {ﬁl, ey ﬁl(w)}

of (positive) roots of G, and a product

g Zg(ﬁl(w),l”z(w))-..g(ﬁl,asl), (1.3.1)

where g (8;, ;) € G and the parameters z; take values in a parameter space X. The
resulting map

X Gz yg

parametrizes some subset G, which corresponds to w. In this chapter, after fix-
ing notation for Lie algebras and groups, we discuss several such factorizations, and
illustrate them with examples. Our focus is on reviewing and comparing parametriza-
tions of the Birkhoff strata and Bruhat cells of a simple compact group K, studied
in [26] 5, 6]. These include the generalization of Theorem [[LT.4] to arbitrary K.

We first review parametrizations for which 3; = a;;, the simple root corresponding

to the simple reflection s;,. When X = C and

9 (Bj; 5) = ig; (N () <Z? ! )) , (1.3.2)

—iZ;

where 15, denotes the root homomorphism corresponding to f;, (L3.I) defines a
diffeomorphism from C!™) to the Schubert cell C,, of the flag manifold K/T. We
explain the relationship of this parametrization to the topology and geometry of
the flag manifold, and give a related formula for Haar measure, and an induced
parametrization of the Bruhat cell CX of K. We then briefly discuss the case w = wy,
X =R, and

g (8, 2;) = exp (z5ep,) , (1.3.3)
where eg, denotes the positive root vector corresponding to ;. This case yields a
parametrization of the space of totally positive matrices. Finally, we study parametriza-
tions of unipotent subgroups of G = K© obtained by taking (L3.3) and X = C, and
examine the heuristic relationship between these coordinates and the coordinates on

Schubert cells.
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Second, we give examples of parametrizations for which 3; = s;, ... s;,_, ;;, start-

ing with coordinates on the Birkhoff stratum ¥, of K /T obtained by taking X = C

9 (Bj, ;) = 1 (N (2;) (—Ijj xf)) ’

Following Caine & Pickrell, we use the relationship between C,, and X, to derive

and

these coordinates and their properties; Theorem [[.1.4] is a special case of Proposi-
tion 241l We then put coordinates on certain unipotent subgroups of G by taking
X = C and ([3.3), and (heuristically) push these forward to X, using the Iwasawa

decomposition. Finally, we embed C,, into the top-dimensional stratum, ;.

1.3.2 Chapter 3

In Chapter [ we provide generalizations of Proposition for affine Weyl groups
of types A,_1, By, C,, and D,,, which correspond, respectively, to the groups SU(n),
SO(2n + 1), Sp(n), and SO(2n). This chapter is largely independent of the rest of
the dissertation, as well as being more technical. We do, however, use the notation
for affine Weyl groups introduced here in Chapter [4]

Formulas for the words W) in terms of the generators s; for the classical groups

are given in the following table, where for a reduced word w = s;,...s;,, and a
permutation o of the integers, we use the notation
wk) = Siy+kSigtk - - - Sij+ks W7 = So(ip) - - - S (i) (1.3.4)

where, in the case of SU(n), indices are to be read mod n, and in all other cases,

indices are to be read mod n + 1.
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Type Wi
-1
Ana Wi=I[5 a o =841 Sa18n
l i
— %
B, W, = Hi:l “ Le [2’ n] C] = SISi41---Sn—15nSn—1 - - - S35250
S0C2 =1
!
o W, — (a1) lel,n—1] C1=518]41---Sn—15nSn—1---5150
Mod I=n di=s;8;_1.--5150
l i
[ L€ [2,n]
l=1
D, | w = SOCL?HJ Cl=5]S] 1 -Sn—25nSn—1.--535250
n =
Hi:2—_(n>mod 2 doi l=n di=s;_15;_92...515;S;_1---5250
[252)
Hi:Z—(n mod 2) d2in71 l=n-1

By combining the reduced words Wi, we obtain reduced words ty« for translations -

by the shortest element h* € T N Cy.

Type h*
A b — O4+...+40,=p n even
201+ ... 420, = 2p n odd
B . O14+...+460,=p n =0,3 mod 4
" 20,4+ 600+...+0,=p+6, n=1,2 mod 4
Ch hW*=0,+...+0,1+20,=p+0,
D . 01+ +O,=p n=0,1 mod 4
" 12014+ 600+ ... +0,=p+6, n=2,3mod 4

For type A,_1, the proof is by induction. For the other types, our main tools in

obtaining these results are permutation representations of the corresponding affine

Weyl groups, homomorphisms mapping these groups into S, [2, Bl I1]. After fixing
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notation and giving some basic facts about affine Weyl groups, we present proofs for
type A,_1. Next, we present the permutation representations of the classical affine
Weyl groups, and use them to prove results for types B, C,, and D,,.

When possible, we connect our results to previous work on reduced words in affine
Weyl groups. In [B:2] we discuss infinite elements and reduced words [8, [16], their
geometric interpretation [36], and their relation to periodic infinite reduced words
[8, 16]; these results are due to a number of researchers, including Cellini & Papi,
Ito, and Shi. In [B.6 we discuss a method of Lam & Pylyavskyy [24] for finding
reduced words for certain translations in S,. We use the aforementioned permutation
representations to extend this method to the other classical affine Weyl groups, and

compare their method to ours.

1.3.3 Chapter [

In the final chapter, we review the generalization to arbitrary K of Theorem [1.2.7]
As we’ve noted, this material was recently published in [34], and our presentation
will follow the presentation there closely. Aside from notation for Lie groups and Lie
algebras, and affine Weyl groups, introduced in the first two chapters, this chapter is
independent from the other two.

First, we establish notation for affine Kac-Moody Lie algebras, and for loop groups
and their central extensions. Our notation for Kac-Moody algebras and loop groups
differs slightly from that appearing in [34], and we point out these differences.

Second, we study finite and infinite products of the form

o 1l )

where the factors are ordered by a total reflection ordering (a choice of reduced word
for) the infinite inversion set Zo — ®*. In Theorem 3.2 we prove the equivalence

of the three conditions characterizing loops of this type. We generalize condition



39

(3) in Theorem [[.2.7] by characterizing these products in terms of their actions in
representations of the finite-dimensional Lie group.

In Theorem E.Z4.T], we prove that a loop k € LK has a triangular factorization if
and only if it has a factorization & = kjAky. Finally, we indicate what variations of

this factorization might look like, with a Proposition regarding LSU(n).
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CHAPTER 2

FACTORIZATION IN FINITE-DIMENSIONAL LIE GROUPS

In our notation for Lie groups and Lie algebras, we try to follow Carter [7] as closely
as possible. For an elementary introduction to these topics, we can recommend Hall’s
excellent book [14]. More comprehensive expositions are given in Carter, as well as

Knapp’s classic [19)].

2.1 Lie Algebras

Throughout, we define £ to be a simple, finite-dimensional Lie algebra of compact
type with bracket [-,-], g := €* to be its complexification, and z — —z* to be the
anticomplex involution fixing £. We choose a maximal abelian (Cartan) subalgebra
t of €& b := {* is a Cartan subalgebra for g, and we define hr := it. The complex
dimension of b is equal to the real dimension of t and hg. This number is called the

rank of g or ¥ and denoted r := rkg = rk¢.

2.1.1 Roots

For each X, Y € g, we define adx(Y) = [X, Y]. The roots a of g or ¢ are elements of
b such that there exists X, € g with ady (X,) = a(H)X,; the finite set of roots will

be denoted ®. We denote the set of simple positive roots by A = {ozi 1€ [r]}, and

these span hj. We denote the set of positive roots with respect to A by ®*, and the
set of negative roots by ®~. The height of o = Y ey nic; € @ is ht (a) == > ey 3
the unique highest root is denoted by . We will also make use of the vector

p=5 > a

acdt
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The root lattice of g is

2.1.2 Coroots

A negative definite bilinear form on hg, called the Killing form, is defined by « (-, ) :=

tr (ad()ad)). We also denote the dual form on b by #(-,-). The dual Coxeter

number is ¢ = 1 (6,6), and we let (-,-) := %/{(', -) denote this bilinear form on
both hr and bi, so that (,0) = 2. The bilinear form (-,-) induces the following

correspondences (as sets) between hr and h:

hiiy = bR — br hey: bi— be
A— B o (R, ) = (), A hy: (hy, ) = ﬁ)\()
Then {ha a € <I>} is the set of coroots, {ha‘a € <I>+} is the set of positive coroots,
the simple positive coroots are {hi =hg, |1 € [r]}, and
o1
p= 5 Z ha
acdt

The coroot lattice of g is

2.1.3 Weights and Coweights

A weight of g is any element A of b having A (h;) € Z for all i € [r]. We define the
set of fundamental weights of g to be the set

(A ety | Aithy) =8y g e ]}

The weight lattice of g is
TYZZGEBZZA%.

i€[r]
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The set of fundamental coweights of g is the set {@i €br| o (0;) =04, 1,5 € [r]},

and
<ai7 al> / <al7 Oél> <AZ7 AZ)
2 Al 4 Al
The coweight lattice of g is
k= ze,
i€[r]

The lattices 7' and T are in duality, as are the lattices R and R. We will make use of
the identities

i€[r]

i€]r]

2.1.4 Simply-Laced Groups

We say g is simply-laced if every root « has the same length. In this case, (a, ) = 2

for all « € @, and for i € [r],
h; = h'/aiv 0; = h;\z’

so that
W =T, W, =R,

In other words, under the isomorphism of hg and bhj induced by (-,-), roots are
identified with coroots, and weights are identified with coweights. In particular,

p =
2.1.5 The Weyl Group

The Weyl group W of g is the finite Coxeter group generated by the reflections

{5

i€ [r]}, which act on a € by by

sio = a — «a (h;)
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and on h € hg by
sih = h — a;(h)h,;.

A word of length n for an element w € W is a sequence of simple reflections
Siyy- .-, Si, such that w = s;, ...s;,. The minimum length of a word for w is called
the length of w, and denoted [(w). Any word of length [(w) for w is called a reduced
word for w. To distinguish a reduced word from the Weyl group element it “spells”,
we will use Roman typeface. Thus, when we write w = s;, ... s;, W denotes the
sequence ;. .., Si,,,, which gives a reduced word for w. The longest element of W
will be denoted wy; it sends & to ®~.

The inversion set of w € W is
mv(w) = {a € ®* [wa € &~} =w e N,

We have Inv(wg) = &7.

Given a reduced word w = s;, ... s;,, for m € [I[(w)] define w,, = s;,, ...s;,, and
Tm(W) = W:nl_lOéim = Sy -+ Sip1 Wy -
Lemma 2.1.1. (Proposition 4.4.6, [3]) For m € [l(w)], Tm(w) € ®T. For j < m,
W;Tm(W) € @, while for j > m, wjr,(w) € ®~. Thus,

{7 (W)} = Inv(w),

m=1

and l(w) = # (Inv(w)).

l(w)

m=1’

Characterizations of inversion sets, and orderings {7,,(w)} were provided by

Dyer [10].
Definition 2.1.2. A subset I C ®7 is called biconvex if
1. whenever o, 8 € I, and a + 3 € &1, then a + § € I, and

2. whenever a, 3 € ®" and a+ € I, either a € [ or B € I.
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Definition 2.1.3. An order < on a biconvex subset I C ®* is a total reflection order

if
1. whenever a, 5, + € I, either a < a+ 3 < for f <a+ [ < a, and
2. whenever a,a+ f € I and § ¢ I, then o < a + 5.

Proposition 2.1.4. The biconvexr subsets of ®* are in correspondence with the el-
ements of W, such that w € W corresponds to Inv(w). The total reflection orders
on Inv(w) are in correspondence with the reduced words for w. The order <, corre-

sponding to w is defined by setting 1,(w) <y 7;(W) whenever i < j.

Given the central importance of inversion sets in this document, we provide a

proof of this result.

Proof. First, we show that every set of the form Inv(w) is biconvex, and every
ordering <, is a total reflection ordering, by induction on /(w). Certainly o; = Inv (s;)
is biconvex, and, vacuously, the “ordering” on «; is a total reflection ordering. Assume
now that Inv(w) is biconvex, and every ordering <., is a total reflection ordering, for
all w e W with [(w) < k <1 (wy).

Let [(w) = k, and let ws; be reduced. Then

Inv (ws;) = {a;} U s;Inv(w), (2.1.5)

and «; ¢ Inv(w). Since s; permutes @7\ {«;} and s; is linear, s;Inv(w) is biconvex.
Now, if f € Inv(w) and a; + s;6 € T, then again because s; permutes ®T\ {a;},
f—a; € ®T. Since a; ¢ Inv(w), wa; € ¢ and w (f — ;) = wh —wa; € 7, so that
f —a; € Inv(w) and «; + 8,8 € Inv (ws;). Thus Inv (ws;) is biconvex.

Next, for any reduced word w, 7 (ws;) = o, and for j > 2, 7; (ws;) = s;7j_1 (W).
Now, assume o, + 3,5 € I. First, assume a # «; # . Then, we have a = s;7,
B = s;0 for v,0,7 + 6 € Inv(w), and 7 <y v+ § <y 0 implies o <y, @ + 5 <ws, O-

Next, assume o = a;. Then «a; <y, a; + 8 and a; <, B. Furthermore, 5 = s;7v for
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some 7 € Inv (w), and s; (o + ) = v — ay, while ;8 = v. Thus, v — o,y € Inv(w),
while «; ¢ Inv(w), so that v — a; <y v, and o + 8 <y, B. Thus <y, is a total
reflection ordering.

Now, we show that every biconvex set is the inversion set of some w € W. Indeed,
(21.3) shows us how to construct a reduced word w for w inductively. If #(7) = 1,
then the definition of biconvexity forces I = {o;} for some simple root «;, and so
I = Inv (s;). Now, assume that for all biconvex sets I with #(I) < k < [ (wy),
there exists some unique w; € W such that I = Inv (w;). Let J be biconvex with
#(J) = k+ 1. The definition of biconvexity guarantees that J contains a simple root

«;, and we have

J={a;} UJ\{ai} = {ai} Usisi (J\ {ai})

={oi} U siTnv (we,(n\faup) = TV (Wey (7o) 51) -

This argument also basically shows that every total reflection order on an inver-
sion set I corresponds to a reduced word for the corresponding Weyl group element.
We simply point out that the first element in any total reflection ordering of I is
necessarily some simple root «; € I. Next, the “push forward” by s; onto s;1\ {a;}

of a total reflection ordering on [ is also a total reflection ordering. O

2.1.6 Root Spaces and Triangular Decomposition
The root spaces are the eigenspaces of ady, = {adh ‘ h e bR},
nt={x ¢ g‘[h,X] = +a(h)X Yh € bg} .
We have
[na ng] =ny s (2.1.6)

The fact that b = t© implies that (nX)" = nZ.

[
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The subalgebras of g

nt = P n;
acdt
*_

are nilpotent, and (n™)” = n~. There is a decomposition
g=n &han,

called the triangular decomposition of g with respect to b.

The formula (2.1.6) and the biconvexity of Inv(w) imply the following.

Proposition 2.1.7. For w € W, the spaces

nf= @ ni, n,= P n,

a€lnv(w) a€lnv(w)

are subalgebras of n™ and n™.

2.1.7 Chevalley Generators

The Chevalley generators of g,

iell},

alware eigenvectors of A, so that for all h € b,

{€i7 €_; S g

[h, 62‘] = ozi(h)ei, [h, 6_2‘] = —ozi(h)e_i.
They satisfy the additional relation
[62‘7 6—2'] = hy.

Then {ei, e, hi|ié€ [r]} generates g.

2.1.8 Root Isomorphisms

For each i € [r], we fix the root isomorphism ¢; : 5[(2,C) — g determined by

() () IS
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2.2 Lie Groups

We denote the simply-connected groups corresponding to g and € by G and K, re-
spectively. Let N* = exp (n*), H = exp(h), T = exp (t), and A = exp (hr). The
Borel subgroups of G with respect to H are BX* = HN*. For i € [r], we define
1 SL(2,C) — G by ¢; (exp (X)) = exp (¢; (X)) for each X € s1(2,C).

2.2.1 The Iwasawa Decomposition

The Iwasawa decomposition for G is
G =KANT,
so that ¢ € G has a unique Iwasawa decomposition
g9 = k(g)a(g)n(yg).

Note that ¢, and k commute.

2.2.2 The Weyl Group

The Weyl group for g is isomorphic to the quotient group Ng (H) /H ~ Nk (T) /T.
A representative for w € W will be denoted with bold type w. Such a representative
acts on g € G by conjugation, and on X € g by the derivative of conjugation at the

identity, denoted Ad. Examples of representatives are the elements

()

A reduced word w = Siry - - - Sia for w € W, along with a set of represen-

tatives s; for the simple reflections, gives a set of representatives for w,,, namely
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()

We define tr,(w) : SL(2,C) — G by tr,w)exp (X) = exp (LT],(W) (X)) for each X €
s[(2,C).
For w € W, we define the subgroups

N} =exp (nj;) 2 NTAw N w, N, =exp (n;) 2N Nw 'Ntw,

w

as well as the “opposite” subgroups

Nf=N'N\N;y =2 N'Nnw 'Nfw, Ny=N\N, =N nw 'N w.

? w
These do not depend on the choice of representative w. We have N = (), and

NE = N*.

Example 2.2.1. For SL(3,C), the Weyl group is the group of 3 x 3 permutation

matrices. It has six elements, and two generators,

010 1 00
si;=(10 0], so=(0 0 1],
0 0 1 010

which act by conjugation on elements of SL(3,C). We also have

0 1 00

N;{ }, NSJ;{ 0 1 = },
0 01
1 0 =

NS"';SQ{ }, N;Sl{ 0 1 x }
0 01

2.2.3 Triangular Factorization, Bruhat and Birkhoff Decompositions

O ¥
)

OO = OO
— %
S ¥

=)
—_

An element ¢ € N“HN™ has a unique triangular decomposition

g =1(g)d(g)u(g), where d(g)=m(g)a(g)= lf[laj(g)h%
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and 0;(g) = ¢a, (ma,(g)va,) is the fundamental matrix coefficient for the highest
weight vector corresponding to A;.
More generally, the Birkhoff decomposition for G is
G= ||  =¢:=N wHON".
weW
The Bruhat decomposition for G is
G=|]cS,  CY:=NTwHN'.
weW
Thus, N"HN* = X¢ = CS . Neither the Bruhat cells C§ nor the Birkhoff strata XS
depend on the choice of representative w.
We can intersect both of these decompositions with K, obtaining Bruhat and
Birkhoff decompositions for K:
K=|]ck=1] =k,

weWw weWw
CK.=N*wHNTNK, =N wHN'NK.

In finite dimensions, the Bruhat and Birkhoff decompositions are equivalent. More

specifically, we have the following.

Lemma 2.2.2. C,, and ¥, are diffeomorphic, with the diffeomorphism given by

left translation by wyg.
Proof. We have

woCy = WoNTwo 'woWwHNT = N"wowHN T = Lwow-

Example 2.2.3. For SL(3,C), we have

1 00 * 1 * %
N~ = x 1 053, H= * , Nt = 1 *
x % 1 * 1
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The Birkhoff strata are

The Bruhat cells are

C,=NTHN' =

% % % % % x * 3 3
% % %

* ¥ O % % % w
¥ *x o * 3

I
; + L L
- - as as
= = 7 N N

N~ N N ~oco o~o

\ , O O - O — O

OO — — O O
—. o o O O A
NS
O —H O H OO
N~ N N

+ + =, =,
= & ! !
I ! o g
& o o o
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C’LUO:N+ HN+:

— O O
O = O
OO =

* % %
* % %
* % %

2.2.4 The Flag Manifold G/B*

The (generalized) flag manifold of G is the quotient space G/B™. This space can
also be presented as K/T. The diffcomorphism between the two quotient spaces is
provided by the Iwasawa decomposition, so we identify ¢B* and k(g)T.

By intersecting the Bruhat cells and Birkhoff strata with G/B*, we obtain cell
decompositions of the flag manifold:

¢/B*= | Cu= L %

weW wew
C,:=NtwBY/B*, ¥,:=N wB"/B*

Alternatively, C,, and ¥, are the orbits of the unipotent subgroups N* in G/B™.
The cells C,, are called the Schubert cells of the flag manifold, and their closures C,,
are algebraic varieties representing the homology classes of G/B™, denoted Schubert
varieties.

The two presentations of the flag manifold lead to two presentations of the Schu-

bert cells and the Birkhoff strata.
Lemma 2.2.4. There are diffeomorphisms
NY,—C,— N/ wANTNK, N, —%,— N _wANT N K.

Proof. The first pair of diffeomorphisms result from the fact that N* acts transitively
on the coset space N*wBT/B*. The stabilizer of the point wB* is N*f NnwNTwL.
This leaves the quotient isomorphic to N*/(N* NwNTw™1), which in turn is iso-
morphic to N* N wN~-w~!. The second two diffeomorphisms result from the fact

that N is normalized by T O]
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We note for future use that these two presentations are related by diffeomorphisms

N:;,l —> N$,1WAN+HK N;,l N;,1WAN+HK

—
u > k (uw), I — k(lw).
Lemma 2.2.4] allows us to describe the Bruhat cells and Birkhoff strata in G more

completely.
Lemma 2.2.5. The multiplication map induces diffeomorphisms

NPy x{w} x Hx Nt — C¢, N, x{w}x Hx Nt — x¢

w

In particular, we have diffeomorphisms
N — Y — N ANTNK.

This can be seen directly. First, gB™ = 1(¢g)B". Furthermore, if [ € N* has Iwasawa

decomposition | = k(l)a(l)n(l), then k() has the triangular factorization
k(l) =mm()a(l)" = la(l)~" (a(l)n()"a(l)™),

so that k(l) e N"ANTNK.

2.3 Parametrizations with Sequences of Simple Roots

A reduced word w = Sisuy - - - Sia for an element w € W determines a sequence of

simple roots {a%};(:l) . Such sequences of simple roots play a role in parametrizations
of several important objects in Lie theory and algebra, namely Schubert cells, Bruhat

cells, and totally positive matrices.

2.3.1 Parametrizations of Schubert and Bruhat Cells

The first such factorization is incipient in the work of Bott & Samelson [4], who used

the map
ot) (SU(Q)/51> Koo Xk (SU(2)/51> — K/T,
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where S! is identified with the diagonal subgroup of SU(2), to study the homology
of the flag manifold. The homology of K/T is generated by the two-cells appearing
on the left-hand side of the product above, and in fact Hy (K/T,7Z) = 7", where r is
the rank of K. The first relations between the homology classes appear in dimension
4, and can be given in terms of the structure constants of g [4].

Soibelman was the first to write down the implied parametrization of the Bruhat
cell Cy, [37], which was also used by Lu [26]. We parametrize C,, by parametrizing
ti; (SU(2)/S") by a single complex coordinate ;. Defining the normalization factor
N(¢) = (14]¢[2)""%, we have the following.

Theorem 2.3.1. For each reduced decomposition w = s;,. ... iy, there is a diffeo-
morphism
L)
l(w) Cj 1
C'™ — Cy: ¢— ] u, (V-IN(¢) 1 -¢)) (2.3.2)
i=1 J
This parametrization has some topological significance. A beautiful fact about
flag manifolds is that the Schubert cells form a basis for the homology of K/T. This

is in line with the results of Bott & Samelson, since
Cs, =1 (SU(2)/S").

The inclusion of a cell Cy in the variety C,, occurs if and only if w > w’ in the
Bruhat ordering on W (p. 29, [3]). Thus, the topology of K/T can be studied via
the Bruhat ordering on W. The meaning of w > w’ is that we can obtain a reduced
expression for w’ by leaving out some of the simple reflections, say those with indices
I, ..., Ligw)—i(w), in a reduced decomposition of w. In this case, we reach U, by going
to infinity along the negative imaginary axis in the coordinates (y,, ...,y (w)—t(w") for
C,. Taking all the coordinates to infinity in this way, we reach the point corresponding

to the identity. Conversely, the coordinate ¢ = 0 corresponds to the point

)y )

()
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This coordinate system has several other nice properties. Pickrell [30] showed the

following.

Theorem 2.3.3. In the coordinates (2.3.2), the diagonal component of k € C., is the

product of the diagonal components of its factors,
l(w)

H " ((N ¢ )) .
’ N (¢)
The coordinates also have agmﬁcance to the Poisson geometry of K/T. A Poisson

structure on a manifold M is a bilinear map

{-, o (M) x C=(M) — C=(M)
which is antisymmetric, satisfies a Leibniz rule in each slot, and satisfies the Jacobi
identity. It can be represented as a bivector field II € A2T'M, and this bivector field

induces a map

% . T*M — TM : w+— (w,).

The image of II# is an involutive distribution on M, and its integrable submanifolds
are symplectic manifolds, called the symplectic leaves of II.

