UNITARY LOOP GROUPS AND FACTORIZATION

DOUG PICKRELL AND BENJAMIN PITTMAN-POLLETTA

ABSTRACT. We discuss a refinement of triangular factorization for unitary
matrix-valued functions on S1.

0. INTRODUCTION

The purpose of this paper is to generalize Theorems 0.1 and 0.2 below to general
simply connected compact Lie groups.

Throughout the paper K is a simply connected compact Lie group, G is the
complexification, and LfinK (L fmG) denotes the group consisting of functions
St K (G, respectively) having finite Fourier series, relative to some matrix
representation, with pointwise multiplication. For example, for { € C and n € Z,
the function

st su):z a0 (L ),

where a(¢) = (1 + |¢|>)7V/2, is in L;,SU(2). Also, if f(2) = 3 fn2", then f* =
3 faz™™. Thus if f € H°(A), then f* € HY(A*), where A is the open unit disk,
and A* is the open unit disk at co.

The following two theorems are from [3].

Theorem 0.1. Suppose that ki € Ly, SU(2). The following are equivalent:
(a1) k1 is of the form

mi = (MG D). ses

where a and b are polynomials in z, and a(0) > 0.
(b1) k1 has a factorization of the form

@ =atm) (, Lo ) eatw (2 ).

for some n; € C.
(c1) k1 has triangular factorization of the