The Lu-Weinstein Poisson structure or the standard Poisson Lie group structure
is a Poisson structure on K denoted here by I1%,, [27]. 1L, is invariant under right
translation by 7', so it descends to a Poisson structure on K /T, which we will also
denote Il . The symplectic leaves of II y, are exactly the Schubert cells C,,.

The forms dual to the cells C,, which give a basis for the de Rham cohomology
of K/T, were discovered by Kostant [2I]. Lu used the above factorization to give
a Poisson geometric interpretation to Kostant’s harmonic forms [26] with respect to

[T w. Using the multiplicativity of Iy, she showed the following.

Theorem 2.3.4. The symplectic form €, induced by Iy on C,, is diagonal in the

coordinates (2.3.3), and given by the expression

1

= Z:: O%’O%) T |<J|2de A dG;.
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In the process, she showed that Haar measure f,, on the subgroup N,! is a product

measure in the ¢ coordinates.

Theorem 2.3.5. The Haar measure on N} in the coordinates (2.3.3) is given by the

eTpression
) 2\ 40 (hrj ) -1 ;
Ay = ]1;[1 2%7\/_—19 (%(w)) (1 + 1G] ) dG;dg;-

These results can be “lifted” to the Bruhat cells CX of K, by pairing the
coordinates with coordinates on T'. All the results about C,, still hold for CX, more
or less. The symplectic leaves of T1¥;, foliate the cells CX.

One result of these facts is a product expression for Haar measure px on K, since
Cl, 18 a set of full measure with respect to px. Let py+ and pp be the Haar measures
on NT and T, respectively, and let {6;};_, be a suitable set of coordinates on T'. The

following appears in [26].

Theorem 2.3.6. We can express juy as

dprc(k) = < 11 <,fa>) a(k)?djuny+ (n(k))dpr (m(k)

:#(lff) : (1+ |Cj\2)2p<th(w)>_l ded@ﬁ =
j=1 2\/__1<7-j (W) ) Tj (W)> i=1 2

db;.

2.3.2 Parametrizations of Totally Positive Matrices

Definition 2.3.7. A totally positive (nonnegative) matrix A € GL(n,R) is a matrix
all of whose minors are > 0 (> 0). The space of totally positive (nonnegative) matrices

will be denoted TP (TNN).

The study of nonnegative matrices has a long history. Perron discovered in 1907
[29] that if a matrix A € GL(n,R) has entries in R, then the eigenvalue of largest

modulus is simple, real and positive. In the 30s, Gantmacher & Krein [I3] observed
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that if the determinant of every minor of A is also real and positive, then all the
eigenvalues of A are simple, real, and positive. The study of such matrices, and their
relations to canonical bases for quantum groups, was pursued by Lusztig, Berenstein,
Fomin, Zelevinsky, and many others [28 I]. An introduction to the subject can be
found in [28].

Since the entries of the triangular factorization of A can be written as ratios of
minors of A (recall [LT1]), if A = LDU, then L and U also have real, positive entries.
Indeed, L and U are totally positive, in the following sense. Let a minor whose

determinant is not identically zero on N* be denoted a minor for N*.

Definition 2.3.8. A lower-triangular unipotent matrix L € GL(n,R) will be called
totally positive (nonnegative) if all the minors for N~ are > 0 (> 0) for L. The
space of totally positive (nonnegative) lower-triangular matrices will be denoted T'P~

(TNN-).

The same definitions can be made regarding upper-triangular matrices. We will call
the space of all totally positive (nonnegative) unipotent upper-triangular matrices
TPt (TNNT).

The question of the parametrization of TP thus reduces to the parametrization
of TP*. The following interpretation of a result of Whitney [41] is due to Loewner
[25].

Proposition 2.3.9. Given a reduced word wo = s;, . ...s; for the longest permuta-

(2)

tion wq in the permutation group S,, there are diffeomorphisms

n o
fwo - (Rzo)(z) —TNN* : r— H exp (rjeij),

j=
o)

Gwo (R>0)(g) — TP p— H exp (Tj€ij) .
j=1

o3
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Given two reduced words wo and wy, the transition maps R‘VVV:) = fV;(,)l o fw, have
been studied in the paper [1]. These transition maps provide the connection between
total positivity and canonical bases for quantum groups.

As in the case of the flag manifold, intersecting the Bruhat decomposition of
GL(n,C) with TNN* yields cell decompositions

TNN* = || TP;.
wew

Given areduced decomposition w = s;, ... s;, (wy» €ach cell T P* is completely parametrized

by (R>0>l(w) )

In fact, TP, is the set of upper-triangular totally nonnegative matrices A such that
wA is totally positive [28]. These concepts have been extended to more general

groups, including recent extensions to loop groups by Lam & Pylyavskyy [23], 24].

2.3.3 Parametrizations of N

Of course, the parametrizations intermediate between these two, which we have not

mentioned, are the parametrizations of N by C!®). Indeed, we have the following.

Proposition 2.3.10. Given a set of indices I = {iy,...,i,}, with each i; € [r], the

map
n

%
.Cn + .
fr:C"— N=:(+—> Hlexp (Cjeij)
‘]:
s injective if and only if s;, ..., 1S a reduced word in W; in this case, ils is a

diffeomorphism onto N, .

Proof. We proceed by induction on n. For n = 1, we have f; : ( — exp (Ce;), and

fi is clearly a diffeomorphism from C to N7 = N* Ns;N7s;.
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Assume the proposition is true for n < k. Now, choose a set of indices I =
{i1, ..., ik}, with each ¢; € [r], and let I’ = {iy,...,9_1}. Then, if fr is not a
diffeomorphism onto its image, neither is f;. Thus, we consider only the case where
W =5, _,...5; is a reduced word for w € W.

For each reduced word w' = s,,_, ...s;, for w, write I(w') = {j1,..., jk—1}. Given
reduced words w’ and w” for w, the composition Rﬁg:l)) = fI_(Vlv,,) o frwy : C®) —s
C!™) is also a diffeomorphism, by our induction hypothesis.

Now, let i, = i, and assume that s;w is not reduced. This means [ (s;w) = k — 2,
and there is a reduced word w* = s;s;,_,...s;, for w. Given the standard basis {\;}

for C*, let ¢ = i GiAi and ¢ = Siep—1] GAi- Then we have

f1(€) = exp (Gues) frr (€') = exp (Gues) frowey © R (C).

But then,

11(€) =exp (Ges) exp (R (€),_ i) m

=exp ((Ck + (R?(w*) (C/)) ) 62') n = f1w) (<",

k—1

where ¢" = (A1 + Rf,(w*) (¢"). Thus f; cannot be a diffeomorphism.

Now assume that s;w is reduced, and let w"” = s;s;,_,...s;,. The induction
hypothesis gives us a diffeomorphism from fy¢yn : C¥1 — N;f,. Then, Inv(w”s;,) =
{ai, } U s, Inv(w”). Since s, Inv(w) C ®F, we know «;, ¢ Inv(w). Thus, by the

properties of biconvex sets and (2.1.0]), the multiplication map gives a diffeomorphism
N,:}—// X exXp (C€Z> — N::w

Composing this with fr) yields a diffeomorphism fg i, i) - Ck — N, This

proves the result. O

I have said that these parametrizations are intermediate between those for Schu-

bert cells and totally positive matrices mentioned above. The connection between
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the parametrizations of N and TP, is simply a change in the parameter space from
C to Ryg. Is there a direct way to obtain the parametrization of NtTwANT N K
from this parametrization of N7 The answer is yes, sort of. Recalling that the
map u — k (uw) is a diffeomorphism from N, onto NtwANT N K, the following

heuristic manipulations take us from one parametrization to another:

do =
k H exp (Cjel w exp Cjel )sij)

j=1 7=1

l(w)

1;[ (exp (Cje%) le) .

To see that the final product gives the parametrization we’ve written down in Theorem

2.3.1], note that

k (exp (Gey, ) sy) =t <k (((1) C1]) (\/(1—1 \/(?)>)
(Vv (§ )

We might ask the following question. Given a set of n indices i; € [r], when is the

map

C"— K/T: ¢ — lle (MN ) (Cl] —1@'))

a diffeomorphism? I don’t know of any results that answer this question, but Propo-
sition 2.3.10 seems to suggest that s;, ...s;; must be a reduced word. We will see

below that for Birkhoff cells, a different answer is suggested.

Example 2.3.11. For SU(3), for the set of indices {1,2,2}, sy8981 = s; is not a
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reduced word. Abbreviating N ({;) by NV;, we have the map C* — K /T given by

V—=1N3(3  +/—=1N;s V=1INy(,  /=1IN,
¢C— | V-IN; —V—1Ns( V1IN, —/=1N:G
1 1

1
><< V—INIG \/——1N1>
V-IN  —V/=1IN G
—NoN3 (14GoGs)  V=INiNoN3G (G = Gs)  V=INiNoN3 (G — Gs)
= | —NaN3 (G —G3) —V=ININoNsG (1+ GoCs) —v/—TN1No N3 (1 + GoGs)
0 V-1IMN —V—=1ING

Since the image of this map lies (at best) in Cj,;,, a manifold of complex dimension

two, it cannot be a diffeomorphism.

2.4 Parametrizations with Inversion Sets
2.4.1 Parametrizations of Birkhoff Cells

Using the diffeomorphism between C,, and 3, we can use (2Z3.2]) to parametrize

the Birkhoff strata. The resulting parametrization utilizes the inversion set of wwy.

Proposition 2.4.1. For each reduced decomposition w = s;, ... s;,,,, there is a dif-
feomorphism

l(wow)

cowl o x i Omw I e (VO (0 ). 42

J=1

where we choose the representatives

0 —v—1
Sij:Lij <(_\/_—1 0 )), W:Sil”’sil(w)’

Proof. Take the reduced decomposition

wo = (Wow)w ™ = (Si#(q>+) .. .s,-l(w)ﬂ) <3z‘1 . Sil(w)) ,
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so we have wow = s; The diffeomorphism wy 1Cw0w = Y, induces the

p(at) sil(w)Jrl'

parametrization

c“wow’—mw:cﬁwal(% (vive (Y %))

j=l(w)+1 —G

Then, we have

#(+")

<—

w I (e ()
#(e+) 1w
—w ]1:[1 - (WOW)g 11 Siyw) 43 Lir(w) 45 (\/_N (¢) <C] _1§j)> (WOW)J‘—I
o H o), (L0 7 )N () vow,

l(wow) _

_ Wj T (N (¢) (é _1j)> '

O

In particular, for each reduced word wq, we have the following parametrization of

212

# (et

c#(et) ¥y, ¢r— T brj(wo) <N(<j) <<1J _Ej)) .

J=1

Pickrell’s result (2.33.3) has the following corollary.

Corollary 2.4.3. In the coordinates (2.4.3), the real diagonal part of k € 3, is

l(wow)

T e (P 1 00)

Recent results of Caine & Pickrell on homogeneous Poisson structures for symmet-

ric spaces [0] give a Poisson-geometric interpretation to the Birkhoff strata of K, and
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to the above coordinates. This involves the canonical Poisson structure for Rieman-
nian symmetric spaces constructed by Evens & Lu [12]. Consider K = {(k, k))k e K }
as a homogeneous space for K x K, which acts on itself by the action (ky, ko)*(k], kb) =
(kikiky ', kakbky 1). When K is identified with the symmetric space K x K/K, the
Evens-Lu construction produces a K x K-homogeneous Poisson structure on K, which
we will denote 15, [5].

Caine showed in [5] that the symplectic leaves of TI%, foliate the Birkhoff strata
YK of K. The leaves contained in XX are parametrized by representatives w of w in
Nk (T). Each such symplectic leaf is diffeomorphic to ¥,,, and admits a Hamiltonian
action by a subtorus T, of T'; an action of T\T,, takes one symplectic leaf to another
[6].

In fact, this is entirely isomorphic to the Bruhat picture. The following appears

in §5 of [6].

Theorem 2.4.4. Left multiplication by wq is a Poisson map from (CX 11K, to
(2K, —11K,).
Thus we also have the following.

Corollary 2.4.5. The symplectic form on ¥, induced by T1¥, is given in the coordi-

nates (2.4.3) by
dg; A dG;.

Z": 2y—1
R CORIREE o (€18
Finally, we can rewrite all the topological facts about the Bruhat decomposition
in terms of the Birkhoff decomposition, replacing w with wow. (This has the effect
of reversing the Bruhat order on W.) Unfortunately, showing the inclusion relations
using our coordinate system is more complicated. We merely point out that ¢ =

(0,...,0) again corresponds to w, and if we take all the coordinates for 3, to infinity
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along the negative imaginary axis, we reach the point
I(wow) l(wow)

WL e (Y5 )) = I oo s, o,

1 - 1 -1
=ww 'wg' (Wow)l(wow)—l (Wow)l(wow)—Z Sit(wow)-1 * " - (Wow), (Wow);  si,

o —1.2 2 _ g1
= Wq sil(WOW)il...si1 =Wy,

which is also a representative for wy.

Example 2.4.6. For SU(3), choosing the reduced word wy = s95159 yields the dif-

feomorphism C* — YJ; given by

¢—k(¢)

N(G) —N(G)G N (¢2) —N (¢2) G 1 B
= N(G)G  N(G) 1 N(G) —N(G)G
1 N (¢2) G N (¢2) N(G)G  N(G)

N3Nz —NiN3Cs — NiNaN3CiGo NiN3GiGs — NiNo N3Gy
N2N3C3 N1N3 - N1N2N3C1C2§3 _N1N3C1 - N1N2N3C2C3 )
NoGo N1NyGy N1 Ny

where in the second expression we have replaced N ((;) with V; to save space. The

point k (¢) has a triangular factorization given by

1
1(k) = G 1
P N () (3% +06) 1

N (G) N (G)
a(k) = N(G)N ()™ :
(N (G)N (&)™

It is easy to see that the map from ¢ to k is a diffeomorphism, since 1(k) is a unique,

arbitrary element of N~. If T" C SU(3) is given coordinates {61, 65}, the Haar measure

for SU(3) has the expression

[isu(3) = é—;_l (1+1G17) (1 + 162 (0 +16) T dgdg d91d92

1€[3]
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For SU(4), Stanley’s result [38] tells us that there are 16 reduced decompositions
of wy, and so 16 possible choices of coordinates. From the reduced decomposition

Wo = S95152535281 we obtain the diffeomorphism

¢— k()
1 1
_ N(G) - N (¢s) =N (¢G5) G5
N (G6) Go 1
N () Gs N (G5)
1 N (G3) =N ((3) G3
s ) 1
N (C4) —N C4 C 1
N (C4) Ca N (¢3) ¢3 N (¢3)
N (¢2) —N ( Cz Cz N (¢) —N(G)G
v 1 N(G)Ga  N(G)
N (¢2) G2 N (¢2) 1 ’
1 1

where (replacing N ((;) with NN; for compactness) k has a triangular factorization with

1
(k) = Ns (ﬁ(l + NuGs (NL3C2C4 — () 1
| NsGe (mﬁ + NyGs (N%C2C4 —(3)) + Ny (N%@ —(GG) G 1
N5 (7556165 + Na (G + 7:62Ca)) G ol 1
N1NyN3 X
N7 NN,
a(k> = ! e N2_1N4N6_1

N3Ny N5
Given coordinates {6, 6,65} on T' C SU(4), the Haar measure for SU(4) has the

expression

e

Hsu4) = 15

[T (1+16P) T 0+ 16P)° (4 16P)" TT dad T 56

1=1,4,6 j=2.5 ke[6] le[3]
2.4.2 Parametrizations of N* and Subgroups

We might also try to put coordinates on 3, by starting with coordinates on NE. The

easiest way to put coordinates on a Lie group near the identity is to use the inverse
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exponential map, which maps the Lie group to its (Euclidean) Lie algebra. This is

especially convenient for N, since we have
N = exp (ni) = exp (@agnv(w)(jeia) )

For any indexing Inv(w) = {Bl, o ,Bl(w)}, there are diffeomorphisms

U(w)
Clw) __ ij ¢ —exp (Z €i6i5i> ’

i=1
which give us holomorphic coordinates {;};c((,) on NZE.

Another possibility is to multiply the factors exp ((jetp,) together in N*. In
contrast to Proposition 2.3.10, we have the following.

Proposition 2.4.7. For any w € W, any indezxing Inv(w) = {Bl, o ,Bl(w)}, and any
choice of oot vectors ey, € ni, there is a diffeomorphism

l(w)

C'™ — NZ ¢ T exp (Giews,) -
i=1

Proof. Composing the given smooth map with the logarithm on N* gives us a

smooth map f from C'®) to itself. By the Baker-Campbell Hausdorff formula and

([ZI6), we see that

1 exp<zaeia>=exp( > )

a€lnv(w) a€lnv(w)
where for a, f € &1, u, depends on z; if and only if @« = § + 7 for some v € ®.

Thus, for the simple roots, u,, = z,,, and we can solve for the roots of height k in

terms of the roots of height £ — 1. Thus, f is one to one. O

Example 2.4.8 (SL(n,C)). Recall that the positive roots for SL(n,C) can be iden-
tified with pairs of indices (¢,7), where 1 < ¢ < j < n. The root «;; corresponds

to the vector \; — \; € C" = T, where {)\i}ie[n] denotes the standard orthonormal
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basis for C". The simple roots are denoted o; = jii+1) = A\i — A1), and we have
@;; = a; + ...+ aj. There is a natural choice of root vector for a;;, namely e,,; = e,
where e;; is a matrix having a one in the (4, 7)™ position and zeros elsewhere.

For N~ C SL(4,C), if
bi=a1, [a=oo, [s=a3, Li=o1+a, [s=ar+as, [sg=0o1+as+as,

we have the coordinates

1 1 1
6 G 1 1 1
C°>¢r— 1 & 1 1
1 1 G o1
1 1 1
o 1 1 1
o 1 1 1
1 Cs 1 Ce 1
1
_ G 1
Ga+ Ci1e G2 1

Go+ GG+ 1GC3 G5+ Gl (3 1

A nicer coordinate system is given by taking
Bi=art+artas, fa=axtas, [z=a3 Li=artay [s=a Gs=a,

in which case we have

1
6 G 1
Coe—= 14 6
gl CQ g3 1

Indeed, this last coordinate system can be generalized. Every element m € N* C
SL(n,C) is of the form
m=1I,+ Y  myey,

1<i<j<n
where I, is the n x n identity matrix. Then any ordering of the pairs {(i,7)},<; <,

for which the index j is nondecreasing yields (;; = m;.
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Proposition 2.4.9. Let {0} ie2n—1] with o; € S; be any set of permutations. Then
we have the equality

n Jj—1

%
H exp (Cijeoj,l(i),j> =1I,+ Z Cij€o; 1 ()4

i=1 1<i<j<n

T

[\

<.

for any ¢ = {Cij}1§i<j§n € C(g)

Proof. Fori, k € [j—1], since a;j+ag; = \i+ A —2); ¢ &, we have [n+ “«LJ =0.
Thus the subalgebra

né_‘,j = @ie[j—l}n;j - ‘Il+,
which contains matrices with nonzero entries only in the superdiagonal part of the

7" column, is abelian. So is the subgroup Na j = exp (ngj) Thus, we have

FRES & &
[T o G ) = Lo (5 o) =TT (1% 5 o)

j=2 i€[j—1] j=2 i€lj—1]
(2.4.10)

Now, since e;jen = 6jpeq, fori € [j] and i’ € [j—1], e;j11)ei; = 0. Thus, in expanding
the right-hand side of (ZZ.I0), all the terms not of the form I,m where m € NZ

vanish, and

&
H eXp ( Z CZ,]eO'J 1(Z > - In _I_ Z Cijedjfl(i),j
j=2

i€fj—1] 1<i<j<n

O

There is a version of Proposition 2.4.9 for N~. In that context, any ordering of the

pairs {(i,7)},<;j<, for which j is nonincreasing yields (;; = m;;.

To use Proposition 2.4.7] to put coordinates on X, we first put coordinates on

N . Observing that

P Nw e =0 Nw lwy T = —Inv (wow) ,
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so that
N, = @ Ce_a = Ny

a€lnv(wow)

we have the following.

Corollary 2.4.11. For any ordering Inv (wow) = {51, . ,Bl(wow)} and any choice of
root vectors e_p, € ng , there is a diffeomorphism

I(wow)

Cllwow) 4y N= 2 ¢ —s T exp(Ge-s)-

i=1

We might now use the same sort of heuristic reasoning we used for Schubert
cells to get from coordinates on N__; to coordinates on N~wAN* N K, using the
diffeomorphism [ — k (Iw):

k << II exp (Cae_a)> W) ~ II k (exp ((n€_0)) W.
)

a€lnv(wow™ a€lnv(wow=1)

Note that we have

et - (<(( D))=+ (ver (L E)

This suggests that, if we are only concerned with obtaining a parametrization of
Yw, the order of the factors may not matter. However, the geometric, topological,
and measure-theoretic applications of the coordinate system (2.4.2]) seem to depend

crucially on ordering the factors using a total reflection ordering of the roots.

Example 2.4.12. For SU(3), with the ordering 8; = a3 + o, B2 = a1, B3 = an, we

have the map

¢—k(Q)

1 0 0 N(G) —N(G)¢ 0 N(¢) 0 =N(G)G
=10 N(G) NG| N G NG 0 0 1 0
0 N (¢3)¢3 N (¢3) 0 1
1 0 0
= | N (&) (G~ wieyils) L 0 a(k)u(k).
N () (06 + mers) hensd
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Say we fix

1 0 0
=1L 1 0].
ls Ip 1

Then, we have the following relationships between (; and ;.

() -vo(, 7)) e-ve(l )@

where the action * is by a linear-fractional transformation. It is not clear whether or

not this map is a diffeomorphism.

2.4.3 Injections into >

The element w can be dropped from Lemma [2.2.5]to obtain embeddings of the strata
Y into Xy,
N, wAN"NK — N, JANTNK C %;.

It is easy to put parameters on the latter set. The following proof is adapted from

6, 134].

Theorem 2.4.13. For eachw € W and each reduced word wwo = s;, ... Sjtww,), there

is a diffeomorphism

Clwwo) 5 No  ANTNK C %,

l(wwq)

k(=TI () (N (G) <c1] _1@))

i=1

and
l(wwq)

ak(©)= II LTj<<wwo>1>((NéQ) N<2.>—1))-

j=1
Proof. We will use induction on m := l(ww,). We will write @ = (wwo) ™", 7; for

T ((wwo)_l), and Wy = s;,...5;, for k € [m]. We will also use the more compact
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notation k (Cje_Tj) for the factors in the product defining & (¢), and we will use the

triangular factorization
ke (e (Ger)) = exb (Gery) N ()" 0 (=)
When m = 1, the theorem is trivial. For m > 2, let
j(m=1) _ ﬁl k (exp (¢je—r,)) = ln—1Gm-1Um_1.
j=
where [,,_1 € exp (@;”:_11 (Ce_Tj). Then,
K = exp (Gufr) N (Gn)"™ exp (= Zmen,) bn1tim—1timo1.

Then, we have

exp <_§m67'm) l—1 =e€xp (—Emevrl ) L1

m—1%m

~ _1 = ~
=W,,—1 €XP (_Cmeaim) Wi 1lm—1

=W, _, exp (—Cme%n) (Wm—llm—lwm_l) W1
Now,
m—1
~ ~ 1 —
Wm—llm—lwm—l € exp @ Ce—wm,lrj = N\7Vm71‘
Jj=1
We now have
—C I —w ! nw
exp (—Cmer, ) lm—1 = Wy, " W1,

where n € NT. Since we can decompose N1 as

N+ :N:l—,l N:l—fl 5

Wm—1 Wm—1

we can decompose n as n = niny, where n; € N;,l and ng € N;,l . Then, we have
m—1

m—1
GO L Gy Uy,
where
lm = eXp (Cme_'rm) N (Cm)hTm (€V77ll—ln1®m_1> N (Cm)_hTm

am :N (Cm)hrm am—l-
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Now,

N (Go)"™ (W, Wt ) N (Gn) ™ €W, N

-1
Wm—1

=N~ Nw,," \N*W,,_1 = N, _

Wmn-1
L

We complete the proof by noting that [, is a unique but arbitrary element of N, =

N -1, since the multiplication map gives a diffeomorphism
exp (Ce_,,,) x N — Ny.
O

Note that the parametrization of ¥; given by this result agrees with that given

by Proposition 2.4.1]

2.4.4 The “Lexicographically Minimal” Factorization for SU(n)

By Proposition 24.9] and since e_,,, = ej;, applying Corollary 2411 to the lex-
icographically minimal reduced word wy = $15951535251...8,_1Sn_2...51 yields a

diffeomorphism c®) Ny = N~ C SL(n,C), given by

1
G 1

C2 Cn+1 1
C— I, + Z Cm(i,j)€ji = : :

1<i<j<n

Cn'—l C2¢;—4 C(g‘)—z
Cn C2n—3 g(g)_l C(g) 1

where m(i,7) = (3) — () +Jj — ¢.
The corresponding factorization for £V = N=HN* N SU(n) is the following.

Proposition 2.4.14. An element k € SU(n) has a triangular factorization if and

only if it has a factorization

k=ki(C1) k2 (Ca) - - hn (Cn—l) 2
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where t € T, {; = (G, - - -, Cjn—y) € C*, the element

n—j

% —
Qg .
b= 1 e (NG (7)) € Ve = o (BuepnaiCeas)

i=1
has a triangular factorization with

I

J
1
le 1
N(Cj1)N(C2)---N(Cjn—j
l(]{?j) _ ( Jl) ( Jé)j ( J J) 1 :
N(¢j2)--N(Cjn—j)

e '
N(JCj,nij) 1
N (G1) -+ N (Gny)
1+ 2+ g2
N(¢j2)

a(k;) = ,

14¢Gmn— g2+l Sm—j "
N(Cin—js)

and k has a triangular factorization with
N 1
1(k) = ] au(ki)...au(k;_1)1(k;) (au (ki) ...au(k;j_1)) ",
j=1

ak)= I Il 4+is <N<<ji) N(Cjz’)_1>'

Jj€ln—1] i€[n—j]

Proof. This follows from Theorem 2413, taking wy' to be the lexicographically

minimal word for wy, writing k = k (n) for n € C(g), and letting
n\_(j+1
LI(m),J(m) N (nm) T 1

k=11
and (j; = N(3)-(3)+i—i The formulas for 1(k;) and a(k;) are obtained easily by

(
m=(3)-(3)

induction. O
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CHAPTER 3

REDUCED WORDS IN AFFINE WEYL GROUPS

In our notation for the affine Weyl group, we again try to follow Carter [7] when
possible. Otherwise, we follow the literature on the subject, including Shi [36], Cellini
& Papi [§], Ito [16], and Lam & Pylyavskyy [23] 24]. For combinatorial aspects of
affine Weyl groups, we point the reader to Bjorner & Brenti [3]; a less up-to-date but

still excellent introduction is given in [15].

3.1 The Affine Weyl Group Wg
3.1.1 The Extended Cartan Subalgebra

We will see in the next section that the extensions of hr defined below play the role
of Cartan subalgebras for (central extensions) of Lg, the Lie algebra of LG. Thus,
they are the natural domains for the action of the affine Weyl group, which plays the
role of Weyl group for LG.

Let hr be the real part of the Cartan subalgebra of g, equipped with the inner
product (-,-) as defined in the previous chapter. The extended Cartan subalgebras
for g are the spaces hr = hr ® Rc and hr = hr & Re & Rd. We extend (-,+) to hr by
setting

(d,h) = {(c,hy =(d,d) = {c,c) =0, (d,c)y =1.

Note that (-,-) is degenerate on ER, and indeed, there is no nondegenerate invariant
bilinear form on bg; this is the reason for extending hg to obtain bg.

The dual of the extended Cartan subalgebra is FA)]’IE = b ®Ry®RJ, where we have

<6’ a> = <’7>O‘> = <6a 5> = <7>7> =0, <5a 7) = 1.
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The action of 6;@ on F)R is given by

for a € b and h € hr. Also, y(c) = 1, and, for all the classical affine Lie algebras,
d(d) =1 (the full story can be found in [7]).

3.1.2 Extended Root and Coroot Systems

Just as the Weyl group W is defined in terms of the root system of g, W,g is defined
in terms of the root system of Lg, also known as the extended root system of g, and
denoted

o =75 (dU{0}).

Define g = 6 — §. The set A = {ag,...,a,} is a set of simple roots for ®: Each
o € & can be written as a sum of simple roots @ = Y7, n;a;, where the integer
coefficients n; all have the same sign. The sign of « is the sign of the n;, and we have

the sets of positive and negative roots
DT = (Zogd @ (PU{0}))UDT, ™ =(Zod @ (DPU{0})UD.

Using (-,-) to identify GR and EA)]’IE, we can define coroots in the same way as for

finite-dimensional Lie algebras. The set of simple coroots for Lg is

{h():C—hg,hl,...,hr}.

3.1.3 The Affine Weyl Group

For each simple root o; € A, define the simple reflection s;, which acts on o € 6]}*@
and h € hg by
sia = a — a(hy) oy, sih = h — a; (h) h;.

Then the affine Weyl group W, is the infinite Coxeter group generated by the simple

reflections.
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A major difference between W,g and W is that W,g does not act transitively (or
freely) on the extended root system d of g. This fact is captured in the division of i)

into real and imaginary sets, as follows.

Definition 3.1.1. A root a € ® is called real if there exist o, € A and w € Wag sO

that w (o) = a. Otherwise, « is called imaginary.

For all classical Lie algebras, the sets dx and 7 of real and imaginary roots are given
by
=Wy - A=Z5ad,  d;=>\dg = Z0.

(For the full story, see Theorem 17.17 of [7].) The choice of A divides ®g into positive

and negative subsets as well:
= (No@d)UDt, dp=(—-NopD)UD™.

The distinction between real and imaginary roots is useful in understanding W,g.

For each root o € <i>;; and each h € BR, define
safd =08 — B (ha) a, soh = h —a(h)a,
so that s, is the reflection in the hyperplane

H, = ker (sy) = {h € 6R

a(h) =0}
Then

Wag D {sa aeéﬁg}.

Indeed W5 is generated by this set of reflections, and we can identify W, with the

group of rigid automorphisms of H = Unedt H,.

3.1.4 Action on hg

The affine Weyl group W,g derives its name from the fact that it acts as a group

of affine reflections on hr. This action is obtained by identifying hr with an affine
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subspace of hg. Since alc) = 0 for all @ € bg, Wag acts trivially on Re C br.
Furthermore, since d(wh) = (w=1d) (h) = §(h), the action of Wog on hr & Rd fixes
the affine subspace

6[&,1: {th)REBRd'5(h):1}.

We identify IA)R,l with hgr, and we introduce the projection

. 1
WZbR—>bRIh+Clc+md>—>h.

We can use 7 to derive the action of W,¢ on hr. First, define the hyperplane

Hy o = {h € hr | a(h) = k‘} ;

and let s; , be the reflection in Hy ,, which acts on h € hr by
Skah = h+ (k — a(h)) he.
Then, for £ > 0, and o € &+, we have [9]
T (His—a) = Hia, T O Sks—a = Ska OT,
while for £ > 0 and o € &, we have
T (Hista) = Ho k.0 T O Skota = S—ka O T.

Thus, the affine Weyl group is generated by the reflections {s;w kelZ,ae <I>+},

and is the rigid automorphism group of the hyperplane arrangement

H == U Hk@.

k€Z,acdt

Like all affine reflections, the affine reflection s, ,, can be written as the composition

of a (non-affine) reflection and a translation:

Seah = (h — a(h)ha) + khe = sah + kha.
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Figure 3.1: The alcove diagram for Gj.

Thus, the affine action of W,¢ on hg further identifies W,¢ with the semidirect product

W =W T, where the elements 7 € T act by translation,
t-h=h+rT,

and we have the identities

wt,w ™' = ty,, Sk.a = tkha Sa, 50 = tp,Sp- (3.1.2)

3.1.5 Alcoves

The connected components of hr\H are called alcoves. The alcoves are the funda-
mental domains for the action of W,g on hg, and the group W.g acts freely and
transitively on the set A of alcoves. The hyperplane arrangement # is sometimes
called the alcove diagram of g. Figure[3.Ilshows the alcove diagram for GG5. We single

out the fundamental alcove

Ao = {n e be|ag(h) < Lau(h) > 0.i=1,....r}.
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which is the bounded set carved out by Hyp, and H,, o, .., Ha, 0. Analogous to the
fundamental Weyl chamber Cj, the fundamental alcove is the unique subset of hr
on which each simple root is positive. The set of alcoves is in correspondence with
the elements of W,g, and the choice of Ag allows us to make this correspondence
precise: Given an alcove A, there is exactly one wy € We,g satisfying wy'A4, = A.

The geometric perspective this affords us is at the heart of our approach.

3.1.6 Reduced Words and Alcove Walks

A word of length n for w € W,g is a sequence of simple reflections s;,, S;,, - - ., Si,,

i; € [0,7], so that w = s;, ...s;,8;,. The length [(w) of w is the minimum length
of a word for w, and any word for w of length [(w) is called a reduced word for w.
As in the finite-dimensional case, we will use Roman typeface to distinguish reduced
words from the Weyl group elements they represent, and we will sometimes say that

w spells w.

Definition 3.1.3. A sequence of alcoves P = {4;} is called a walk of length n

i€[n]

from A; to A, if A;NA;11 =0 and 0A; NOA; 1 # 0. If there is no shorter walk from

Aj to A, we will call P a minimal walk.

In terms of the correspondence between W,g and the set of alcoves, each word for
w corresponds to a walk from Ay to w—'Aj, and each reduced word for w corresponds
to a minimal walk. We will call such a minimal walk a minimal walk for w. Given
a reduced word w = s, ...s;, for m € [l[(w)], define w,, = s;,8i,...5;. Then

W = Siy,, - - Siy corresponds to the minimal walk {W;ll_lAO}me[l(w)—i—l]'

3.1.7 Inversion Sets

Similarly to the finite-dimensional case, the inversion set of w € W,g is the set of

positive real roots mapped to negative real roots by w.
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Definition 3.1.4. The inversion set of w € W,g is the set

Inv(w) = {a € &% | wa € (i);z} .

Given a reduced word w = s;, ... s;, for w, Inv(w) can be calculated explicitly

in the following way. For m € [I(w)], define
Tm(W) = Wity = 8iy .56, 0,

Lemma 3.1.5.
v (w) = {7 (W)} .

It is known that w flips k0 — o if and only if Hy , lies between A and w™t Ay, and
w flips k0 + « if and only if H_j , lies between Ay and w™ Ay [9]. Thus we have the

following.

Lemma 3.1.6. If {AO,Al, oo Ay = w‘le} is a minimal walk for w, and Hy, g,

is the common boundary of A;—1 and A; fori € [l[(w)], then

Inv(w) = {kd — 6 | ki = 1} U {~kid + 5, | k <0} .

Furthermore, a minimal alcove walk from Ay to w™'Ay can only cross Hy, o if it
also crosses H;, for all l € [k +1,0], if £ <0, and for all [ € [k — 1], if £ > 2. Thus,
to find Inv(w), and indeed to identify the alcove w='Ay, it is sufficient to know, for
each a € &7, the k of largest magnitude for which Hy,, lies between Ay and w™! Ay,

and the sign of that k. This motivates the following definition.

Definition 3.1.7. Given a minimal walk {Ao, Ay Ay = wAO} for w, and the
set of hyperplanes {Hy, g, }
A;, define

el such that Hy, g, is the common boundary of A;_; and

-1 k; > 1, B; =« for some i € [n],

+1 k; <0, f; =« for some i € [n].

Ma(w) = max (ki) sgna(w) = {
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By design, we then have the following.

Lemma 3.1.8.
Inviw)= | {0—a,...,M(w)d—a}tu J A{a,...,Ms(w)é+a},
acdt acdt
sgn,, (w)=—1 sgn,, (w)=+1
(w)y= > My(w)+ > (Ma(w)+1).
acdt acd™
sgn,, (w)=—1 sgn, (w)=+1

Since w™' Ay lies between Hign, (w)Ma(w),a a0 Hygn (w)(Ma(w)+1),0 @0 €aSy way to
determine the numbers sgn, (w) and M, (w) is given in the following lemma, which is

key in this chapter.
Lemma 3.1.9.
M, (w) = Ha (center (w_le))H , sgho(w) = —sgn (o (center (w_le))) :

Proof. If Hy, is between Ay and w™'A, then for each h € w™'Ay, the integer k
lies between the real numbers «(h) and 0. Furthermore, we have center (w™'Ay) =

w™tecenter (Ag) € w1t A,. O

The numbers sgn, (w) and M, (w), which determine w (see Theorem B.I.T4 below,
originally from [36]), appear at multiple points in the study of inversion sets of affine
Weyl groups. For example, they arise naturally when considering biconvex sets of

positive roots in the affine context.
Definition 3.1.10. A subset I C &% is called biconvex if
1. whenever o, 3 € I, and a + 3 € &, then a + 8 € I.
2. whenever o, 3 € &+ and a+ 3 € I, either a € T or f € 1.

The following was proven by Dyer [10].
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Proposition 3.1.11. The finite biconvex subsets of é;’z are in bijection with the

elements of Wag, with the bijection given by w — Inv(w).

For ao € ®T, let o be the set containing all linear combinations of é and « which
lie in ®F:
a={...,20—a, 0 —a,a,0+a,20 +a,...}.
The definition of biconvexity guarantees that if I is biconvex and #(/) < oo, then we

have one of the following:

INnNa=0,
Ina={a,0+a,...,ms0 + a},
INna={6—a,20 —a,...,m_,0 —a},

for nonnegative integers m,. Note that only one of m,(w) and m_,(w) is defined,

and we have
msgna(w)a(w) = Ma(w)'

The ®-tuple of integers (M), determines the biconvex set I, and thus it determines
a unique element w € Wg with I = Inv(w). In studies of the permutation realizations
of Wg for the classical groups, the ®-tuple (1), Was dubbed the inversion table

of w [2, B, 11]. Lemma B.I.8 can be restated in terms of inversion tables as follows.

Lemma 3.1.12. Given the inversion table (mqy(w)),cq

Inv(w) = |J {a,0+a,....ma(w)d+atU () {§+a,20+a,...,ma(w)d +a},

acedt+ aed—

and l(w) = Yaco+ (Ma(w) + 1) + X oca- Ma-

We would be remiss if we did not mention a related ®*-tuple of numbers discovered

by Shi [36], which he called the alcove form. Define the infinite strip

i, = {h e be | k< a(h) < k+ ],
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so that H,g,_a = sz—m' Then, each alcove is of the form Nyeqp+ Hy, ., for some

integers my,.

Definition 3.1.13. The alcove form of w € W,g is the ®-tuple (mq(w)),ce+ such
that
w_lAO - ﬂ H;%a(w)#x.

acdt

For example, the alcove form of e is (1M, = 0) g+, since

1
AO - ﬂ HO,Q’
acdt
and the alcove form of s; is m,, = —1 and m, = 0 for a; # o € &, since s;4p =

H°, . N Nazaco+ Hg,. Shi also characterized the ®*-tuples of integers which are

alcove forms of elements of Weg [36].

Theorem 3.1.14. A ®*-tuple (M), cq+ i the alcove form of an element w € Wog

if and only if for any «, B,y € @1 with v = a+ f3,
Me + Mg < Matrp < Mo + 1M+ 1. (3.1.15)
The integers m, and m, are related as follows

—Q NOl Z 1)
Mg =14 m (3.1.16)
—Me — 1, Me < 0.

The alcove form prompts us to identify elements of W,g with what we will denote

biconvex domains in hg.

Definition 3.1.17. The biconvex domain corresponding to w € W,g is the open set

Bw)= () Hhwa" Hye™ .

e (w)<—1 e (w)>0

These have the property that every minimal alcove walk for w lies in B(w).
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Figure 3.2: The minimal alcove walk, alcove form, and biconvex domain for w =

$25051525052S51.
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Example 3.1.18. In the affine Weyl group of type A,, the simple roots are ay, s,

and g =90 — 0 =9 — a3 — . For the reduced word w = $95¢5152509S251, we have

T1(W) =0, TQ(W) = S10p = 9, T3(W) — S§1820y = ) + Qq,

)

T4 (W) =5152500 = 0 — g, T5(W) = $182508201 = 20 + a,
)

)

Te(W) =815250828100 = 20 — (g,

(
(
(
T7(W —=81525052851S90p — 30 + aq,
so that
Inv(w) = {aq, 0, 0 + a1, § — ag, 20 + oy, 20 — g, 30 + a1},
and the set {Hy, g}, 1
{HO,(J{17 H0,97 H—l,a17 Hl,a27 H—2,a17 HZ,a27 H—3,a1}-
We have
Mo, (W) =3, My,(w) =2,  My(w) =0,
and
sgn,, (w) = —1, sgn,, (W) = 1, sgny(w) = —1.
We can check Lemma [3.1.9] as follows. We have ©; = (%,%,%), Oy = (%,%,%),
©1 4+ O3 = (1,0,—1) = hy, and center (4) = 3 (1,0,—1). Also, we can expand w™"
using B.1.2] and the reduced word sy = wy = 5951 o:
Wl =51898059515052 = 5152 (tn,50) 5251 (th,50) S2
=51Sath, (S25152) S251th, (S25152) S2 = S1tsyhytn,S251
=81t(2,~1,-1)S251-
Thus, w™tcenter (Ag) = (—%, 2, —%), and we have

a; (w™'center (AO)) =—3— %, (% (w_lcenter (Ao)) =2+ g,
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0 (w‘lcenter (A0)> = —%.

We also have

og NInv(w) ={o, §+ o, 264+ aq, 30 +aq},
oy NInv(w) ={6 — ag, 20 — as},

0N Inv(w) = {0},

so that

Me, = 3, M_qy = 2, my = 0.

The alcove form of w is given by
Me, = —4, Moy = 2, me = —1,
and we have

N H3

0,a2

N H}

2,02

UJ—lAO = Hl

—4,a1

mHil,é)a B(w) = H®

—4,a1

2
ﬁ H—l,@

This example is illustrated in Figure

3.2 Infinite Reduced Words and Infinite Elements of W g

Definition 3.2.1. An infinite reduced word (or infinite reduced sequence) is a se-

quence of simple reflections w = (s,-j) N such that the length of w, = s; ...s; isp

J
for each p € N.

We denote the set of infinite reduced words RW. The correspondence between
reduced words and minimal alcove paths tells us that infinite reduced words corre-

spond to infinite alcove paths {A;} all of whose initial subpaths {Ag, A1,..., 4,}

iEZZO

are minimal. Such alcove paths will be called infinite minimal alcove paths.

Definition 3.2.2. An infinite reduced word w € RW is said to be periodic if there

exists some p € Z such that s;,, = s;, for all j € Z.
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The infinite minimal alcove path corresponding to a periodic infinite reduced word

has the following property, which we denote affine periodicity [34].

Definition 3.2.3. An affine periodic infinite minimal alcove path is a path with the

property that there exist p and 7 € T such that {Ai+p}i€Z>O = {tTAi}ieZ>o‘

The fact that periodic reduced words correspond to affine periodic alcove walks is
pointed out in [24]. It can be proven simply as follows. Write w, = vt, for 7 € T and

v € W. Then, for all m,
W, = My gyl (M=) gm=2 g = "'t

where w = 7 + v~ '7 + ... + v, Since W is finite, there is some m such that
v™ =1, and w)" is a translation.

We extend the concept of inversion sets to infinite reduced words as follows.

Definition 3.2.4. If w = (sij) is an infinite reduced word, then

jeN

Inv (w) = UjenInv (w;) = {Tj(w)}jeN'

This leads us to the following definition of an infinite element of Wg.

Definition 3.2.5. An infinite set of roots I C <i>;5 is an infinite element of Wg if it

is the inversion set of an infinite reduced word.

The set of infinite elements of W,g will be denoted W. It is equal to the set of
equivalence classes of RW under the relation w ~ w’ if Inv(w) = Inv(w’). As in the
finite-dimensional case, we will denote the equivalence class of w by w, and we may
write w € W; by this we intend that Inv(w) € W.

If I € W, then by Proposition B.IT.T1] it is an infinite biconvex set, and we have
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one of the following [24]:

I'Nna=0, (3.2.6)
Ina={a,0+a,...,myd +a}, (3.2.7)
InNa={—a,20 —a,...,m_,0 — a}, (3.2.8)
INa={a,0+a,...}, (3.2.9)
Ina={—a,20 —a,...}. (3.2.10)

In the last two cases, we say m,(I) = oo and m_,(I) = oo, respectively.

Definition 3.2.11. The inversion table of I € W is the ®-tuple (mq (1)) cq, With
ma(I) € NU {00}, defined by (B.2.0]).

Clearly, for w € RW we have m,(w) = lim,_,o m, (w,). The infinite values of m,

for w can thus be determined as follows.
Proposition 3.2.12. Define the asymptotic direction of w to be

dir(w) = lim ! (center (W;lAO)) :

p—0o0 p
Then,
00 a (E(W)) <0,
Ma(W) = < 0o a (dir(w)) =0,
0 a (ﬁ(w)) > 0.

In the last case, we have m_,(w) = oo.

With these concepts in hand, we are in a position to prove the major fact about
infinite reduced words for affine Weyl groups needed in Chapter 4l Those only inter-

ested in the factorization results of that Chapter can skip ahead after the following.

Proposition 3.2.13. N§ — & € W, and there exists a periodic reduced word for
Ny — o+,
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Proof. There are many ways to show this result. Perhaps the most straightforward is
to show that No—®* is biconvex. We follow instead the proof appearing in [34], which
predates our discovery of the work on biconvex sets. Finding any w with dir(w) € Cy
will prove that N0 — &+ € W, since if dir(w) = h € Cj, then a(h) > 0 for all «
implies that m_, = oo for all . We construct a periodic reduced word for Ny — &*
as follows. Choose h* € Cy N T, for example h* = 25, and choose a minimal alcove
...sy, be the corresponding reduced

defined by

walk from Ay to Ag + h*. Let t_p» = SIy

thx)

word for t_p« € Wog. Then the infinite reduced word w = {s Ji}i€Z>0

sJi+l(th*) = 5L has

— 1 1
dir(w) = lim — (center (/. Ag)) = lim (—center (Ao) + h*) =h".

p—>00 p - p—>00 P
This proves the result. H

We can also define an alcove form for an element I € W, using the relation

3.11G).

Definition 3.2.14. The alcove form of I € W is the ®*-tuple {mq (1)}, ce+ With
ma(l) € Z U {xoo} given in terms of the inversion table of I by relation (3.I1.16]),

with the convention that co — 1 = oo.
From Theorem [B.1.14] we obtain the following after taking limits.

Proposition 3.2.15. A ®*-tuple (mq),cq+ 5 the alcove form of an element I € W
if and only if

Mo + Mg < Matg < My +mp + 1, (3.2.16)

where we observe the conventions that £oo+m = 400 for allm € Z, +ootoo = Fo00,

and 0o F 0o can be anything.

For type A,_1, the previous proposition also appears in [24].
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The alcove form of an element I € VW allows us to relate it to the alcove diagram

of hr. For o € @, let

Hy = {hebs lah)>0f,  HE,={heba|ah) <0}.

Definition 3.2.17. The biconvex subset corresponding to I = Inv(w) € W is the

open set

B(I) = B(w) = () Hys"*,
acd
with the convention that oo + 1 = oo.

If w € RW is a reduced word for I € VW, the infinite alcove path corresponding to w

is contained in B([).

3.3 Coweight Elements, and their Reduced Words in Type
An—l

Lemma[3.1.9] along with the fact that the fundamental coweights O, satisfy a; (0;) =

0;1, motivates us to choose the following “building blocks” for elements of Wg.

Definition 3.3.1. The ['" coweight element is the unique element W; € W,g satisfying
center (VVl_le) — center (4y) = 6.

The inversion set Inv (W}) is easy to find. By LemmaB.T.9 for all o« = Y ;e nic; € @
we have

m_o (W) = | (0, + center (4p))] = a (0;) =ny, (3.3.2)
where we use the fact that o (center (4p)) < 1 for all @ € ®*. Defining &, =
{a € o ) a(9)) > O}, we have

v (W) = {ka6 — a | @ € @, ko € [m_o (M)]}.

We will use these facts to identify reduced words for W.
We will also be interested in the smallest possible translations in the direction of

O;, and their reduced words.
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Definition 3.3.3. The ['" coweight translation is the unique translation element 7;
satisfying
center (Tl_le) — center (Ay) = kO,

for the smallest possible integer k.

Again applying Lemma B.1.9] we have that m_, (1}) = ka (©,) for some integer k
which is independent of . We will use this criterion to find reduced words for 7;.

For the Lie algebra of type A, _1, corresponding to the compact, simple Lie group
SU(n), the affine Weyl group is also called the affine symmetric group, and denoted
Sn. For Sn, we can find reduced words W for the elements W, as well as combinations
of the reduced words W; which are also reduced, directly. We now do so.

In this chapter, we will prove that a word w = s; ...s;, is reduced and spells an
element w € Wag by calculating its inversion set. If I[(w) = # (Inv(w)) = p, then w
is reduced, and if Inv (w) = Inv(w), then w spells w. By Theorem 4.15.9 in [39], for

a (not necessarily reduced) word w = s; ...s;,, we have
Inv (W) = {7n(W)},ci N ot

Thus, if 7, (w) is positive for all m € [p], then w is reduced.
In an orthonormal basis {)\i}ie[n] with respect to the Killing form, the set of

positive roots for the root system of type A, _; is
(I)+: {aij ::)\i_)\j—l—l 1§Z§j§n—1},

where we will employ the convention for simple roots that a; := a;; = A\ — Aig1.
We have ap = 6 — 3,1 = 0 — a3 — ... — ap—1. The fundamental coweights are

©,=M+...+ X\ forl €[n—1]. Thus,

@ = {ay |i€ll, jeln—1},

Inv (W) =6 — = {6 —ay [ €[1], j € [lon— 1]} (3.3.4)
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For type A,_1, we define

. p nodd,
B 2p n even.

Given w = s;, ... 8, € Sp, we recall from (L3.4) the notation
k
W( ) = Sip+k - - - Sii+ks
where in this section indices should be read mod n.

Proposition 3.3.5. In S,, for | € [n — 1], let
Cl = S1418142 - - - Sn—150, dp = s1-1...5180.

(Note that sy appears only once in the words ¢; and d,, so thatl(c;) =n—1, [ (d;) =1,

and ¢,_1 = dy = s9.) Then the I™ coweight element W, has reduced words

n—1—1

— |
wWi=J[d”, wi= [ 4
i=1 i=1
We remark that Wy = W) = s9535...5,_150, and W1 = W/ _| = s, 95,_1...5150.

Example 3.3.6. In the simplest case, SU(2), we have ¢; = sg and d; = s, so that

Wi = s¢. In the simplest interesting case, SU(3), we have

C1 = S250, C2 = Sop, d; = so, dy = 5150.
Thus,
W, =¢ = Wy = Ve, = =
1 = C1 = 5250, 2 = C3 "C2 = Sp4+150 = 5150,
while
Wy =d{ "V, = = W, =dy =
1= 1 = S0—150 = S$250, o = U2 = 515¢-

In the case of SU(4), we have

C1 = 525350, C2 = S350, C3 = So, d; = s, dg = 5150, ds = 525150,
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so that
o _m _
Wi = ¢; = 525350, Wy = ¢y 'ca = 831150415350 = S0515350,

_ @ . _ _
W3 = c37cy '3 = Sp4250+150 = 525150,

and
G TG ) B T _ G D S —
Wl = dl dl d1 = 50—250—-1S0 = S2S5350, W2 = d2 d2 = 851-1S0-151S0 = S0S3S150,
W3 = d3 = $985150-

Proof. According to our convention for reduced words, the symbol W) denotes a
(known) reduced word for W;. Thus, in this proof, we will denote Hﬁ cl(i) by W.
We will simultaneously show that W is reduced, and that Inv (W) = Inv (W), by
calculating 7, (W) for m € [I(n—1)]. Showing that each 7, (W) is positive will imply
that W is reduced; we will then show that 7, (W) runs over Inv (W;) as m runs over
[[(n —1)].

Let m € [l(n — )], and let m = p(n — ) + ¢, where ¢ € [n — ], and p € [0,] — 1].
Thus, p tells us in which “multiple” of ¢; index m lies, and ¢ tells us how far into cl(p )
index m lies. We will see that 7, (W) is a sum of simple roots with adjacent indices, in

which each simple root has multiplicity one. The lower index of summation depends

on ¢, and the upper index of summation depends on p:

where indices are to be read mod n. This sum has p+¢ terms, since 1 —q > [+1—n =
[ + 1 mod n implies that 1 — ¢ > p.
To prove this, first recall that
—qy ] =1
5i0; = ¢+ oy jel{i—1,i+1}
Q; otherwise
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where, again, indices should be read mod n. We calculate

p—1
—
Tm (W) = H 8;Si—1---Siti+1 SpSp—1 - - Sp—g+20p—g+1
1=0
p—2
— p
= H 8;Si—1---Siti+1 Sp—1Sp—2 -+ - Sp+l Z Q;
=0 j=p—q+1

p
Sp—1Sp—2...Sp—¢q Z Q;
J=p—q+1

-2
s

= H 8iSi—1 -+ Sit+i+1
i=0

N N~~~

p—2
— p

= H SiSi—1 -+ - SiHl+1 Z Qs
1=0 J=p—q

p
=...= Z Oéj,
Sl

J q
where in the third equality we used the fact that p—g+1>p—(n—0)+1=p+Ii+1
mod n. This shows that 7, (W) is positive for all m.

To see that Inv (W) = Inv (W), note that

p n—1

+ Z j =ao+ a1p+ Angiin-1 =0 — Qptin—g-
1  j=n—gq+1

J

p
Z Oéj =0 +
=l-q J

Since p+1 € [l and n —q € [[,n — 1], apy1,n—g € ®;. Furthermore, as m runs over
[l(n—1)], p+1 runs over [I], and for each value of p+1, n—q runs over [I,n—1]. Thus,

recalling (3.3.4)), we see that Inv (W) = Inv (W;). The proof for W/ is similar. O

We also have the following.

Corollary 3.3.7. In S,, the word W, flips the roots in Inv (W,) in lexicographical
order with respect to the alphabet {\1, Ao, ..., A\ }. In other words, § — (A, — Xj) is
flipped before 6 — (A — ) ifi <k, orifi =k and j > 1.

Example 3.3.8. For n = 5, we have

By = {6 — M+ A, 0= M+ A5, 60— Aot At §— ot sy 0 — A3+ Aa, 6— A3+ A5}
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To find the order in which these roots are flipped by W, we weight A; less than A;
if j > 4. Thus, the roots containing the summand —\; come first; out of the two of
these, the root containing the summand +\; is “smaller” than the root containing
the summand +\4, and so on. The (total reflection) ordering < given to these roots

by W, is thus

O—AM+A5 < 0—Ai+XN < 0—=Xo+A5 < 0—Xa+Ay < 0—A3+X5 < d—A3+ A4,

Recall that we associate the positive root ay; for SU(n) with the (i, 7)™ super-

diagonal entry of an n X n matrix. From this perspective, the roots in ®; correspond
to the block of entries to the northeast of (I, + 1), the entry corresponding to «.
The total inversion ordering < that W, gives to ®; corresponds to reading this block

from right to left, and from top to bottom.

Example 3.3.9. Again considering n = 5, we have the correspondences

Q1 Q3 Qg Qg5 ay4 Q5
Qg (Qigq (gp Qo4 (gp
_l’_
O +— a3 035 |, D3 a3 O35 |,
Oy
a1y < Og5
< < Qg < Qo5.
3 < Qs3p

We can put the words W, together to obtain other reduced words. Just how we

do this is the content of the next theorem.
Theorem 3.3.10. Let w € S, be such that for positive integers a;,

center (w_le) — center (Ag) = Z a;0;

1€[n—1]
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let P =Y ;a;, and let J € ZP be a vector of a; ones, followed by as twos, as threes,

and so on. For any o € Sp and m € [P], define Ky = Yicim) Jo(i)- Then, for any

o € Sp, w has the reduced word

(KO',P71>
Jo(p)

W Eeyy

W(a,o) =W Jo(2) Joqy-

We will need the following lemma.

Lemma 3.3.11.
0+ (073 j =k+ l,

-1
(Wl(k)) Q= § O] — ) j =k + 2[,

Qg otherwise.

Proof. These are straightforward calculations, where all indices are to be taken mod

n. Ifjelk+1+1,k+ 20— 1], then

. -1
(Wfk)) aj = [T (Skrp- - Skaprirr)

p=0
j—k—1
- H (Skep - -+ Skbpti1) Snoij - - - Sj+1Q
p=0
j—k—1-1 n—l+j
= ($k+p e $k+p+l+1) Sn—l+j—-1---5j Z Q
p=0 i=j
j—k—1-2

=Qjyn—1 = Q5.

= H (Sk+p e Sk+p+l+1) Sp—l4j—2-+-5j—10n_|4j
p=0



Next, if j € [k +2l+ 1,k + [ — 1], then

N
|
N

(W), =

I I I
R e O R O
(= O e O

i~
Il
o

Now, if j = k + [, then

-2
R\t
(W1 ;= H (Sk—i-p e Sk+p—n+l+1) Sk41-1 - -

3
o

—
|
w

Il
=)

p

(Sk—l—p c.

(Sk—l—p c.

(Sk—l—p c.

(Sk—l—p c.

=0

(Sk—i-p S Sk+p—n+l+1) Sk41-2 - -

k+1

=Sk ... Sk—n+l+1 Z Q;

i=k+1

k—1 k—1
=5 Z o; = 20y, + Z Q.

i=k+1
Finally, if 7 = k + 21, then

(W) g, =

~
|
N

I I I
—_ —_ —_ 3
Il Il Il
w o w o N o

3
I
o

k+1-1

(Sk‘-i-p P

(Sk‘-i-p P

(Sk-l—p e

(Sk-l—p e

1=k+1

5k+p—n+l+1) Sk+i1-1

5k+p—n+l+1) Sk+1-1

Sk-i—p—n—l—l-l—l) Sk4+1—-1 - - -

Sk-i—p—n—l—l-l—l) Sk4+1—-1 - - -

Sk-i—p—n—l—l-l—l) Sk41—-1 - - -

96

Sj—105
sj (aj + aj1)

Sj+1 (O‘)j—l

5k+p—n+l+1) Q52

- Sk+42l—nOk+l

- Skt2l—n—1 (Qppi—1 + Qtr)

oo Sk2l-n k21

o Shgor1 ()

k41-1
3k+p—n+l+1)3k+l—2---Sk+2l—1 - Z at
k+21
k-1

3k+p—n+l+1)

—Zai

k+20-1

- Y

i=k+1+1
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Proof (Theorem [3.3.10]). Our strategy will be to determine Inv (W (a, o)) by de-
termining m_, (W (a,0)) for all & € ®T. We will show that # (Inv (W (a,0))) =
>iejn—1) @il(n—1), which is the number of simple reflections in the expression W (a, 7).
This will allow us to conclude that W (a,o) is reduced. We will also show that
m_o (W(a,o)) = m_,(w) for each a € &, allowing us to conclude that W (a, o)
spells w.

First, we determine Inv(w) and I(w) by the same method. For «;; € ®*, we have

aij( Z al@z> = Z aa; () = Z ar,

[n—1] le[n—1] i<l<j

and thus by (3.3.2)),
m_o(w) = > a.

i<i<j

By Lemma [3.1.12, we have
l(w) = Z m—ocij (w) == Z Z a; = Z all(n — l)
1<i<j<n 1<i<j<n lelij—1] l€[n—1]

(k) _

Now, we calculate m_, (W (a,0)) for a € ®*. For any i,j € Z, write a;; =

Qi + ...+ 4, With indices taken mod n, and note that ) = 6. Also, for a set
S C X, let xg be the characteristic function of S, so that for z € X, xg(x) = 1 if

and only if z € S§. We will show the following.
1. Inv (Wl(k)) = Inv (W)"®) .
2. (Wl(k))_l (6 = i) " = (6 — i)™ + Xy -y (1)5.
Putting these together, along with the fact that wd = ¢ for all w € W,g, we have

(W)™ v (WD) = (6 (v (93) P (W))® U (B (197) Nl (1))
= (26 — (@, N &) ® U (6 — (@ \ @)Y
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Thus,
k k41
Mo (Wl( Wi )) = Xfij—1(1) + Xpij—1 (1),

and, continuing in this way, we have
M_a,; (W(o,a)) = Y Xpj1] (Jg(k)) = > a=m_g,w). (3.3.12)
ke[P] lefi,j—1]
To show (), let m € [I(n — )], and let m = pl + q(n — 1), where p € [0,{ — 1] and
q € [n —1]. We have
(#) (k)2 S (k)
Tm (Wl ) = (Wl )m—l Ok+p—q+1 = Z @ = (0 — Qptin—q)
k+1—g
so that
Inv (W) = Inv (W))®.

To show ), let m € [I'(n — ')], and let m = pl' + q(n — '), where p € [0,1' — 1]
and ¢q € [n —I']. We want to determine (Wl(k))_l (0 — ozp+17n_q)(k+l). We have

(k41) k+l+p
+) _
(6 — Apyin—q) = Z Qi
k+i4+1—q
where indices are to be taken mod n, and this sum contains p + ¢ terms.

First, assume that p < [—1 and ¢ < n—1, so that (6 — ozpﬂm_q)(kﬂ) € 5—(<I)l)(k+l)
(we already know it is in & — (@) *™), and k + 21 ¢ [k+1+1—q,k+p]. Then,

) -1 k+l+p ®) 1 k+i-1 k+l+p
(Wl ) Z Oéi:(Wl ) Z Oéi"‘Oé]H_l"— Z Q;

k+l+1—q k+l+1—q k+i+1
k—1 k—1 k+p
= Z ai+2ak+2a,~+2a,~
k+1—q k+1 k+1
k+p n—1
= Z «o; + Z (67
k+1—q 0
k+p

=0 + Z a; = (2(5 — ap+1,n—q)(k) .
k+1—q
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Next, if either p > 1 or ¢ > n — [+ 1 (both is not possible), then

k+i+p

)\ ~L )\ L
(Wl( )) Z Q= (Wl( )) Z Q; + Qg + Qpgg
k+l+1—q i€[k+l+1—q,k+l+p]
ig {k+1,k+21}
n—1 k+1—1
= Z ozl-—i—ozk—l—Zozi— ZOKZ'
1€lk+1—q,k+p] 1 k+1+1
i {kk-+1}
= > Q + Qg + Qg
i€[k+1—q,k+p]
i {kk-+1}
k+p )
= Z ;= (6 — ap+1,n—q) .
kt+1—q

Thus, we have shown (2)). Applying it iteratively to W (o, a) yields (3.3.12)), showing
that W (o, a) spells w. O

Defining
n—1

W, = wll 2 ) W3 OW, W,

N
we can apply this theorem to obtain reduced words

N Wo n odd,
" Wo((g))WO n eveln.

We also have the following.

Corollary 3.3.13. The roots in No — ®; are flipped in lexicographic order with respect
to the alphabet {0, A1,..., A} by the reduced word Hii cl(i).

3.4 Permutation Realizations of the Classical Affine Weyl
Groups

The permutation realizations of the classical affine Weyl groups are discussed at
length in [3]. Our presentation differs from that one in two ways. First, we consider

the fundamental interval for the action of the affine Weyl groups of types B, C,, and
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D,, to be [2n] rather than [—n, n]. Second, we “absorb” the mirrors at 0 and n+ 1 by
moving them to 1/2 and n + 1/2. This makes our formulas for the inversion set of a
permutation different from those appearing in [3]. We apologize to the reader for this
change of convention, which results from our late discovery of the existing literature
on the permutation representations for these types.

Let P(Z) be the group of permutations of Z, with composition giving the group
operation. We will write p € P (Z) either as an explicit map on integers i — p(i),
or as an infinite vector with the value p(i) appearing in position 7, and a semicolon
appearing between position 0 and position 1. Thus, 7341 /2, the reflection in 3 + %, is

defined by r341/2(i) = 7 — 4, and can be written
P =(...,9,8,7,6,5,4,3,2,1,0,..).

For p € P(Z) and m € 1Z, we define L,,(p) = {n >m ’ p(n) < m}, the set of
values moved left of m by p, and R,,(p) = {n <m ) p(n) > m}, the set of values
moved right of m by p.

Definition 3.4.1. A permutation p € P(Z) is locally finite if L;/5(p) < oo, and
Ri/5(p) = Li1s2(p). We denote the subgroup of locally finite permutations as Pg,(Z).
A permutation p € P(Z) is locally even at m if L,,(p) = R,.(p) = 2k for k € Z>.

We denote the subgroup of permutations locally even at m by E,,.

3.4.1 Type A,_1

Lusztig was the first to notice that the affine Weyl group of type A,_1, also called

the affine symmetric group S,, can be realized as a subgroup of P(Z).

Proposition 3.4.2. The group S, is the group of elements w € Pin(Z) satisfying

ﬁ:w(i):ii:(g), w(i+n) = w(i) +n.



101

We will think of elements of S, acting on positions, so that (wv)(i) = v(w(i)).
We will denote the simple reflections for S, by 09,01, ...,0,_1; these are the trans-
positions (i,7 + 1), where indices are taken mod n, so that multiplying by (i,7 + 1)
on the right swaps w(i + kn) with w(i + 1 4 kn), for all k.

Since w(i + n) = w(i) + n, the values w(1),...,w(n) uniquely determine w. Put
another way, the set [n] is a fundamental domain for the action of S,.. Thus, we will
frequently refer to w € S, by its window notation w = [w(1),...,w(n)]. For example,
the window notation for oy € S, is g = 0,2,3,5].

The coroot lattice T is identified with the subset of Z" perpendicular to 1 =
(1,1,...,1), and for 7 = (11,...,7,) € T,

t-lw(l),...,wn)] = [w(l) +nm,...,wn) +nn,). (3.4.3)

The inversion table of w € S, can be determined from its permutation represen-

tation. Recall that the set of positive roots for A,_; is

q>+:{0éijiz)\i—)\j+1 1§Z§]§7’L—1}

Proposition 3.4.4. For w € S,,, define

220 =v),

n

mhij(w) =
Then the inversion table of w is

—mij(w), mw(U)) < O,
Mgy () (W) = 4 .
Example 3.4.5. To illustrate these ideas, we calculate the window notation and
the inversion table for our running example w = $9505152505251, a reduced word in
the affine Weyl group of type As. Since we are not concerned with representatives

of Weyl group elements, Iwasawa decompositions, or triangular decompositions in

this section, we will use boldface type to make window notation calculations easier
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to follow. Thus, we will use bold type either to follow particular values (or their

representatives mod n) through a series of manipulations, as in
0002011, 2,3] = 0002(2,1,3] = 0¢[2,3,1] = [-2, 3, 5],

or to indicate the changes taking place in a series of manipulations, as in
0002011, 2,3] = 0902(2,1,3] = 00[2,3,1] = [-2, 3, 5].

To calculate the window notation for w, we act on the window notation for the

identity permutation e = [1,2,3|. Thus,

$2505152505251 282808182808281[1, 2, 3] — 525051525052 [2, 1, 3] = 8280818280[2, 3, 1]
:82808182[—2, 3, 5] = 828081[—2, 5, 3] = 8280[5, —2, 3] = 82[0, —2, 8]
=[0,8,—2].

In applying sg, we use the fact that w(i + n) = w(z) + n. For example, sy swaps

S951(3) with s951(4), and we have s351(4) = s251(1) + 3 = —1 4+ 3 = 2. Alternatively,

we can write the permutation sys; as
Sos1 = (...;—4,-3,-5;—-1,0,—-2;2,3,1;5,6,4;...),
where we've placed a semicolon between 0 and 1, mod n, and we have

so(...;—4,—3,-5;—1,0,-2;2,3,1;5,6,4;...)

=(...;—8,-3,-1;,-5,0,2,-2,3,5;1,6,8;...).
Next we calculate the inversion table of w. We have

w (1) =w (=2+3) =w'(-2) +3 =6,
wl(2)=w (8 ~6)=w'(8)-6=3—-6=-3,

wl3)=w'(0+3)=w'0)+3=1+3=4.
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So, we have

R 6—(—3 . —-3—4 R 6—4
le:{%W:& mzsz{ 5 W:—Q, mlzz{Twzl-

Thus, applying Proposition 3.4.4] we recover the inversion table

Ma, (W) = 3, M0y (W) = 2, Meas (W) = 0.

3.4.2 Types B, & C,

The root systems of types B,, and C,, (for n > 2) are dual to each other, so that the
roots for one are the coroots for the other. Thus, they share the same Weyl group
w.

In an orthonormal basis {Ai};c, with respect to the Killing form, the set of

positive roots for B,, (and the set of positive coroots for C,,) is

<I)+:{>\Z-—)\j, NAA A | 1<i<j<n, kelnl]

The set of positive roots for C,, (and the set of positive coroots for B,,) is

o ={h =N, AtA, 2\ ' 1<i<j<n, ke,

The long roots £2); for C,, can be thought of as the centers of the faces of a cube
in R, centered at the origin and with edges of length 4. The Weyl group W (for
both B,, and C,,) is the automorphism group of this cube. It is isomorphic to the
semidirect product S,, o« (S2)". The subgroup S,, acts by simultaneously permuting
the face centers {2)\;}

; and the face centers {—2\;} while the abelian subgroup

i€[n i€[n)]’
(S2)" changes the signs of the face centers, swapping 2); and —2);. The group W
is also isomorphic to the subgroup of the symmetric group Ss,, acting on symbols
{1,2,...,2n}, which commutes with the permutation Tyl (1) = 2n+1—1. The group

W is generated by the elements s; = (i, 4+ 1)(2n —¢,2n + 1 — i) for ¢ € [n — 1] and
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the element s, = (n,n + 1). In terms of our cube, the permutation Tpyl SWaps the
face centers 2); and —2); for each i € [n].

The affine Weyl groups of types B,, and C,, are not isomorphic, since the highest
root for B, is 6 = A; + Ay, while the highest root for C), is § = 2X;. Indeed, the
affine Weyl group of type B, is defined only for n > 4, while the affine Weyl group
of type (), is defined for n > 2. However, the previous discussion regarding the Weyl
group for these types suggests permutation representations of the corresponding affine
Weyl groups. These were first written down rigorously by Eriksson & Eriksson [11],

although these authors acknowledged that this was not their first appearance in the

literature.

Proposition 3.4.6. Forn > 2, the affine Weyl group of type C,, is the subgroup of
S commuting with the reflection Tppd- Forn >4, the affine Weyl group of type B,

is the subgroup of Say N E% commuting with Tyl

For W, of type C,, the simple reflections are the transpositions s; = (4,7 +
1)(2n—i,2n+1—1) fori € [n—1], s, = (n,n+1), and so = (0, 1), where the indices
are taken mod n. For W,g of type B, the simple reflections are the transpositions
si=(l,i+1)(2n—1,2n+1—1) fori € [n—1], s, = (n,n+1), and so = (—1,1)(0,2),
where the indices are again taken mod n. In terms of the simple reflections for Sgn,
we have s; = 0,09, _; when i € [n—1] and s,, = 0, for both types, while for C,, s = ¢
and for B,, sg = 0g0100.

For both types, we identify Z" C hr with
{(z, —z) € Z* ) zc Z”} c T Csl(2n,C),

so that \; € by is identified with A\; — A1 € T, and translation by A; is defined
(as an element of §2n) for all 7, even though it may not be an element of W4 for B,

or C,. The coroot lattices for types B, and C,, can then be thought of as sublattices
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of the coroot lattice for type As,_1, so that translation by an element of the coroot
lattice for type B, or C, is also given by (B.4.3).

We recover the inversion table for w € Wog as follows.
Proposition 3.4.7. Forw € Wog C Pin(Z) and a € ®F, calculate g (w) as follows.
For type B,

A o o Mii(2n+1—i (w) A o
m)\i—Aj (U)) = mij(w>7 my, (U)) = lr%w ) m)\H—)\j (’UJ) = mi(2n+l—j) (U))

For type C,,,
My, (W) = mij(w), Moy, (W) = Mi@nr1—i(w), Mg, (W) = Mini1—j)(w).

Then, the inversion table of w is

—1me(w), Mme(w) <0,

Msen(ma(w))a = ~
ani () (1) {ma(w)—l, e (w) > 0.

Example 3.4.8. In type By, consider w = $35482505152. We calculate the window
notation and the inversion table for this reduced word by acting on the window

notation for the identity permutation e = [1,2,3,4,5,6,7,8]. Thus,

535452505152 2838482808182[1, 2, 3, 4, 5, 6, 7, 8] = 8384828081[1, 3, 2, 4, 5, 7, 6, 8]
283848280[3, ]_, 2, 4, 5, 7, 8, 6] — 535452 [0, —2, 2, 4, 5, 7, 11, 9]
—5354[0,2,—2,4,5,11,7,9] = 550, 2, —2,5,4,11,7,9]

=[0,2,5,-2,11,4,7,9].
Now,

wli ) =w19-8)=w1(9)-8=0, w'(2)=2

(1)
wl3)=w'(11-8)=w'(11)-8=-3, w '(4) =6,
wl(5) =3 w'l6)=w'(-2+8)=w'(-2)+8=12
(7)

w =7 w'®)=w'0+8) =w"'0)+8=0.
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Thus, we have

. [0 — (-3 . 0—12] . 0—-9

mi3 = %W =1, mie = [T =—1, mig = {TW = -1,

. (2 —(—3 . 2—12] R —3—6

ma3 = #W =1, Moe = [T = -1, m34 = { 3 W = -1,
[—3 —12 6— 3]

7 = = —]_ 7 = _— = 1

m3e 3 W ) Mys { 3 )

with 7m;; = 0 for all other ¢ € [4] and j € [i + 1,9 — ¢]. Thus, applying Proposition

B4 we recover the inversion table
my (W) =1, mop (W) =1, my, (W) =1,
M) (W) =1, m_p,ap(w) =1, my,(w) =1,
with m,(w) = 0 for all other a € ®, and
Inv(w) ={A1 — A3, 0 — (A1 +A3), Aa— A3, — (Aa+A3), 0 — (A5 — A\g), A\a}.

In type Cs, consider the reduced word w = s559s1. We have

$25081(1,2,3,4] = s250[2,1,4, 3] = s5]—1,1,4,6] = [—1,4, 1, 6],
so that
w (1) = 3, w2 =wl(6—-4)=w'(6)—4=0,
wl@)=wl(-1+4)=wl(-1)+4=5 w'4)=2
Thus,

N 3—0 R 3—2 . 0—-5
mig = {TW =1, miq = {T] =1, mo3 = {—W = -1,

with 7;; = 0 for all other i € [4] and j € [i + 1,5 —4|. Again applying Proposition

[B.4.7, we recover
M —Xo (W) =1, Max, (W) =1, M—2x, (W) =1,
with m,(w) = 0 for all other a € ®, and

Inv (W) = {)\1 — >\2, 2)\1, o — 2)\2} .
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3.4.3 Type D,

The long roots of a root system of type B, form a root system of type D,. In an

orthonormal basis {\;} the positive simple roots of D, are the vectors «; :=

i€[n]’

Ai— Xy fori=1,....n—1, and o, = \,_1 + \,. The set of positive roots is
(I>+:{)\pj:)\q ' 1§p<q§n}.

It is thus possible to recover a permutation representation of Weg for D,, (defined for

n > 5) from the permutation representation of W,g for B,,, and we have the following.

Proposition 3.4.9. For n > 5, the affine Weyl group of type D,, is the subgroup of

Sgn N E% N En+% commuting with Tpgd-

The simple reflections for this group are the transpositions s; = (4,7 + 1)(2n —
i,2n+1—1) fori € [n—2], sp = (—1,1)(0,2), and s, = (n—1,n+1)(n,n+2), where
the indices are as usual taken mod n. In terms of the simple reflections for Son, We
have s; = 0;09,_; when i € [n — 2|, so = 090100, and S, = 0,,_10,0,,_1.

Finally, we have the following.
Proposition 3.4.10. For type D,,, w € Wy, and o € @, define 1 (w) to be
m/\i—xj (w) = mij (w), m/\ﬁ)\j = mi(2n+1—j)(w)-

Then, the inversion table of w 1is

—Me(w), Mme(w) <0,

Mgen (o (w))a = ~ ~
(o (w)a() {ma(w)—l, e (w) > 0.

Example 3.4.11. In type Dg, consider w = s538283555¢54. We calculate the window

notation and the inversion table for this reduced word by acting on the window
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notation for the identity permutation e = [1,2,3,4,5,6,7,8,9,10,11,12]. Thus,

S0528385S654 =S0S283855654[1,2,3,4,5,6,7,8,9,10,11,12]
—s082535556]1,2,3,5,4,6,7,9,8,10,11,12]
=50525355[1,2,3,5,7,9,4,6,8,10,11, 12]
—s0s253[1,2,3,5,9,7,6,4,8,10,11, 12]
—5052[1,2,5,3,9,7,6,4,10,8,11,12] = 5[1,5,2,3,9,7,6,4,10,11, 8, 12]

—[~4,0,2,3,9,7,6,4,10,11,13,17].

Now,

wl(1) = w (13— 12) = 1, w(7) = 6,

w(2) = 3, wi(8) = w (-4 +12) =13,

w(3) =4, w(9) =5,

wl(4) = 8, wl(10) = 9,

wl(5) = w (17 — 12) = 0, wl(11) = 10,

wl(6) =7, w(12) = wi(0 + 12) = 14.
Thus, we have

mig = —1, Mas = M35 = My = NMag = Na7 = 1,

with m;; = 0 for all other ¢ € [6] and j € [i + 1,12 —4]. Thus, applying Proposition
3.4.10, we recover the inversion table

M_ (342 (W) = 1, Mg (W) = Mxg 2 (W) = My, x5 (W) = My, —ag = My, = 1,
with me(w) = 0 for all other o € &, so that

Il’lV(W) = {(5 — ()\1 — )\6> y )\2 — )\5, )\3 — )\5, )\4 — )\5, )\4 — )\67 )\4 + )\6} .

3.5 Reduced Words for the Coweight Elements of Other Clas-
sical Types

In this section, we find reduced words for the coweight elements of the affine Weyl

groups of types B,,, C,,, and D,,.
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Most of the proofs involve calculating the window notation for a reduced word, and
then calculating the inversion table of that reduced word from its window notation.
We will follow the logic of Theorem B.3.10 Namely, to show that w = s; ...s; is
reduced and spells w, we calculate the window notation of w; we calculate m, (w)
from this window notation; we calculate [(w) from m,(w) and show that it equals
p; and we show that mq(w) = my(w) for all @ € ®*. For ¢ € P(Z), we define the
notation

W(7 = Sg(in) e Sg(il),
where, in this section, indices should be taken mod n.
3.5.1 Type B,

The fundamental coweights for type B, are the vectors ©; = X\ + ...+ )\, for [ € [n].

If [ is even, then ©; € T since
O=N+X)+... N+ N).

If [ is odd, then 20; € T'. If I’ is also odd (for definiteness let I’ > 1), then ©;,+ 0, € T,

since " — [ is even, and we have
O +0; =2 +...+2N+ N1+ Naa) + .o+ v+ ).

Thus the shortest element of T'N Cy is given by

e JOit e, n=0,3 mod 4
20, +...+ 06, n = 1,2 mod 4.

We also have

Sr={\ Ay At A | i€l jell+Lnl kefitlnlf.

Inv (W) = {8 — (A = &), = (A + M), 6= A,

i,j € [l]}.

i€l jell+1nl keli+ln)

{26 = (A +A)




110

Proposition 3.5.1. In W,g of type By, for | € [n], define
Cl = S1Si+1---Sn—-15nSn—1---535250-

(Note that I (c;) = 2n —i.) Then for | € [2,n], the I™® coweight element for Wag of

type B,, has reduced word

(¢f°¢))” [ =2s,

W, =
1 o (¢fe)” 1=2s+1,

while

W1 — S0C2 — $08283 ...8,-15nSn—1---S5352950-

Example 3.5.2. In the simplest case, By, we have

C1 = 51525354535250, Co = 525354535250, C3 = 5354535250, Cq4 = 54535250,
and
Wi = 50525354535250, Wy = 595354535251525354535250,
2
W3 = S535453525053545352515354535250, W4 = (8483828184838280)

In the case of By, we have

C1 = 515253545554535250, Co = 5253545554535250,
C3 = 53545554535250, Cq4 = 5554535250,
and
Wi = 505253545554535250, Wy = 59535455545352515253545554535250,

2
W3 = 535455545352505354555453525153545554535250, Wy = (848584838281848584838280) )

W5 = 2
5 = 5554535250 (S5545352515554535250)
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Proof. We act on the window notation for the identity permutation e = [1,...,2n]
with W), and calculate the inversion table of the result. Acting on the window
notation for e, the word ¢;°c; pulls two values from the ends of the subsequent and
previous windows, and then moves these values into positions [ — 1,/ and 2n — [ +
1,2n — [ 4 2, respectively:
clall, ..., 2n]
= 781141 « - - Sn—15nSn—1 - - - S352[—1,0,3,...,2n — 2,2n + 1, 2n + 2]
=c°[-1,3,....[,2n+1,l+1,....2n—1,0,2n — [+ 1,...,2n — 2,2n + 2]
=3,....,2n+1,2n+21+1,....2n—1,-1,0,2n— 1+ 1,...,2n — 2].
Thus, if [ = 2s, we have
(c¢f°¢)’=[2n+1,....2n+ 11+ 1,....2n—1,—-1+1,...,0]
=e+ [2’)7,, ey 277,, 0, ceey O, —2’)7,, ceey —2’)7,] = t(17...’170’...70’_1 ..... -1) = t®l‘
Alternatively, if [ = 2s + 1, we have
o (cf°ar)’
=qll,2n+1,....2n+1—-1,014+1,....2n—-1[,-14+2,...,0,2n — [ + 1]

=8 Sp...So[2n,—1+1,2n+2 ... 2n+1—-1,1+1,...

o 2n—=0—-14+2,...,—1,2n+1,4n + 1]
=[-2n,2n+2,....2n+11+1,... 2n—1,-1+1,...,—1,4n + 1]
=ool2n+1,....2n+ 0Ll +1,....2n—1,—l+1,...,—1,0]

= Uot(lv"'vlvov"'vov_l 7777 _1) = O-Ot@l’

where in the last line we are thinking of ©; as an element of T C s{(2n, C). Thus, we

have

Wi (1) = Wit dn + 1) — 4n = —2n,

Wi t(2n) = Wit (=2n) +4n = 4n + 1,
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and
Wi (2n+i) —2n=i-2n i€ 2,0
W) =i i€ [l+1,2n—1
Wit (—@2n+1—i)+1)+2n=3i+2n i€ 2n—1+1,2n—1].

This gives us

0 ijelll] 3 k=1
OV S i, =4 -2 kel
-1 e[, je[l+1,n], 0 kell+1n]
—2 Zaj S [171]
m)\i-i-)\j =q-1 1€ [1al]a ] € [l + ]'7n]
0 d.jell+1,n]
so that
. fo ijeny e
TN ey, jell+ 1), o e+ 1,n),

2 d4,5€[L,l]
M_(+x) =41 1€ 1,1, je[l+1,n]
0 7’7] S [l_l_l’n]

Thus, the inversion set of W is Inv (IW;). Furthermore,

LW) = 3 (mopumny) (W) +me o) (W) + D7 mey, (W)

1<i<j<n ke(n)

=ln—10)+1+20) +1(n—1)=2nl -7

which is the number of simple reflections in W, and we conclude that W is reduced.

Next,

S0C2 = 505253 - - - Sp—15nSn—1 - - - $35250[1,2,3,...,2n — 2,2n — 1, 2n)|
= 505283 - - Sp—1SnSn—1---S382[—1,0,3,...,2n —2,2n + 1, 2n + 2]
=s9[—1,2n+1,3,...,2n —2,0,2n + 2]
=[-2n,2,3,...,2n—2,2n — 1,4n + 1]

= 0'0[271 + 1, 2, ceey 2n — 1, O] = Uot(1707m707_1) = Uot@l.
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Thus,
Wit (1) =Wi'(4n + 1) — 4n = —2n,
Wit(2n) =W H(=2n) +4n = 4n + 1,
and W1'(i) =i for i € [2,2n — 1]. This gives
M_(x-x,) = —1, m_y, = —1, M_(n+2,) = — 1,
for k € [2,n], as desired. O
We then have the following.

Corollary 3.5.3. In type B,,, the reduced word W) flips the roots in Inv (W) according

to the (total inversion) order <, where < is determined by the following conditions.

1. For fized k, the roots kd — v are flipped in lexicographic order with respect to
the alphabet {1, A2, ..., A}

2. Forje[2,r], andi€ [j—1],
5_(>\j+)‘l> %25—(>\2+>\]) '<5_(>\j+>\l+1)-
We note that the first condition on < can be restated as follows:

(la) If there exists i such that o € ®; N ®; and ¢ < j for all j such that § € &; NP,
then 6 —a <6 — .

(Ib) If o, B € &; NPy, and ht () > ht (), then kd —a < kd — 5 (k= 1,2).

Example 3.5.4. For n = 6 and [ = 2, we have
5_()‘1+>\2>'<5_(>\1+>\3)'<5_(>\1+>\4)‘<5_(>\1+)‘5)'<5_(>\1+)‘6)
_<5_>\1_<5_(>\1_>\6)'<5_(>\1_>\5)_<5_(>\1_>\4>_<5_(>\1_>\3)
'<26_()\1+)\2)'<6—()\2+)\3)'<6—()\2+)\4)'<6—()\2+)\5)
%5—)\2%5—()\2—)\6)45—()\2—)\5)%5—()\2—)\4)45—()\2—)\3),
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while for n = 6 and [ = 5, we have

=M +X) <0—(A+X3) 0= (A + M) <=M+ X5) < — (A + Xg)
<= <80— (A — Xg)

<=M+ A3) <0—(Aa+ M) <= A2+ As5)

<20 — (A1 + ) <20 — (M +A3) <20 — (A1 + A\g) <20 — (A1 + As)
<0—(A24+Xg) <0 —Aa < — (A2 — )
<0—(A3+ M) <0—(A3+XAs5)

<20 — (Mg +A3) <20 — (Ao + Ay) <26 — (Aa+ As)
<0—(A34+Xg) =0 — A3 <9 — (A3 — o)

<0 — (A4 As5)

<20 — A3+ M) <25 — (N3 + As)
<0—(A+X) =0 — A <5 — (A1 — o)

<20 — (A\p+ Xs5)

<0—=(As+Xg) < — A5 <95 — (A5 — Xg)-

In combining the reduced words Wy, the following lemma on commutation rela-
tions will be useful. It also provides us with reduced words for the coweight transla-

tions T;.
Lemma 3.5.5. In type B, for odd numbers [,I' and even numbers k, k', we have
WiWy = Wi Wy = te, 10, WIPW, = WPWy = tg,10,,
WieW, = WiWy = opte, +o,-

Proof. The commutation relation for even coweight elements is due to the fact that

these elements are translations by elements of 7. For the remaining relations, we first
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calculate the window notation for Wy°. We have

ac’[1,...,2n]

=ql2,....02nl+1,....2n =1, 1,2n — 1+ 1,...,2n — 1]

= S1S141 - - Sn_15nSn—_1---5352[—2,—-1,4,...,[,2n, 1+ 1,...,2n — [, 1,
2n—1+1,...,2n—3,2n+ 2,2n + 3|

=[-2,4,...,,2n,2n+ 1,1+ 1,....2n—1,-1,1,2n -1+ 1,...,2n — 3,2n + 3.
Thus, for k = 2s, we have

(ckel®)* [1,. .., 2n]
=’ [k +2,k,2n,2n+2,....2n+ k -2k +1,...

=k —k—1,...,-1,1,2n 41—k 2n+k—1]
=clk,2n,2n+2,....2n+k -1, k+1,...,2n —k, -k +2,...,—1,1,2n+ 1 — k]

=Sg...Sp...5—2n+1,-k+1.2n+2,... 2n+k—-1,k+1,...

o 2n—k,—k+2,...,—1,2n + k, 4n]
=[-2n+1,2n+2,...2n+k k+1,....2n—k,—k+1,...,—1,4n]
=e+[-2n,2n,...,2n,0,...,0,—2n,...,—2n, 2n]

Now, let k be even and [ be odd. Then we have
WW) = t,00,00te, = 0000ts,0,00t0, = Totoyopo,te, = Oote,+e,,
while
WiWy = opte,te, = oote,+e,-

To check the commutation relation for odd elements, let [ = 2s + 1 and I’ = 25’ + 1,
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and let " < [. Then,
WoOW,
=Wp[-2n,2n+2,....2n+ 1,1+ 1,....2n =1, =1+ 1,...,—1,4n + 1]
= () 2n+2,.. 20+ An+1 20+ +1,... 20+ 1,141, ..
2n—=lL—=l+1,... =, =2n,—0"+1,...,—1]
= (o) T 2n 44, 2n+ U An+ 1,40+ 2,40+ 3. 2n+ 1+ 1, 2n+ 11 +1,...
2n =1 —l+1,...,—l''—2n—2,—2n—1,-2n,—I' +1,...,—3]
=cle2n+l —1.2n+ U 4n+1,...dn+0U' =2 2n+10'+1,....2n+ 1,1 +1,...
o2n—=lL—=l+1,. = =2n =1 +2,...,=2n, =1, ' +1]
=[An+1,...4n+U2n+1"+1,... .20+ 1,1+ 1,...
c2n—1—l+ 1., =, =2n =1 ..., —2n]
=1(2,..,21,.,1,0,..0,~1,...~1,-2,...—2) = te,+0,;
while
W{OWy
=W [-2n,2n+2,....2n+ U, I'+1,....2n =0, ="+ 1,...,—1,4n + 1]
= (%)’ [2n+2,....2n+ ' +1,... . L, dn + 1,1+ 1,...
o2n =1 =2n2n—1+1,....2n—10',—-'"+1,...,—1]
= () 2n 44, 20+ +1,...l,d4n+1,4n+2,4n+ 3,1+ 1,. ..
o2n—1,-2n—2,-2n—1,-2n2n—1+1,....2n—0',=l'+1,...,-3]
=ca[l — 1,0, 4n+1,...dn+1U'2n+1"+1,....2n+1—-2,1+1,....2n -,
—1+3,..., =, =2n—1"+1,....,-2n,2n — 1+ 1,2n — | + 2]
=[dn+1,...dn+0U2n+1"+1,....2n+ 1,1 +1,...
2n—=lL=l+1,..., -, —2n—1"+1,...,—2n]

= t(27"'72717'"71707"'707_1 7777 -1,-2,.., _2) = t®l+®l/'
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We can now specify reduced words for the coweight translations 7;.

Proposition 3.5.6. In type B, forl € [2,n], the ' coweight translation has reduced

word

T, — (cf°¢))’ [ = 2s,
' (cfoe)® T 1=2s+1,

while the first coweight translation has reduced words
T, = ¢, T} = 51¢5°s0Co.

Proof. The coweight words for [ € [2,n] follow from the calculation in the proof of

Proposition 351l and from Proposition B.5.5l For [ = 1, we have
T) = 8152 .. 8pSn_1-..5251[—2n,2,3,...,2n —2,2n — 1,4n + 1]

=[4n+1,2,3,...,2n —2,2n — 1, —2n]

=e—+ [47’L, O, P ,O, —477,] = t(2,07...’07_2) = tg@l.
Finally, we have

Ty =¢18182 .. Sn_1SnSn—1---8382[—1,0,3,...,2n — 2,2n + 1, 2n + 2]
=c2n+1,-1,3,...,2n —2,2n + 2, 0]
= 5182 ... Sn-150Sn—1-.-5352[2,—2n,3,...,2n —2,4n + 1,2n — 1|
— [4n+1,2,3,...,2n—2,2n — 1, —2n]

=e+ [471,, 0, cey 0, —4n] = t(270’m70,_2) = tg@l.
I

We can put the words W, together to get reduced words for other elements as

follows.
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Theorem 3.5.7. For type B,,, let w € Wog be such that for positive integers aj;,
center (w_le) — center (Ap) = Z @0,
l€[n]
let P =Y a;, and let J € ZF be a vector of a; ones, followed by ay twos, as threes,
and so on. For any o € Sp and m € [P], define Ky = Yicim) Jo()- Then, for any

o € Sp, w has the reduced word

oo Pt ooz Jo)
_ 0 0 0
W (a> U) - WJJ(p) e 'WJa(a) WJa(z) WJo(l)'

Proof. By [3.3.2] we have
m_q(w) =« < Z al@l> = Z a0 (9)).
le[n—1] le[n—1]

More precisely, we have

Moxir, = O, @, m_y = Y a, Mooy, = 2, a+2 ) a.

l€fij—1] l€[i,n] lefi,j—1] l€[j,n]

Thus,

- T atT Tar £ ae2¥a)

1<i<j<nleli,j—1] i€[n] l€[i,n) 1<i<j<n [4,5—1] leljn]
=> Qn=D+1+21)a =Y 2n—Dla,
l€[n] le[n]

which is the number of reflections in W (a, o).

We will show that particular choices of o yield reduced words for w; all other
reduced words will follow from applying the commutation relations of Lemma [3.5.5
Let £ = 37 even @1, and choose o so that J,(; is even for i € [E] and J,(;) is odd for
i € [E 41, P]. There are two cases we wish to consider, the case when O = 37 qq @
is odd, and the case when it is even. In the latter case, Y e w©; € T, and we
can write down this translation by pairing off the odd coroots and writing down the
resulting translations using Lemma More precisely, letting

To= Y, 4Oy, Te= Y w6

[ odd | even
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H WJJ() H WJ(,() T Te

i=FE-+1 1E€[E)]

In the case that O is odd, we need only apply W, , to a translation of the afore-

mentioned type. Now, let

Z @JJ(Z) Z bl®l7

ie[P—1] 1€

and let B; = Y ¢jin 0. Then, if I = Jy(p),

W(o,a) = W[l +2nBy,2+2nBy,...,n+2nB,,n+1—2nB,,...,2n — 2nB,]

= 00t(1,..1,0,..0-1,..—1)[L +2nB1,...,n+2nBy,n+1—-2nB,,...,2n — 2nB]

=oo[l+2n(B1+1),....;l4+2n(B;+1),l+1+2nB;11,...,n+2nB,,
n+1—2nB,,....2n—1—2nB;11,2n+1—-1—2n (B, +1),...,2n —2n(B; + 1)]

=[2n—-2n(B; +2),2+2n(By+1),...,l+2n (B, +1),
l+1+2nBiq,...,n+2nB,,n+1—-2nB,,...,2n — 1 — 2nB},4,

m4+1—1—2n(B+1),...,2n—1—2nB,, 1+ 2n (By + 2)].
Thus,
W(o,a) ' (1)=-2n(B+1), W(o,a) " (2n)=1+2n(B,+2),

and otherwise

“1,5 ’é—27’LB,’ [l+1n]
W(o,a) " (i) = i+ 20 Bon s €n+1,2n—1
€|

i+2n (B + 1) €2n+1-102n—1].

Thus,

- Y b1,

l€[1,n]

. —1—2n(231+3)w B {—231—21
n 4n N 2
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and for j € [2,{] and k € [l + 1,n],

. —j—2n (B, - B,
m)\1—>\j - 2( 1 ])~‘ = - Z bl?
n le[1,j—1]

. [—2n—14j—2n (B, + B; +2)
m>\1+/\j: '] 271,( ! —‘ Z bl_QZbl_Q

le[l,5—1] l€[j,n]

) [~k —2n (B — B; +1)
_ = = _1
M -, o w z%:ubl
R [—k—2n (B + B; +1)
My X, = (2; ! W: > h—2> b—1

lefl,5-1] USVEL

Also, for 2 <i< j<landk € [2,],

. _i_j_2n<Bi_Bj>—‘

= - _ b
my, Aj m lE[LZj_l} I

. [—2n (2B; + 2)}

my = |———| = — Z bl — 1,

’ 4n lefi,n]
. [i+j—3—2n(B;,+ B, +3w
My, +x Z bl—QZbl—Q
2n 1€i,j—1] 1€[4,n]

while for 2 <i <l < j<nandk € [l,n],

My = Lt it QZTEBi o 1)W - _le[z’%:—l] nh
ﬁ’b,\jz_% :_ze%:n}bh
M :_i+j_2_2ZéBi+Bj+2w: lezzJ:l]bl_Qze%:n]bl_l

But these give exactly the values of m_, that w has, so W (0, a) is a reduced word

for w. O
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As an application of this theorem, we have reduced words

Wa (Woo i Waio) Wy s ... W W, (W3 Wo)7 W, n =0 mod 4

o (WaWo 1) Wy oWo_s. . (W5 W,)7 W W, W W, n =1 mod 4
T WoW, W, s W W W, (W3 W) Wy n =2 mod 4
WaWait (W oWa_s)™ .. (W5 W,) 7 W3 W WO W, n =3 mod 4.

Example 3.5.8. For n = 4, we have

the = Wi WP WOW,
. 2
= (8483828184838280) 535453525153545352505354535251

X 8§9535483825052535453525150525354535250,
which gives Inv (;+) the total reflection ordering

d—(M+X) < d—(AM+A3) <=M +NM) <0=X < 0=\ —\y)
< d—(M—X3) <= d—(A1—X) <
20 — (M + ) < 20— (A +A3) < 20— (A1+ M) < 20—A1 < 20— (A1 — )
< 20— (A1 —X3) <30—(M+X) <d—(Na+A3) < 0—(Na+N\) < 0=\
< d—(M—M\) < I—(Na—A3) <
40— (M + X)) <30—(AM+A3) <30—(AM+N) <30—X\ < 30— (N —\y)
< 20— (A4 A3) < 50— (A1+X2) < 20— (Aa+N\1) < 20—y < 20— (Aa—\y)
< 46— (M +A3) <30—(Aa+A3) < d—(N3+X\) < 0—A3 < I—(A3—N\y)
60— (M + X)) < 50— (AM+X3) < 40—(A1+Xy) < 40—X\
< 40—(Aa+A3) < 30— N+ M) < 70— (A1 +A) < 35—\
< 20— (A3+ X)) < 60— (A1+A3) < BI—(Aa+A3) < 26— )\3
< 50— (AN + M) <40—(Aa+A) < 30—(A3+N\y) < 60— Ay
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3.5.2 Type C,

The fundamental coweights for C), are the vectors ©;, = A\; + ...+ \; and the vector
0, = % (A + ...+ Ay). The vector h* = 31e,—1) ©1 + 20, is in the coroot lattice T,
since

h*=nA+(n—1)X+...4+2\ 1+ \,

and J; is a coroot for each 7. We also have

S ={\ A, 2 At A i€l jelltlnl keli+1n)},

Inv (W) = {6 — (A= Ay), 6= 27, 6— A+ A) [i € [ j € [+ Lm], k€ [i + 1]}

U{26 20, 25— (Lt N) | iell jeli+1)

for [ € [n — 1], and

Inv (Wo) = {6 - 2X, 6—(A+2) | i€fnl, jeli+inl}.

Thus, letting i € [n — 1], we have
(W) =2in—1)+2i+2(%) =2n+1—1)1, L(W,)=(3)+n=("3").
Proposition 3.5.9. In the affine Weyl group of type C,, forl € [n], define
Cl = SS141 - - Sn_15nSn_1 - - - $25150, dy = s¢S1...8-1,

so that 1(c;) = 2n+ 1 —4 and 1 (d;) = i. Then, letting | € [n — 1], the coweight

elements have reduced words
&
W, = ¢, W, =[] d

=1

~

Example 3.5.10. For n = 2, we have
Co = 5051525150, C1 = 51525150, do = so, d; = 5051,

and

Wl = 51525150, W2 = S0S150-

For n = 3, we have



123

Co = 50515253525150, C1 = 515283525150, C2 = 5253525150,
do = so, d; = s051, do = 505152,

and

W1 = 515283595150, W2 = 598535951505253525150, W3 — $0515250S5150-

For n = 4, we have

Co = 505152535453525150, C1 = 5152535453525150,
Co = 52535453525150, C3 = 535453525150,
dg = s, d; = 5051, dy = 505183, dy = 50515253,
and
Wi = 5152535453525150, W, = (82535483525180)2
W3 = (838483828180)3, W4 — 50515253505152505150-

Proof. Note first that for all ¢ € [n], we have [ (W;) = [ (WW;). We act on the window
notation for the identity permutation e = [1,...,2n] with W), and calculate the
inversion table of the result. The effect of ¢; on w is to swap w(1) and w(0), and
w(2n) and w(2n + 1), and to rotate the latter values into positions 2n + 1 — [ and [,

respectively:

all,...,2n] =s1S141 .+« Sp—1SnSn—1-..5251[0,2,...,2n — 1,2n + 1|

=2,...,0,2n+1,014+1,....2n—=1,0,2n+1—1,...,2n — 1].
Thus, for [ € [1,n — 1], we have

o =c 2., ,2n+1,14+1,....20n —1,0,2n 4+ 1 —1,...,2n — 1]
=2n+1,....2n+1L14+1,....2n-1,-1+1,...,0]

=e+[2n,...,2n,0,...,0,—2n,..., —2n] = tg,.
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Next,
W, =][[d[1,....2n] =]]d[0,2,...,2n — 1,20 + 1]
=1 =2
&
=[] d[-1,0,3,...,2n — 2,2n+ 1,2n + 2]
=3
=l-n+1,...,0,2n+1,...,3n]
=e+[-n,...,—n,n,...,n]
Thus,

so that for 1 <i < j <mn,
m_(x-x;) = 0, m_(x+,) = L, m_oy, = 1,
and Inv (W) = Inv (W,,). O
We have the following corollary.

Corollary 3.5.11. In type C,,, forl € [n — 1], the reduced word W, flips the roots in

Inv (W)) in the (total inversion) order < determined by the following conditions.

1. For fized p, the roots pd — «v are flipped in lexicographic order with respect to the
alphabet {1, Ao, ..., \p}.

2. Fori e [l],
d—(Ni+An) <20 =20\ <0 — (N — M)

3. Forje[2,r], andi€ [j—1],

5_(>\j+)‘l>'<25_(>\i+>\j)'<5_(>\j+>\l+1)-

The reduced word W, flips the roots in d,, in reverse lexicographic order with respect

to the alphabet {\p, A1, ..., A1}
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Again, the first condition on the order for [ € [n — 1] can be restated as follows:
(la) Ifa e ;NP and B € &, NPy, thenifi < j, 0 —a <d—p.
(Ib) If o, B € &; N Py, and ht () > ht (B), then kd —a < kd — 5 (k= 1,2).
Example 3.5.12. For n =5 and [ = 3, we have

0—=2XM <0— (A1 4+X) <=M+ X3) <=M+ X)) <0— (A1 4+ A5)
<20 =2\ <0 — (A1 —Xs5) <0 — (A1 — \4)

<0—=2X <0—(Aa+A3) <20 — (A1 + X)) <d— (Aa+ ) <5 — (A2 + A5)
<20 =2X <0 —(Aa—X5) <0 — (A2 — N\y)

<O0—=2X3 <20 — (M +X3) <20 — (Na+A3) <0 — (A3 +Ag) < — (A3 + Xs5)
<20 =2 3 <0—(Aa—X5) <0 — (A2 — \4)

while for n = 5 and [ = 5, we have
(5—2)\1{5—()\14—)\2)-<5—2>\2-<(5—()\1+>\3)-<(5—(>\2+>\3)-<(5—2)\3

-45—()\1+)\4)-<5—()\2+)\4)%5—()\34—)\4)%5—2)\4
-45—()\14—)\5)-45—()\24—)\5)%5—()\34—)\5)-45—()\4+)\5)—<5—2)\5.

We find two reduced words for T;,. Recall that r,/; is the reflection in % given by
Tyny2(i) = n—i. Foraword w = s; . ...s;,, let w2 denote the reduced word obtained

by applying 7,2 to the indices of w:
wn/2 = Sn—ipm + - - Sn—iq -

Proposition 3.5.13. In type C,, for | € [n — 1], the coweight translation T; has

reduced word Ty = W,. The coweight translation T, has reduced words

Tn
T, = Wi?W,, T, =c"

n
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Proof. The calculation in the previous proof of the window notation of W, shows
that it is a translation. Furthermore, this calculation for ¢! is valid when [ = n, in

which case we have
cl=e+[2n,...,2n,—2n,..., —2n] = tye,.
For our other reduced word, we have

Wo?W, = Wi [—n4+1,...,0,2n+1,..., 3n]
<l T
=[[d,"*[-n+1,...,-1,2n+1,0,2n+2,...,3n]
=2

diﬁn/Q[_n_'_l’7_272n+172n+27_1’072n—|—3’7377,]

[
L

3
2n+1,...,3n,—n+1,...,0]

—_— e~

e+[2n,...,2n,—2n,..., —2n] =ty .
Since [ (tae, ) = 21 (W,,), the words we have given for T,, are reduced. O

Since the lattice of translations is an abelian subgroup of W,g, we have the fol-

lowing.
Corollary 3.5.14. In type C,,, let w € Wog be such that for positive integers a;,

center (w_le) —center (Ag) = > @O +2a,0,,
le[n—1]

let P =S a;, and let J € ZF be a vector of a; ones, followed by ay twos, as threes,

and so on. Then, for any o € Sp, w has the reduced word

W (a, O') = TJU(P) e TJU(2)TJU(1).

As an application of this corollary, we have the reduced words

the = ToTooy ... ToTy,  th, =T Ty y...TyTy.



Example 3.5.15. For n = 2, we have
/
th* = 59515250515051525150, th* = 8§98515052515051525150-
The reduced word ty« gives Inv (¢5.) the ordering

(5—2)\1 =< (5—(>\1+>\2> =< 2(5—2)\1 =< (5—(>\1—>\2) =<
30 —2)\ < 25—()\1+)\2) < 0—2) <

40 —2M; < 30— (A1 4+ Ag) < 25 — 2\,
For n = 3, we have
the = $3525153525350515250515052535251505253525150515253525150,
which gives Inv (;.) the ordering

(5—2)\1 =< (5-()\1+>\2) < 5-()\1—|—)\3> < 2(5—2)\1 =< (5-()\1—)\3)
< 0= (A —A\)

30 —2)\ < 25—()\1+)\2) < 25—()\1+)\3) < 40 — 2\ < 25—()\1—)\3)
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< 0—=2 0 < 30—(AM+A) < 0—(Na+A3) < 20—2 2 < 06— (Aa—N3) <

55—2)\1 < 45—()\1—|—)\2) < 3(5—2)\2 =< 35—()\1+)\3) =< 25—()\2+)\3)

< 0—-2)\ <

60 — 2\ < 55—()\1+)\2) < 40 — 2Ny < 45—()\1+)\3) < 35—()\2+)\3)

< 20 —2)\3.
For n = 4, we have

th* —854535925154535254535450515253505152505150

3 2
X (838283828180) (8283828180) 515253525150,

which gives Inv (¢;.) the ordering
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=20\ < 0—(AM+X) = 0—(A+A3) < d—(A1+\y)
<202\ < 0—(AM—M\) <=M —=X3) < —(A1—Xg) <
30 =201 < 20— (M1+ ) < 20— (M +A3) < 20— (N +\)
<40 —=2\1 < 20— (M1 —Ag) < 20— (A1 —Ag) <
0—2X < 30—(A1+X) <= 0—(Na+A3) < d—(Na+\y)
< 20—=2X < 0—(Aa—Ay) < 60— (A2 —A3) <
50 =20 < 40— (M4 A2) < 30— (A1 +A3) < 30— (A1 +A) < 60—2)\
< 30— (M=) < 30—2)\ < 20— (Aa+A3) < 5 — (A1 + A\o)
< 20— (Aot Ag) < 40—2X s < 20— (Aa—A\g) < 0—2X3 < 45— (A1 + \3)
< 30— (Aa+A3) < d—(N3+Ay) <2023 < 6—(A\3—A\yg) <
76 =201 < 60— (A1 4+ X)) < 55— Xy < 50— (A1+A3) < 40— (A2 + A3)
< 30—XA3 40— (M +XM\) < 30—+ Ay) < 20— A3+ \g)
< 0—N <
89 —2\1 < Td—(A1+ X)) < 65—Xy < 65— (A1 +A3) < 55— (Aa+ A3)
< 46—X3 <= B50—(AM+AN) < 40— (N4 Ay) < 30— A3+ M) < 20— Ay

3.5.3 Type D,

The fundamental coweights for D,, are the vectors ©, = \; + ...+ X\, for [ € [n —
2], O, = % AMA+...+ X1 — A\y), and O, = % (A4 ...+ Ay). Since (\; — Aj) +
(Ai + Aj) = 2\, the coroot lattice for D, is the same as that for B,,. Asin B,, if [
is even, then ©; € T, if [ is odd, then 20, € T, and if [,!’ are odd with [ < I, then
O, +0,eT. Ifnis odd, then

@n—l+@n:)\l+---+)\n—1€T-
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If n is even, then ©,,_; + ©,, + ©, € T for any odd [. Thus, the shortest element of
T N Cy for type D, is

B O,+...406, n = 0,1 mod4
20, +...+ 6, n = 2,3 mod4.

We have

Inv (W) = {6 — (= A), 6= (At A) | i€ L1, jell+ 1), ke[ln])

{26 - (A +A) ‘1§i<j§l}

for I € [n — 2], and

v (W) = {6 = (0 = M), 6= (A A)) ’1§i<j§n—1},

Inv (W,)

{s-ntr) |1<i<i<nf
We also have
LWi)=02n—1—1)i,  1(Wyr) =1(Wa) =(3).
Proposition 3.5.16. In W, of type D,,, forl € [n — 2|, define
Cl = 18141 - - - Sn—28nSn_1 - - - S35250, dy = 8;_281_1...52818_151_2 . . - 8280,

so that 1 (c;) =2n —1—i and I (¢;) = 2i — 3. Then for | € [2,n — 2], the I'" coweight
element for Wag of type D,, has reduced word

W, — (¢f°¢))’ s [ =2s,
o (c?q)” 1=2s+1,

and there are reduced words
12

=
W, = 5¢co, W, = H da, Wy = Wit

I=n mod 2
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Example 3.5.17. In the simplest case, when n = 5, we have
Wi = 5052535554535250, Wa = 5253555453525152535554535250,

W3 = 535554535250535554535251535554535250, W4 = 51525053525155535250,
W5 — 8§152505352515453525¢.

When n = 6, we have
Wi = 50525354565554535250, Wa = 525354565554535251525354565554535250,

W3 = $35456555453525053545655545352515354565554535250,
W, = 2 W, =
4 = (3486858433828134868584338230) ) 5 = 5251535250545352515654535250,
W6 = 505251535250545352515554535250-
Proof. First, note that the number of simple reflections in W; is [ (W;). To prove
that W) is reduced for [ € [n — 1], we calculate its window notation and its inversion
table.

Just as for type B,,, the word 01(1’0) ¢ acts on the window notation fore = [1, ..., 2n]

by pulling two values from the ends of the subsequent and previous windows, and then
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moving these values into positions | — 1, [ and 2n — [ 4+ 1, 2n — [ 4 2, respectively:

lall, ..., 2n]

= 7°81S141 - - - Sn—2SnSn—1---5352[—1,0,3,...,2n —2,2n+ 1, 2n + 2]

=% .. Sp_asp[—1,3,...,1,0,2n+ 1, n+1,...,2n — 2,2n + 2]

=c%s;...5p2[—1,3,...,n—1,2n+1,n+1,n,0,n+2,...,2n — 2,2n + 2]

=c°[-1,3,...,[,2n+1,l+1,....n—1,n+1,
nn+2,....2n—10,0,2n—101+1,...,2n — 2,2n + 2|

=81 Sp28u[3,.. ., ,2n+ 104+ 1,... o n—1,n+1,-1,
2n+2,n,n+2,...,2n—10,0,2n -1+ 1,...,2n — 2]

=8...Sp-2[3,...,,2n+1,1+1,...,n—12n+2,n,
n+1,-1,n+2...,2n—-10,0,2n -1+ 1,...,2n — 2]

=3,....0,2n+1,2n+21+1,....2n—1,-1,0,2n -1+ 1,...,2n — 2].
Thus, if I € [2,n — 2] and [ = 2s, we have

(cf°)’=[2n+1,....2n+ 1,1+ 1,....2n =1, =1 +1,...,0]
=e+[2n,...,2n,0,...,0,—2n,...,—2n]

- t(17"'71707"'707_1 77777 _1) = t@l‘
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Alternatively, if I € [2,n — 2] and | = 25 + 1, we have

¢ (¢f°¢)’

=qll,2n+1,....2n+1—-1,1+1,....2n =1, =1+ 2,...,0,2n — [ + 1]

= S1S141 - Sp—2SnSn_1--.835[—2n, =14+ 1.2n+2,... 2n+1— 1,1+ 1,...
can2n—10,=1+2,...,—-1,2n+1,4n + 1]

= SIS141 - Sp—a2Sp[—2n,2n+2,... . 2n+1— 1,1+ 1,... ,n, -1+ 1,
2n+Ln+1,....2n =1, =l +2,...,—1,4n + 1]

= 818141+ Spo[—2n,2n+2,... 2n+1—1,1+1,...,n—1,2n+1n+1,
n—-14+1n+2...2n—0,—-01+2,...,—1,4n+ 1]

=[-2n2n+2,....2n+1—-1,2n+L1I+1,...,n—1,n+1,
non+2,....2n—0,—-1+1,—-1+2 ... —1,4n+ 1]

=opon[2n+1,....2n+ 1,01+ 1,....2n =1, =1+ 1,...,0]

= 000nt(1,..,1,0,..,0,-1,....—1) = 000xle,-

Thus, we have

Wit(1) = —2n,  W;'(2n) =4n+ 1,

and
i—2n i€ (2]

Wit(i) =i i€ [l+1,2n 1]
i+2n i€2n—1+1,2n—1].

This gives us

0 ijel 2 QjelL]]
mi; = Z.jj T Min1—j) = 4 —1 €[], je€[l+1,n]
-1 ie[ll], je[l+1,n] 0 ijellrin

So, whether [ is even or odd, we have

0 ijeL] 2 5 € (L]
M_pay =4, 2= M_ppary =31 d€[1,0], jell+1,n]
’ 1 se1,l], jel[l+1,n], !

0 i, jell+1,n],
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and the inversion set of Wj is ®;. We conclude that W is reduced, and spells W;.

We calculate the window notation for Wy separately. So,

S0C2 = 805283 - . . Sp—25nSn—1 - - - $35250[1,2,3,...,2n — 2,2n — 1, 2n]
= 505253 - - - Sn—25nSn—1 - .. S352[—1,0,3,...,2n —2,2n + 1, 2n + 2]
= 505283 -+ - Sp—28n[—1,3,...,m,0,2n+1,n+1,...,2n — 2,2n + 2]
= 508283 -.-Sn2[—1,3,...,n—1,2n+1,n+1,n0n+2,...,2n—2,2n + 2
=so[—1,2n+1,3,...,n—1,n+1,n,n+2,...,2n —2,0,2n + 2]
=[-2n,2,3,...,n—1,n+1,nn+2,....2n—2,2n—1,4n + 1]

= ogonte,-
Thus,
Wil1) =—2n, Wi'(n)=n+1, Wi'(n+1)=n, W'(2n)=4n+1,
and Wi'(i) =i for i € [2,n — 1] U [n + 2,2n — 1]. This gives
my -y, = —1, ma 5, = —1,

for i € [2,n], which shows that Inv(W;) = ®;, and thus that W; is reduced and
spells W7.
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Next, we calculate the window notation for W,,. If n is even, say n = 2s, we have

I
oL
N
o
E
|
\‘l—‘
“O
[\
=
+
\‘l—‘
[\V]
=
+
ul\?
3
+
\'}—‘
\.[\D
3
|
A

= I dal5,...,n,—3,-2,-1,0,2n+ 1,2n+2,2n+3,2n+4,n+1,...,2n — 4].
=s)n—1,n,—n+3,...,0,2n+1,...,3n—2,n+ 1,n + 2]
=[-n+1,-n+2,-n+3,...,0,2n+1,...,3n —2,3n — 1, 3n]

=e+[-n,...,—n,n,...,n|,

and

W_l(i):{i_n i € [n]

i+n i€ n+1,2n].
If n is odd, say n = 2s + 1, we have
N
[T, ..., 2n]
1=1
=s18980n —2,m—1,n,—n+4,...,0,2n+1,...,3n =3, n+1,n+2,n+ 3
=s515[—n+2,—n+3n-n+4,...,0,02n+1,...,3n—3,n+1,3n — 2,3n — 1]
=n,—n+2,—n+3 -n+4,...,0,2n+1,...,3n—3,3n—2,3n — 1,n + 1]
=oo(e+[-n,...,—n,n,...,n]),
and
1 . _1,. i—-n i€ n—1]
W, ' (n)=1, W (n+1)=2n, W_(i)=<. ,
i+n i€ n+2,2n].

In either case, for 1 <i < j <mn,

m)\i—)\j = Oa My, +x; = _]->
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as desired. Thus W, is reduced and spells W,,.
Finally, we calculate the window notation for W,_;. If n is even, say n = 2s, we

have

= H doSp_o...81828n-2...52[—1,0,3,...,n,n+1,...,2n—2,2n+ 1, 2n + 2]
= I dasn—2...s18,[-1,3,....n—=1,0,n,n+1,2n+1,n+2,...,2n — 2,2n + 2]

~s1-1,3,...,n—1,n+1,2n+1,0,n,n+2,...,2n — 2,2n + 2]

I
—
&
G
&

= I] daf3,....n—1,n+1,-1,2n+1,0,2n+ 2,n,n + 2,...,2n — 2]

=s)n—1,n+1,-n+3,...,-1,2n+1,0,2n+2,...,3n — 2,n,n + 2]
—[n, 2 43,120 +1,0,2n+2,...,3n—2,3n—1,3n + 1]
= 090y, (e + 09|—n,...,—n,n,...,n]).
so that
WL (1) =-n, W.'n)=2n+1, W 'n+1)=0, W,'(2n)=3n+1,

and otherwise

~1(7) i—n i€ 2,n—1]
i+n i€ n+22n-1].

If n is odd, say n = 2s + 1, we have

EN
[T 0, .20 =[n+1,-n+2,...,-1,20+1,0,2n+2,...,3n — 1,n],
=1

so that
Wt () =-n W1 m=2n W 'n+1)=1 W.(2n)=3n+1,



and otherwise

1—n
W (0) =
n—l(l) {Z+n

In either case, for 1 <1< j<n-—1,

my,—x; = 0,

while for ¢ € [n — 1],

m)\i—)\n = _]->
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i€2,n—1]
i€n+2,2n—1].

m)\ri-)\j = _17

mAi‘i‘)\n = O

This is what we seek. Thus W, _; is reduced and spells W,,_;. So ends the proof. [

We then have the following.

Corollary 3.5.18. In type D,,, forl € [n— 2|, the reduced word W flips the roots in

Inv (W) in the order < determined by the following conditions.

1. For fized k, the roots kd — « are flipped in lexicographic order with respect to

the alphabet {1, A2, ..., A}

2. Forle[2,n—2],j€2], andi€ [j—1],

5_()\j+)\l)425_()\i+)\j)'<5_()\j+)\l+1)-

The reduced word W, _1 flips Inv (W, _1) in lexicographic order with respect to the

alphabet {1, Ao, . ..

graphic order with respect to the alphabet {1, \a, . ..

s An_1, —An}, and the reduced word W, flips Inv (W,,) in lexico-

Y )\n}

Example 3.5.19. For n = 5, and [ = 1, we have

d—(M+X) <d—(AM+X) < d—AM+A) <= (A +Xs5)

=< (5—(>\1—>\5) =< 5—()\1—)\4) =< (5—(>\1—>\3) =< 5—()\1—)\2),
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while for n = 5 and [ = 3, we have
5—()\1+)\2) < 5—()\1+)\3) < 5—()\1+)\4) < 5—()\1+)\5)
< (5—(>\1—>\5) =< (5—()\1—)\4) <
§— (ot As) < 26— (M +A) < 6—(atA) < 3— (ot As)
=< 5—()\1—)\5) =< 5—()\1—)\4) =<
20— (M 4+ 2A3) < 20— (Ma+A3) < 0—(N3+XN) < 60— (A3+As)
< (5—(>\3—>\5) < (5-()\3—)\4)
For n =5 and [ = 4, we have
5—()\1—|—)\2) =< 5—()\1—|—)\3) =< (5-()\14‘)\4) =< (5—()\1—)\5)
< 5—()\2+)\3) < 5—()\2+)\4) < 5—()\2—)\5)
< 5—()\3+)\4) < 5—()\3—)\5) < 5—()\4—)\5).
and for n =5 and [ = 5, we have
5—()\1+)\2) =< 5—()\1+)\3) =< 5—()\1+)\4) =< 5—()\1+)\5)
=< (5—()\2+)\3) =< (5—()\2+)\4) < 5—()\2—|—)\5)
< (5—()\3+)\4) < (5—()\3+)\5) < 5—()\4—|—)\5).

As in B,,, there are certain commutation relations which will help us to combine

the reduced words Wj.
Lemma 3.5.20. In type D,,, for odd numbers l,I' and even numbers k, k', we have
WiWy = Wi Wy = te, 10, WIPW, = WPPWy = g 10,,
WyW) = WiWy = gponte, +e,-

Proof. The commutation relation for even coweight elements is due to the fact that

these elements are translations by elements of 7. For the remaining relations, we first



calculate the window notation for Wy°. We have
ac®[1,...,2n]
= CIS1S141 - - - Sp—25n[2, .. .,n, 1, 2n,n+ 1, ..., 2n — 1]

= 818141 ---Sn2[2,...,n—1,2nn+1n 1 n+2 ..., 2n—1]

138

=ql2,....02nl+1,....n—1,n+1nn+2....2n—0,1,2n—1+1,...,2n — 1]

= SIS141 - .- Sp—25nSn—1...5352[—2,—1,4,...;,2n, 1+ 1,... . n—1,n+1,
nn+2,....2n—10,1,2n—1+1,...,2n — 3,2n + 2,2n + 3|

= 18141+ - Sp—2Sn|—2,4, ..., 0,2n, I+ 1,....,n—1,n+1,—-1,
2n+2,n,n+2,...,2n—10,1,2n—1+1,...,2n — 3,2n + 3|

= 818141 - Sp—2Sn|—2,4, ..., [,2n, 1+ 1,....,n—1,2n+ 2, n,

n+1,-1,n+2....2n—0,1,2n—1+1,...,2n — 3,2n + 3]

=[-2,4,...,,2n,2n+ 21+ 1,....2n—1,-1,1,2n — [+ 1,...,2n — 3,2n + 3|.

Thus, for k = 2s, we have

(cxef®)’ [1,. .., 2n]

=’ [k +2,k,2n,2n4+2,....2n+ k-2 k+1,...
c2n—k —k—1,...,-1,1,2n+1—k2n+k—1]

=clk,2n,2n+2,....2n+k -1, k+1,...,n—1,n+1,

non+2,....2n—k,-k+2...,-1,1,2n+ 1 — k]

=Sg...Sp...5—2n+1,-k+12n+2,... 2n+k—1,k+1,...,n—1,n+1,

n,n+2,....2n—k,—k+2,...,—1,2n + k, 4n|
=[-2n+1,2n+2,....2n+k—-12n+k k+1,...
co2n—k,-k+1,—-k+2,...,—1,4n]

=e+[—2n,2n,...,2n,0,...,0,—2n,...,—2n, 2n]
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Now, let k be even and [ be odd. Then we have

(o4
WieW, = t,00,0000te, = 000y (0n00t sy, 000m) te,

= O'(]O'nto—no-oo—()@kt@l = O-Oo-ntQk-i-@”
while
WIWk = O’()O'nlf@lt@,c = annt@k+@l.

calculations in the previous proof make it clear that if [ = 2s, then (¢[°¢)’ is a

translation, thus ©; € T. On the other hand, if [ = 25 + 1 > 2, then ¢ (¢{°c;)” is not

)2s+1

a translation, but (¢[°¢ is To check the commutation relation for odd elements,

let [ =2s+1and !’ =2s + 1, and let I’ < [. Then,

WoW,
=W/ [—2n,2n+2,....2n+ 0l +1,...,n—1,n+1,
non+22n—10,—l+1,...,—1,4n + 1]
= () 2n+2,... 20+ dAn+ 120+ +1,... 2n+ 1,141, ...
=l —l+ 1, =, —2n, ' +1,...,—1]
= () T 2n 44, 2n+ 1 4n+1,4n+2,4n+3 20+ '+ 1,. . 2n+ 1,1 +1,. ..
2n—=lL—=l+1,...,-l')-2n—2 —2n—1,-2n,—'+1,...,-3]
=clea2n+l —1,2n+ U dn+1,.. . dn+ 1" =2 2n+1'+1,....2n+ 1+ 1,...
2n—=UL—=l+1,.., =, 2n—1"+2,...,—2n, 0" —1'+ 1]
=[dAn+1,...dn+0U2n+1"+1,....2n+ 1,1 +1,...
2n—=lL—=l+1,..., =, =2n =10, ..., —2n]

=12,..,2,1,..,1,0,..,0,—1,...—1,-2,...,.—2) = 1©,;+0,/5
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while

WoW,

=W[-2n,2n+2,....2n+0'I' +1,....n—1,n+1,
nn+2,....2n=10,-'"+1,...,—1,4n + 1]

= (%)’ [2n+2,....2n+ U +1,.... [, dn + 1,1+ 1,...
2n—1-2n2n—1+1,...2n =0 —l'+1,...,—1]

= () 2n 44, 2n+ U +1,... 1, dn+1,4n+2,4n+ 3,1+ 1,. ..
2n—1,-2n—2,-2n—1,-2n2n—1+1,....2n—0', ="'+ 1,..., 3]

=ca[l — 1,0, 4n+1,...dn+1U'2n+1"+1,....2n+1—-2,1+1,...,2n -,
—1+3,..., =, =2n—0U~+1,...,-2n,2n — 1+ 1,2n — | + 2]

=[dn+1,...dn+0U2n+1"+1,....2n+ 1,1 +1,...
o2n—=lL=l+1,..., =, =2n—0"+1,...,—2n]

=12,..,21,..,1,0,..0~1,...—1,-2,...—2) = l©;+0, -

O

We use these commutation relations to write down reduced words for the coweight

translations in D,,.

Proposition 3.5.21. Forl € [2,n], the I'" coweight translation has reduced word

T — (¢f°¢))” [ =2s,
o (c7oc)* ™ 1=2s+1,

while the first coweight translation has reduced words
T, =i, T, = W{°W,.

Proof. The words for 7; when [ € [2,n — 2] follow from Proposition 3.5.200 When
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Il =1, we have

T) = 5152 .. Sp_282Sn_1--.5251[—2n,2,....n—1,n+1,nn+2...,2n—1,4n + 1]
=81...5-25.(2,...,n—1,n+1,-2n4n+1,n,n+2,...,2n — 1]
=851...522,...,n—1,4dn+1,nn+1 -2nn+2,...,2n — 1]
=Mdn+1,2,....n—1,n,n+1,n+2...,2n—1,—2n]
=e+ [4n,0,...,0, —4n]| = tye,.

We also have

Ty

=cs[—1,2n+1,3,...,n—Ln+1L,n,n+2...,2n—2,0,2n+ 2]

=c2n+1,-1,3,....n—1,n+1,nn+2,....,2n—2,2n+ 2,0]

=81...Sp-2808n—1---82[2,=2n,3....n—1L,n+1nn+2....2n—24n+1,2n — 1]

=81...825.]2,...,n—1,n+1,-2ndn+1,n,n+2,...,2n — 1]

=81...8.2[2,....,n—Ldn+1,n,n+1,—2nn+2,...,2n — 1]

=[4n+1,2,...,2n — 1, —2n] = tye,.

O

Finding the coweight translations for ©,,_; and ©,, is not so simple. We provide

the following proposition, whose proof is straightforward but tedious.
Proposition 3.5.22. The (n—1)* and n'™ coweight translations have reduced words

a0Ty, o00n—1 aorTy,
To = (Wa' "W,)"7" T W2 W,

oor

On—1Tn n
_ VVH" /Zﬁvgoan—lﬂvn /2‘N7n _ t4 .
and Tn—l = ’I‘n'“1 = t4@n71.

The complexity of the above expressions motivates the following.



Proposition 3.5.23. There are reduced words

W — W W _ (cT0¢y,)” n=2s+1
neen v n—ln Cn (€%0¢y)’ n=2s+2

satisfying
Inv (Wyo1,n) = Inv (W, _y ) = Inv (W,—1) UInv (W),

and there are reduced words for tse, 120, given by

/
Tn—l,n

Tn—l,n = W2

n,n—1- = (Cgocn)n—l .

Proof. For the first reduced word, if n is even, we have
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Wn—l,n

= ;”/2[—71,—n+2,—n+3,...,—1,2n—|—1,0,2n—|—2,...,3n—2,3n—1,3n+1]
Ea

= H dy | s2...80-181. .- Spo[—n,—m+2,—m+3,...,-2,0,2n + 2,
1=0

~1,2n+1,2n43,...,3n—2,3n— 1,30+ 1]
|22

= H dy | s2...8p12n+1,—n,—n+2,...,—2,2n+ 2,
1=0

—1,2n+2,...,3n—1,3n+1,0]
|25)

<_
= I[I da |2n+1,20+2,—n,—n+2,...,-2,2n+2,
=0

M+2,...,3n—1,3n+1,—1,0]
=s2n+1,...,3n—2,—n,—n+2,3n—1,3n+1,—n+3,...,0]
=02n+1,...,3n—2,3n—-1,3n+1,—n,—n+2,—n+3,...,0]
=o,(e+0,2n,...,2n,—2n,...,—2n]) = oul,s.0,-

Similarly, if n is odd, we have

Wiin=[02n+1,....3n—1,nn+1,-—n+2,...,-1,0 =te, ,+0,-
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For the other reduced words, we calculate

colenll, ..., 2n]

= 208,81 ..8352]—1,0,3,...,2n — 2,2n + 1, 2n + 2]
=%s,[—1,3,...,n,0,2n+1,n+1,...,2n — 2,2n + 2]

= S$pSn—1...5251[—1,3,...,n—1,2n+1,n+ 1,n,0,n+2,...,2n — 2,2n + 2]
=5u3,...,n—12n+1,n+1,-1,2n+2,n,0,n+2,...,2n — 2]

=3,....,n—12n+1,2n+2nn+1,-1,0,n+2,...,2n—2].

Thus, if n =2s+1,

!/
n—1,n

=02n+1,....3n—1,n,n+1,—n+2,...,0] =te, ,+0,-

On the other hand, if n = 2s + 2,

/
n—1,n

=cn—1,2n+1,...,3n—2,n,n+1,—n+3,...,0,n+ 2]

= SpSp_1-.-82[—2n,—n+22n+2,....3n—2nn+1,-n+3,...,—1,3n—1,4n + 1]
=sp[—2n,2n+2,...,3n—2,n,—n+23n—1,n+1,—n+3,...,—1,4n + 1]
=[-2n,2n+2,...,3n—2,3n—1,n+1,n,—n+2 -—n+3,...,—1,4n+ 1]

= O-Oo-nt®n71+®n .

2
/ _ !
and T} _;, = ( n—l,n) are reduced

Now, if n = 2s + 1, then T,_;, = w2,

,n

words for tye,_,+6,). If n =25+ 2, then

2
Wn,n—l :Untan@nantan@n = tO'nO'nGntUn@n = t®n+0'n@n

:t(lv"'717_17"'7_1)+(17"'717_1717_17"'7_1) = t(27"'7270707_27"'7_2) = t2(®"+®n*1)’
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so that Ty,_; , is again the reduced word we seek, and

T, n = ()’ [—2n,2n +2,....3n —L,n+1,n,—n+2,...,—1,4n + 1]
=(c%,)’sp[2n+2,...,3n—1,n+1,—2n,4n+1,n,—n+2,...,—1]
=(c%cy)’ 2n+2,...,3n—1,4n+1,nn+1,—2n, —n+2,...,—1]
=[4n+1,....5n—1,n,n+1,-3n+2,...,-2n] = tye,_,+0,)-

For the following theorem, we use W,_; to denote W,_; ,,.

Theorem 3.5.24. Let w € Wog be such that
center (w_le) — center (Ap) = Z @0, + a,—1 (0,1 +06,),
le[n—2]
let P =Y a;, and let J € ZF be a vector of a; ones, followed by ay twos, as threes,
and so on. For any o € Sp and m € [P], define Ky = Yicim) Jo()- Then, for any

o € Sp, w has the reduced word

Ko p—1 o2 Jon)
— 0 0 0
W (a> U) - WJJ(p) o 'WJa(a) WJa(z) WJo(l)'

The proof is very similar to the proof of Theorem B.5.7l As an application of this

theorem, we have reduced words

(Woo1aWi2) ™ Wys ... Wy Wy (WsW,) 7 Wy n =0 mod 4

o Wi in (WaaWas)7 .. W5 W, (W3sWo)7 W, n =1 mod 4
S (W1 W) Wos . (W5 W) Ws W WO W, n =2 mod 4
Wt (WaoWo_3)7 .. (W5 W) 7 W W, WOW, n =3 mod 4.

Example 3.5.25. For n = 5, we have

the =Wy s WPPWOW,
=55545355525354515253555051525053525154535250535554535251535554535250535554535251

X 895835554535895052535554535251505253555453525(.-
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3.6 Lam & Pylyavskyy’s Method for Finding Reduced Words

In their work on total positivity for loop groups [24], Lam & Pylyavskyy perform an
in-depth study of the infinite elements of the affine Weyl group of type A,. They
divide W into a finite number of equivalence classes, called blocks; they put a partial
ordering, called the limit weak order, on W; and they give a method for finding
reduced words for the unique minimal elements of each blcok. In this section, we

discuss their work and its relationship to the results appearing in the previous sections.

3.6.1 Blocks and the Limit Weak Order

Definition 3.6.1. ([24]) The blocks of W are the equivalence classes of the relation
~, where [ ~ J if
#(IANT)=#(LTUJ)\(INJ)) <O.

Thus, the infinite values of m,, are the same for all I and J in the same block.

Definition 3.6.2. ([24]) For I, J € W, the limit weak order is the order defined by
the relation I < J if and only if I C J.

The limit weak order induces an order on the blocks of YW, which we will also call the
limit weak order.
We can restate these ideas in terms of biconvex subsets of hg as follows: I, J € W
are in the same block if B(I)AB(J) is bounded, and I < J if and only if B(I) C B(J).
Lam & Pylyavskyy give these ideas a tidy geometric interpretation in terms of
the Artin arrangement of W, which we now define.

Intersecting the hyperplane arrangement
Ho = Useca+ Ho o

with the sphere S™ in hg carves S” into a spherical simplicial complex (a simpli-

cial complex with Euler characteristic zero), called the Coxeter complex. The top-
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dimensional simplices of the Coxeter complex are the intersections of the Weyl cham-
bers with S”, having dimension r —1. The zero-dimensional simplices are the intersec-
tions with S of lines obtained by intersecting r — 1 hyperplanes Hy,. For example,
each of the coweights ©; corresponds to a zero-dimensional simplex of the Coxeter
complex.

The Artin arrangement A of W is the set of cones Cs spanned by simplices S
of the Coxeter complex. We can think of it as a simplicial complex whose simplices
are unbounded, where we have Cs C Cg if and only if S C S’. Following Lam &
Pylyavskyy, we will call the simplices of A faces.

Using Proposition B.2.12] we have the following (Remark 4.5 of [24]).

Proposition 3.6.3. The elements I,J € W are in the same block if and only if
dir (I) and dir (J) belong to the same face of A.

Thus, the blocks of W are in correspondence with the faces of the Artin arrange-
ment (Proposition 4.3 of [24]). Furthermore, the limit weak order on blocks is isomor-
phic to the inclusion order on the faces of A. The maximal blocks for the limit weak
order correspond to the Weyl chambers of W, while the minimal elements correspond
to the one-dimensional faces described above. We denote the block corresponding to
a face F' of the Artin arrangement by Bp.

Using biconvex subsets of hg, we can make this correspondence more direct.
Proposition 3.6.4. An element w € W belongs to Br if and only if B(w) D F.

This makes it clear that the minimal element of Bp is the element w € W having
B(w) = F. We denote this minimal element by Ir. For example, Z6 — & = I, is
the minimal element of the (maximal) block corresponding to Cp; and the minimal
elements which are less than Zd—®* in the limit weak order are the elements Z5—®; =

[<@l> for [ € [T]
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These facts are hinted at by results of Cellini & Papi [§], who give the following

correspondence between elements of RV and infinite powers of elements of W.
Proposition 3.6.5. If I € W, then there exist w € W and 7 € T such that
[=JInv (vt]) = Inv (vt°) .
jEN
If, further, for all a € ®F, my(I) € {0,400}, then w = 1, i.e. there exists T € T
such that I = Inv (£2°).

Thus, the minimal elements of the limit weak order correspond to infinite trans-

lations.

3.6.2 Finding Explicit Reduced Words

Their results on the limit weak order motivated Lam & Pylyavskyy to give a method
for finding reduced words for infinite translations in type A,,_;. In reviewing their
work, we will use the representation of S,, on R". Recall the positive roots a;; = A\;— A,

for 1 <1 < j <n, and write

HO,i,j = {-’E e R" Ty — T = 0} , Ho = U1§i<j§nH0,i,j-

Lam & Pylyavskyy call the Artin arrangment for type A,_; the braid arrangement.

Definition 3.6.6. A preorder on a set is a reflexive, transitive relation. A total

preorder is a preorder whose equivalence classes are totally ordered.

Each face of the braid arrangement corresponds to a total preorder on the coef-
ficients z; of elements & € R™. For example, if (x) denotes the line spanned by x,
then

<@l>:{a:€]R" xlz...:xl>xl+1:...:xn},

CQZ{wGRn ZL’1>ZL’2>...>ZL’n}.
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Given a face F' of the braid arrangement, there is a unique smallest vector 2" € Z"NF
whose coefficients take consecutive values starting with one. The coefficients z/ lie
in [n] for all F.

Given an element o € S, = S, < T, let 7(0) denote its projection into the quotient
group S,. For example, 7 (09) = (1,n), while 7 (0;) = (i,i+ 1) for i € [n — 1]. We
will assume that (o) acts on the coefficients of 2" € Z" by permuting the indices
of the coefficients (in other words, on positions rather than values). The following

result is due to Lam & Pylyavskyy [24].

Proposition 3.6.7. Let F be a face of the braid arrangement of A,_1, and let the

coefficients of 2z take the values [m] for m < n. If Si, ... 8i, 1s such that
1. m (sip . ..sil) 2 = 2F
2. each s;; creates a descent (for example 7 (s;; ) is applied to 2 only zfzf; < zfjH)
3. for each i € [m], the values i and i + 1 are swapped at least once

then w = s; ..., is reduced, and Inv (w*>) = Ip.

Example 3.6.8. In Aj, let

F:{weR"

I2>I1:LE3:LE4},

and choose 2z = (1,2,1,1). We have

7 (s2835051) (1,2, 1,1) =7 (s98350) (2,1,1,1)
= (s9s3) (1,1,1,2) =7 (s2) (1,1,2,1)
=(1,2,1,1),
so Proposition B.6.7] says that w = s38350s; is reduced (which we can see by inspec-

tion), and Inv (w*>) = Ig.

For completeness, we include a proof.
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Proof. First, we show that w = s;,...s;, is reduced, by creating an affine permuta-
tion for which it is length-additive. For i € [m], let M; be the number of coefficients
of 2" taking value i. We assign a number M (zf) in [n] to each coefficient of 2% as
follows: we number the ones in z% from left to right, up to M, then we number the
twos in z! from left to right, up to M; + M,, and so on. Then, we let wr € S,, C Sn

be defined by the window notation

wp = [M(zf)M(zf)]
For example, for zf as above, we have

wp=1[1,4,2,3] = (...,—3,0,-2,—1,1,4,2,3,5,8,6,7,...).

Now, for 1 <7 < j < n, we have m,,; € {0,1}, with m,,; = 1 implying that

2 > 2F_, . For our running example, we have
Wp () wp (@)
ma12 = ma13 = ma14 = ma23 = O’ ma24 = ma34 = 17
F _ P _ 9 : F _F _ F _LF _ :
and e 2 is greater than either Zyrla) = 4 = lor e R S 1. Since

zf < zf implies that wp(i) < wp(j), it is clear that the first condition guarantees
that every reflection we apply increases some my,; by one. Thus, w is reduced. For

our example, we have
wwp =$2835051[1,4, 2, 3] = s95350[4, 1,2, 3]
=s983[—1,1,2,8] = s9[—1,1,8,2] = [-1,8,1,2],
so that
Maqy = Mayy = Mayy = 0, Moy = Magy = Magy = 2.

Next, to show that w™ is in the block B, let V}, be all the values in wr which

correspond to k in 2%,

Vi = {i +qnli € [L,n], #7'(i) = k,q € Z} ,
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and let P be the set of positions occupied by elements of V.. For our example,
Vi={..,-3-2,-1,1,2,3,5,6,7,...}, Vo={...,0,4,8,...},
while

P={.,-3-1,01,3,4,578,..}, P={..,-226,...}.

The second condition, and the fact that wzf = 2%, means that in the window

notation for wwp, elements of Vj, continue to occupy the positions Py, but the set Vj,
has rotated to the left by 1 with respect to the numbers V,,_;. This can be seen in
our example:

wp=1[1,4,2,3, wwp=[-1,8,1,2].

Thus, there is some finite number N so that for every &, the values of w™wr at P,
are some integer multiple Ny of n larger than the values of wr at P. In other words,
if x p, is the characteristic function of P, having ones at the positions P and zeros
elsewhere, then

m
N
w'Wwp = Wr + Z Nanpk,
p=1

so that w? has translated wp by the vector 7 = 7", Nyxp, € T. In our example,

wwp =[—3,16, -2, —1]

—[1,4,2,3] + [~4,12, =4, —4] = t(_15_1._1)[1,4,2,3].

Furthermore, the second condition guarantees that Ny > Ny_; for all k. Thus, 7 lies

in F, and w™ = t°. O

We remark that in fact, the minimum value for N is the least common multiple

of {M, ..., M,}. We also have the following.

F

Corollary 3.6.9. Let w = s;,...8; act on z° as in the previous proposition, and

keep track of the “winding numbers” of the elements of 2%, so that k=9 indicates a k
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that has been moved from the n'™ position to the first ¢ times. If the winding numbers

of the entries of wz" depend only on the values of wz', then w is a translation.

In [24], Lam & Pylyavskyy show that if the dimension of F' is one, then one of
the reduced words produced by their technique is a Coxeter element ¢, a product of
in which each of the simple reflections s; appears once. Furthermore, all the other
reduced words for the minimal element of Br can be obtained from ¢ by exchanging
commuting simple reflections. In particular, we have the following. Recall that for
Le[n],

Cl = $0SnSn—1---Si+1, d1 = S0S1..-S1—1-

I(n—I1 I(n—I
Proposition 3.6.10. The words dl(l)cl and cl(l)dl are reduced, (dl(l)cl) "y and (cl(l)dl) 0
are translations, and Inv ((dl(l)cl)oo) = Inv ((cl(l)dl)oo) =76 — ¥;.

Proof. The face F' of the braid arrangement corresponding to Zo — ®; is

<@l>:{a:€]R" xlz...:xl>xl+1:...:xn},

so the unique element 2! € Z" N (©,) with coefficients taking consecutive values

starting with 1 is

2 =(2,...,2,1,...,1),

a vector with [ twos followed by n — [ ones. Now ¢; rotates the first two n — [ places

to the left, so that it ends up in position [ + 1:
azf =(1,2,...,2,1,...,1).
Then, dl(l) moves the 1 in position 1 [ places to the right:
dl(l)cle: (2,...,2,1,...,1) = 2"

On the other hand, applying d, to z¥ rotates the last one through the block of twos to

position [, and following this with cl(l) rotates moves the two in position n to position



152

l. Keeping track of the “winding numbers” of the ones and twos, we see that when
either element has been applied [(n — [) times, the twos have all been moved n — [

positions to the left, and the ones have all been moved [ positions to the right. O

We also have the following.

Proposition 3.6.11. The reduced words W™ = '™ gng Wil = =" gpepy

translations.

3.6.3 Other Types

We begin by establishing maps from the Artin arrangements of classical type to Z*".

The Coxeter complexes of types B,, and C,, are isomorphic. They are obtained by
intersecting S™ with the hyperplane arrangement

Ho= | ({mi=z}uf{zi=-z})u | {z:i=0}.
1<i<j<n ie[n]

Thus each face of the Artin arrangement for these types corresponds to a preorder
on the set
S =A{x1,...,2,,0,—x1,...,—x,} with the property that for all s,s" € S, s > ¢ if

and only if s < s’. For example, we have

<@l>:{$€Rn Ilz...:l’l>l’l+1:...:l'n:—l’n:...:—l’l+1>—£L’l:...:—ZL’1},

Coz{azeR" :El>:Bg>...>:En>—:vn>...>—:L'2>—x1}.

The Coxeter complex of type D, is obtained by intersecting S™ with the hyper-
plane arrangement
1<i<j<n
Thus each face of the braid arrangement for this type corresponds to a preorder on

the set {x1,...,2,,0,—21, ..., —x,} with the property that for all s,s' € S, s > " if
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and only if —s < —¢', and z,, = —x,,. For example, we have
<@l>:{$€Rn Ilz...zl’l>l’l+1:...:l'n:—l’n:...:—l’l+1>—£L’l:...:—ZL’1},
C'O:{a:E]R" l’1>l’2>...>l’n:—l’n>...>—£L'2>—ZL'1}.

Alternatively, the faces of A are in correspondence with the preorders on

Given a face F' of the Artin arrangement for type B,, C,, or D, let w’ be the
unique element of Z" N F having smallest norm, and let 2" = (w!", —w!") € Z?". The
coefficients 2! lie in [—n,n].

Since the permutation representations of the affine Weyl groups of classical type
express these groups as subgroups of S,., we can apply the projection 7 to the elements
of these groups. We will again assume that 7(co) acts on the coefficients of 2" € Z"

by permuting their indices. We then have the following.

Proposition 3.6.12. Let 2z correspond to an open face F' of the Artin arrangement
for a Lie algebra of classical type, as above. Let the coefficients of z¥' have values

{vi <va < ... <wp}. If the word w = s, ... s;, is such that

2. each s;, creates a descent, and in particular for types B, and D, so is applied

at step m only if

. F F F F
min (Zw,;{l(l)’ Zw;£1(2)) 2 max (Zw,;{l(m—l)’ Zw;£1(2n))

and
F F : F F
max\ z - Z - > min (Z - Z - )
( Wmlfl(l)7 Wmlfl(2)) Wmlfl(2n_1)’ Wm£1(2n)

3. for each k € [1,m — 1], the values vy, and vy, are swapped at least once

then w is reduced, and Inv(w™) = Ip.
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Example 3.6.13. In By, let

F:{.’IJGR" —ZL'3>ZL'1:—I’2>l’4>0>—l’4>—l’1:l’2>l’3}.

Then, we have w = (2, -2, -3,1) and 2! = (2,-2,-3,1, -1, 3,2, —2). Now,
7 (8182838483808384838251) (2, —2,—3,1,—1,3,2,-2) = (2,—2,-3,1,—1,3,2,—2),

so the proposition says that w = s152535453505354535251 is reduced, and that Inv (w™) =

Ip.

Proof. In the case of (), since we can express every m, in terms of some 7;;, we
need only keep track of the latter. Thus, the proof for type A, carries over to this
case. The proof for case A, goes through for B, and D, as well, provided that we
show that applying sy (in both cases) and s,, (in the case of D,,) to wp increases some
me by one.

Just as in A,,, we construct wpg, this time by numbering all the vys from left to
right, and then all the vos, and so on. Since zi, = —2zf and 2, | = —2¥ if both

min (zf, zf) > max (zgn_l, zé’;) and max (zf, zf) > min (z{;n_l), z{;n)), then either

Fo F_q_.F P F_ F_ _F _ _F
2 >z =0=25, 1> 2, O 2 =2 >2, =%,

F F F F
or Zl > 22 > 2277,—1 > Z2n,

or one of these possibilities occurs with 1 and 2 (and 2n — 1 and 2n) swapped. In the
last two cases, since 2/ > 2] implies wp(i) > wp(j), and wp(i — 2n) = wp(i) — 2n,
acting with sg will be increasing two m,s from one to two, and decreasing no m,. In
the first case, we have wp(2) < wp(2n — 1); however, wp(2n — 1) — wp(2) < 2n, so
acting with so will increase 772y, (2),wp(2n—1) from zero to negative one, while decreasing
N0 My

O
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Unlike in type A,_1, using this result to find reduced words for the minimal infinite
elements [g,) leads us neatly to our coweight elements. We will not reproduce the

proofs here.
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CHAPTER 4

FACTORIZATION IN UNITARY LOOP GROUPS

We continue to use the notation for finite-dimensional Lie algebras and groups in-
troduced in Chapter 2l This results in a departure from the notation in [34], where
finite-dimensional objects were denoted with dots. The only place we use dots is in
distinguishing pointwise Iwasawa and triangular factorizations from their loop group
analogs - we hope the dots will bring to mind the “point” in pointwise. When confu-
sion is possible, such as when referring to the nilpotent subalgebras and subgroups of a
loop group, we will denote infinite-dimensional analogues of finite-dimensional struc-
tures with rings, which we hope will remind the reader of loops. Thus, the nilpotent
subalgebras and subgroups of LG are denoted n* and N=. Otherwise, as a general
principle, given an object X, we will use LX = C*(S!, X) to denote the smooth
loop space of X, Lg, X = X [2,27!] to denote the subspace of Laurent polynomial
functions on S* with coefficients in X, and X and X to denote (central) extensions of
X. Finally, H° (D; X)) denotes the space of holomorphic sections on D taking values
in X, and H° (D, p; X,Y) denotes the subset of H°(D; X) taking values in Y C X at
peD.

4.1 Affine Lie Algebras

We let Lt = C* (S, g) and Lg = C*(S', g), viewed as Lie algebras with pointwise
bracket [X,Y](z) = [X(2),Y(2)]. We may view elements of Lt and Lg as either
functions or Laurent series. These are Fréchet spaces, with the topology of uni-
form convergence on compact sets. The subalgebras Lh and Lt are maximal abelian
subalgebras for Lg and LE, respectively. However, in a departure from the finite-

dimensional case, they are not the only ones, even up to conjugacy [35]. We identify
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g with the set of constant loops in Lg. We let Lg 8 = @pez €2P, Lang = Ppez 927,

and similarly for other subgroups of g.

4.1.1 Central Extensions
The smooth completion of the universal central extension of Lg is the vector space
Lg= Lg® Ce,

and the smooth completion of the affine Kac-Moody Lie algebra corresponding to Lg

is the vector space

Lg=Lg& Ced Cd.

Both are equipped with the bracket [-, -], where

2

X)) = KLY @)+ o= [ (XG0 e

and

X,d =, X] = [X,d] = [d,d = [e.,d =0, [d,X]= dilzx

for all X € Lg. There are corresponding central extensions of Lt, and real forms
Lt=LtDiRe, Lt=Ltd®iRcdiRd

for Lg and Lg, respectively. We define t = t @ iRc @ iRd.
h e GR}

are linear functionals o on BR. The set of these eigenvalues is the extended root system

For each , £ € Lg, we define ad, £ = [x,&]. The eigenvalues of ad; = {adh

A

of g, ®.

4.1.2 Triangular Decomposition

We define
leI:Jtol = ni @ @ gz:l:p’

PEZ>0
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and we define n* to be the smooth completion of f’lljfol. We then have the triangular
decompositions

Lg=1n" @bz @0, Eg:ﬁ_@ﬁﬂ&@ﬁJr-
4.1.3 Root Homomorphisms

In addition to the root homomorphisms ¢; for i € [r], we define the root homomor-

() T () IR

where {e_g, hg, ep} satisfy the s[(2, C)-commutation relations, and ey is a highest root

phism

vector for g.

4.2 Loop Groups and Extensions

Let IT : LG — LG (Il : LK — LK) denote the universal central C* (T) extension
of the smooth loop group LG (LK, respectively), as in [35]. The Lie algebra of LG
is Lg, and the Lie algebra of LK is Lt. Let N# denote the subgroups corresponding
to n® (they are not, strictly speaking, the exponentials of n*). Since the restriction
of IT to N* is an isomorphism, we will always identify N* with its image. In other
words, [ € N7 is identified with a smooth loop having a holomorphic extension to
A satisfying 1(0) € NT. Also set H = exp (f)), T = exp (%), and A = exp <6R), and
B* = HN*,

4.2.1 The Weyl Group

The Weyl group of LG is W,g¢, which is isomorphic to the quotient groups Niqg (f] ) =
Nk (T) As in the finite-dimensional case, a representative for w will be denoted
with a bold type w, and these representatives act on g € LG by conjugation, and on

X € Lg by Ad,.
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Recall that Wog = W T, and that the kernel of exp : t — T is 2m¢ times the
coroot lattice 7. Thus, there is a natural identification of 7" with Hom (S*, T'), under

which we identify 7 € T with the homomorphism
St — T *™ s exp (2mizT)

for 6 € R. This identification provides us with representatives for the elements of
Wag. For example, given a choice of logarithm for z € S!, s, is represented by the

loo
) so = exp (2milog(z)hg) to ((\/0_—1 \/?)) :

As in the finite-dimensional case, a reduced word w = Sisuy -+ - Sin for w € Wag,

along with a set of representatives s; for the simple reflections, gives a set of represen-

tatives for w,,, namely w,, = s;

m °°

.s1,. Given w = Siy() - - - Siz, W€ define the root

homomorphisms ¢, (w) : 5{(2,C) — Lg by

00 0 0 1 0 1
() e () (5 2)) e (
01 01
o ()~ ()

where Ad denotes the derivative of conjugation at the identity. We define tr;(w) :
SL(2,C) — LG by tr;(w)exp (X) = exp (LTJ.(W) (X)) for each X € sl(2,C).

For w € W,g, we define the subgroups

N, =N nw 'Ntw

Y w Y

N:Ur —N*Nw N~ w

as well as the “opposite” subgroups

o

N} = NY\N' = N*nw 'N*tw, N — N \N, =N nw 'N-w.

w

These do not depend on the choice of representative w. Note that Nj has finite

dimension [(w), while N is infinite dimensional, having codimension I(w).

0
-1

)
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4.2.2 Iwasawa Decomposition

There are two Iwasawa decompositions for LG. The one induced by the Iwasawa

decomposition for G will be referred to as the pointwise Iwasawa decomposition
LG =LK -LA-LNT,
so for g € LG, we have
g =k(g)a(g)n(g),

or, more briefly, g = kan. There is also the Iwasawa decomposition appropriate to

LG considered as a loop group,
LG=LK-A-NT,
where for g € LG we have
g9 = k(g)a(g)n(yg),
for a constant, diagonal loop a(g) € A, and a smooth loop n(g) having holomorphic

extension to the open unit disk A and satisfying n(g)(0) € N*. We will occasionally

write g = kan to denote such a decomposition.

4.2.3 Triangular Decomposition

We will also deal with two triangular decompositions on LG. The first results from
pointwise application of triangular factorization for G. Thus, if g € LN~-LH-LN™ C

LG, we have the pointwise triangular factorization

or, more briefly, g = ldu = lrnad.

Alternatively, for g € N—-H-N* c LG , there is a unique triangular decomposition

g=1(@d@u(@, whered(@ =m(Ga(g = [[ o;(3)", (4.2.1)

JE[0,7]
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and o, is the fundamental matrix coefficient for the highest weight vector corre-
sponding to A;. We will sometimes write g = ldu = Imau to denote such a triangular
factorization.

Since we will mostly be working with ¢ € LG, we would like to know how this
c—hg

triangular factorization restricts to LG. If II(§) = g, then because of° = o

projects to oy, g =1(§) 11 (d (g)) u (), where

N
) @) = o0 ()" T[ o, )" = I ( i (9?) , (42.2)

Jelr] Jelr]

for positive integers a; such that hy = 3¢, ajh;.
If k € LK, then |o; (l;;)| depends only on k = II (/%) We will indicate this
by writing |o; (/%)| = |oj| (k). This also implies a(l;;) = a(k). Thus, we have the

following.

Lemma 4.2.3. Fork € LK and k =11 (l;;), k has a triangular factorization if and
only if k has a triangular factorization. The restriction of the projection I : LK —

LK to elements k € LK with m (l;:) =1 is injective.
We will also use the following proposition.

Proposition 4.2.4. The subgroup LN™ is contained in N= - N*. In other words, if

g € LNT, then g has a triangular factorization g =1(g)u(g).

Proof. Let m = ht (6), so that n is an m-step nilpotent Lie algebra. We will proceed
by induction on m.
If m = 1, then NT is an additive abelian group, and triangular factorization is

trivial. In particular, if G is simple, then G = SU(2), and if n € LN, then

”:((1) f)z(cl) xl_) (cl) xf)‘

for some z(z) € C*(S',C), where x_ is the singular part of z and z, is the holo-

morphic part.
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Now, assume we can find a triangular factorization for n € LNT when N7 is

m-step. Let N be m + 1-step, and let

LN+9n:eXp<Z xa€a>a

acdt

for z, € C*° (S, C), and some choice of root vectors {es},cq+- Now, let

l1 = exp < Z (Ta)_ ea> , U = exp < Z (Ta), ea> )
ht(a)=1 ht(a)=1

l;'nu;' € LINT,N*],

Then,

and [N*, N*] is m-step. Let [;'nuj’ = lyus be a triangular factorization. Then,

n = (l1ly) (uguq) is a triangular factorization for n. O
Proposition [4.2.4] has the following consequences, which we will also use below.

Corollary 4.2.5. 1. The subgroups LN~ and LB* are contained in the top stra-
tum of LG.

2. If the singular (holomorphic) part of g € LB* is polynomial, then 1(g) € N~

(respectively, u(g) € N* is a polynomial loop.

4.2.4 Birkhoff and Bruhat Decompositions
The Birkhoff decompositions for LG and LK [35] are

LG= |J =  Lk= |J %L

’LUEWaff wEWaff
where

SL6¢ = N“wHN*', S = N"wHN*NLK.
The multiplication map induces a diffeomorphism

ﬁ;,l x {w} x Ax N* — 2L¢,



163

The Bruhat decompositions for Lg,G and Lg, K are

LG = |J CL=C, LK = |J CL»F,

weW g weWg

where

CknG — N} wHN{,  Chol — Nt wHN N L, K.
The multiplication map induces a diffeomorphism

NI x{w} x Ax Nf, — CLamC,

4.2.5 The Flag Manifold

The flag manifold for LG is LG/B* = LK/T. The projections of the Birkhoff strata
SLK to LK/T will be denoted Y,,; the projections of the Bruhat cells CEX to LK /T
will be denoted C,,. We have diffeomorphisms

Nyt — Sy — N wAN* ALK, NI, — Cy, — NI, wAN{, N LK.

The cell C,, has dimension [(w), while the stratum Y, has codimension !(w); thus,
there is clearly no isomorphism between Bruhat cells and Birkhoff strata.

We define injections of CEK and BLK into LI by

¢ CLlank o YL wdu — (uy,)" du, ¢ IR s SR wdu — L, du.

4.2.6 Birkhoff Strata and Bruhat Cells for Infinite Elements

For an infinite reduced word w = (SiJ')jeN for some I € W, we define

Cr -+ - 7 — OLﬁnG_ OLﬁG OLﬁnI(_ OLﬁK
NIvﬁn_ U NWm’ CI - U C . ) CI - U C .

Wm Wm
meN meN meN

and we define Ni, CL¢ and CLK to be the smooth completions of these spaces. We

also define I¢ = &%\ I, and

NE=NE= (N, 9= (s nK= N ok

Wm *
meN meN meN
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Finally, we define
¢ (CH) = NfANY N LK C S 4 (SEK) = Nf ANY N LK C 5%,
and note that if I, 1¢ € W, then
0 (E4) = 6 (CHX).
We will be interested in
I=Nj— o I°=7>06 + ®7.
Note that

o

Ny or =N NLNT, Ny or =N,

ogprer = NTNLNT,
so that
6 (CHE 4) = 0 (BEK si0e) = (N NLN*) ANT N LK,
O (CES s oa) =0 (SHE 40 ) = (N" N LN) ANT (LK.
4.3 Parametrizations of Birkhoff Strata for Infinite Elements

The proof of Theorem 2.4.13] can be repeated verbatim to prove the following.

Proposition 4.3.1. For every w € Wyg and each reduced word w, there is a diffeo-

morphism
C') —s o (CEWE) = Ny ANG, N Lgn K C £EK
l(w) _
e 1 =G
C—k(C):= H trywy | IV (G5) ¢ o1
i=1 J
and

L(w)

a(k(Q) = ELTJ‘(W) ((N(()Q) N((C)i)_1>) .
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The following result extends this proposition to the infinite element Ny — &+ &

W, and identifies the image of the resulting diffeomorphism. Recall that N ((;) =

1

Theorem 4.3.2. For a loop k € L, K, the following are equivalent.

1. The antiholomorphic factor 1(k) in the triangular factorization of k takes values
in Nt, andm(k) = 1. In other words, k € 9 (C’NL(’;iig+) = (Nﬁ_n N LﬁnN+> AN;N
L K.

2. For any irreducible representation 7 of K with highest-weight vector v, m (k™) v

s holomorphic in the open unit disk A and a positive multiple of v at zero.

3. For any w € RW with Inv(w) = N§ — ®F | there is a factorization

- _Z
k=11 tryow <N (¢;) <<1 1<9>> , (4.3.3)
j=1 J
where ¢; € C and N > M < oo.

We remark that the factors in (£3.3) are analogous to those appearing in, say,
Theorem 2.4.13, since

o) (N @) <C1] _fj» =k <L7i<w> ((1 %»)

Proof. The equivalence of ([3]) and () follows from Proposition 3.1l We will show

the equivalence of () and (2)).
To show that (1) implies (2)), let (7, V) be an irreducible representation for K, let
A be the corresponding highest weight, and let v be the corresponding highest-weight

vector. Then,

=7 (u(k:)_l) T (a(k:)_l) v
=a " (u(k)™")v e H° (A, 0; Ve, RYv).
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Next, we will show that (2)) implies (Il), by constructing the required triangular
factorization for & satisfying (2). By taking an irreducible unitary representation of K
we may assume that k& € LSU(n). The fundamental highest-weight representation
for SU(n) are explicit and familiar. They are the representations of SU(n) on A/C"
for I € [n], given by ma, (k) (v1 A ... Av) = (kvi) A...A(kvy,). The matrix coefficients

of k in m,, are the determinants of the { x [ minors of k, and we will use the notation
K} = det (M} (K)) .
The first step is to perform a pointwise triangular factorization of k*,
= 1(k)ym(k)a(k)a(k).

Recalling (LTI from the distant past, we have for n >i > j > 1,
[j+1,n]
1(]{7)2 _ (_1>i+j [7,i—1]U[i+1,n]
j j )

[i+1,n]
ki in)

which is by assumption a ratio of two holomorphic functions with a denominator that

is real and positive at zero. Then,

[J+1,n]] : |
i m-}-] [j,m—1]Ulm+1,n i
( ) Z Koy (= LTl + kj
meli-1] [i+1,n]
1 . i{_i}L]J[jJrl,N]
_ m+i 14 7 [J+Ln 7n
_k[j—l—l,n} Z ( ) k k[j m—1)U[m+1,n] — k[j—l—l,n} :
[i+1,n] melj] [j+1.n]

As expected, this is zero if i > j; note that if ¢ = 7, it is a ratio of two holomorphic
functions which are real and positive at zero.

This is the factorization we are after, but we must check whether and where it is
defined. Since the functions k[y +1 n] are nonzero at zero, the functions l(k)§ are defined

and holomorphic in some small open disk around zero, say eA. Since k has a finite

'Those whose highest weights are the fundamental weights.
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Fourier transform, it can be extended holomorphically to C*. Thus, the factorization

k = 1(k)m(k)a(k)a(k) holds on any loop in the annulus eA\{0}, and we have
(k) € H° (eA,0;N7,1),  m(k) € H(eA,0;m(k), 1),  a(k) € H° (eAja(k)).
Next, we use this pointwise triangular factorization to construct a loop-wise one.

Defining

we write

u(k)™ =: la,
where
L€ H ('A% 0;N*,1), @€ H(eA;NT).
Define
u = ((L_lﬂa> (m(]f)a(]{j)a)_l l(k)—l c HO <€A, O, G’ N-l—) )
Then

k= lau

is the desired triangular factorization of k on €S*.
To see that this decomposition can be extended to S!, we must examine the entries

of [ more closely. Since
k[{?}u[j—l—l,m

(a(k)™) = 22—
L kg

for i < 7, we see that [ has a pole of finite order at zero, and can be extended
holomorphically to C\{0}. Then the product (la)~"k is holomorphic on C*, and

equals © on €eA. Thus (la)_1 k analytically continues u to all of C, including S'. O
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The previous theorem is extended to smooth loops in Theorem 3.2 of [34], which

we state below.
Theorem 4.3.4. For a loop k € LK, the following are equivalent.

1. The antiholomorphic factor 1(k) in the triangular factorization of k takes values
in N*, and m(k) = 1. In other words, k € ¢ (CEE 4. ) = (N~ N LN*) AN* N
LK.

2. For any irreducible representation w of K with highest-weight vector v, m (k=) v
is holomorphic and nonvanishing in the open unit disk A, and a positive multiple

of v at zero.

3. For any w € RW with Inv(w) = N§ — ®F | there is a factorization

M

k:ﬂ}iinwjﬁlww) (N(Cj) <—1Ej Cl]>)

where the sequence {Cj}jeN C C s rapidly decreasing.

Theorems [4.3.2] and 4.3.4] imply their analogues for (C’ZLIZ 5 +q,+). We state the

latter.
Theorem 4.3.5. For a loop k € LK, the following are equivalent.

1. The antiholomorphic factor 1(k) in the triangular factorization of k takes values
in N~, andm(k) = 1. In other words, k € (CZL§)5+¢+) = (N_ NLN-) ANTN
LK.

2. For any irreducible representation © of K with lowest-weight vector u, m (k™) u
is holomorphic and nonvanishing in the open unit disk A, and a positive multiple

of u at zero.
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3. For any w € RW with Inv(w) = Z>o0 + @, there is a factorization

M

k= lim ﬁan(m (N (m)( 1—- q))

M—o0 i1 —71);

where the sequence {n;},. C C is rapidly decreasing.

Extending these theorems to arbitrary infinite elements I € W is a subject for

future research, and crucial to the alternative factorizations for XI5 hinted at below.

4.4 Factorizations for ZF£

Now we are in a position to prove that our factorization really is a refinement of
triangular factorization. We show that every element of ¥¥ can be written as a
product of the conjugate transpose of an element of ¢ (CZLif) 5 +q>+), an element of LT,

and an element of ¢ (CEE ;. ).

Theorem 4.4.1. A loop k € LK has a triangular factorization k if and only if it has
a factorization k = ki \ke, where ky € ¢ (CZLIZ5+¢+), A€ LT, and ke € ¢ (CNLg{_w).

In other symbols, there is a diffeomorphism
Shocar X LT x 250 5 0 — B7F.
Proof. If k = kiAky, where k; and ky have the triangular factorizations
ki1 =: liaquq, ko =: laaous

for

lLe NNNLN™, Il,e N NLNT,

then we also have

k= UTCLTZI)\ZQCLQUQ.
Here, ui € N~ = H° (A*,OO;G, N‘). Now,

b:= CLTZI)\ZQCLQ € LB+,



170

so it has a triangular factorization
b = Imai.
Then k has the triangular factorization
1(k) = u'l, m(k) = m, a(k) = a, u(k) = tus.
Now assume k = lmau, and perform the pointwise Iwasawa decompositions
I = Eranng,  u=:ngagks,

where a;,a, € LA, and ny,ny € LNT. Now,

iy =: eXoTX2tx2

ag =: 6X1+X1+X1,

for X1, Xy € aand x1, x2 € H° (A;a). Then, y; — x; € t for i = 1,2, so we define the

unitary loops

B s B .
ki:=e X1+X1k’1, ko :=¢e X2+X2/€2.

Now,

— o X1=2x1 gk — ,—Xo—2x2,—1
ki=e ny L, ky=e Ny~ U.

Since e~ =2 € LB~ and e X2"2p;! € LB*, both have triangular factoriza-
tions. Write

et =i, 0yt = lyis.
Next write the triangular factorizations
Ad,—xi-2a I = i,  Adg-xs-2x Iy =: ol
Then

ll, a) = e s Uy 1= Adexl ('&1) 6_2X1’1~L1l*,

lg [ 6_X2 Ug 1= Ad Xo ’&2 6_2X2’1~L2U
) ) e
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are triangular factorizations of k; and ko, and [; € N~ N LN, while [, € N-NLN*.
Finally,

A = kikkl = XX 0 manye X2t € LBY N LK = LT.
This completes the proof. O

We might ask whether we can continue to decompose X% or even SLE . For

example, we might ask for something like a diffeomorphism

LK LK LK LK
ENo—dy X ENs—(03\@1) X -+ X BNo— (@ \&y_y) 7 LNo—dt -

A step in this direction, and a loop group analogue of Proposition 2.4.14] is the
following result for SU(n). Recall that in the proof of Proposition [2.4.9] we defined
the subalgebra

”J(E,j = @ie[j—l]n;j C nt Csl(n,C),

which contains matrices with nonzero entries only in the superdiagonal part of the
5 column. We also showed that it and the subgroup Na ; = exp (naj) are abelian.

We now define the subalgebra and subgroup
N = DjefinNa,,

containing matrices with nonzero entries only in the superdiagonal part of the i*" row,
and note that it and the corresponding subgroup N;ii = exp (nﬁi) are abelian, and

that N, = Gaca\a,_ i

Proposition 4.4.2. Let k € LSU(n). Then k € 9 (C’%{_qﬁ) if and only if there is a
factorization k = ky,_1 ... k1, where for each i € [n — 1], 1(k;) € NN LN;[,Z-.

Proof. We use induction on n. Assume the proposition is true for k < n, and that

k€ (CEE 41) C LSU(n), so that we have 1(k) € N~ N LN*. For k € [2,n] and
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any i,j € [n], eixer; =0, so

<I + > > aU%) (In+ > blj61j>
1€[2,n—1] j€[i,n] Jj€l2n—1]
=I,+ > > age;+ Y. bye.

i€[2,n—1] j€[i,n] j€[2,n—1]

We can thus write 1(k) = l'l;, for ' € N~ N L(NT\N},) and I, € N~ N LNF,, say

(1 L'
e In—l
for some L € C"!. Take the Iwasawa decomposition I’ = k(I')a(!')n(I'). Then

k(I") = I'b for some block-diagonal matrix
1
b= ( M) € H°(A,0;SL(n,C), BY)
where M € SL(n —1,C). Thus,

k() k= () ha(k)u(k)

_ (1 M_l) (1 If_tl) a(k)u(k)
() o
Defining ky := (k(I)) ™" k, we see that k; has a triangular factorization with
(k) =1 ((1 (Af__tll)t» € N LN,

and furthermore that kk;* € LSU(n — 1) € LSU(n). O
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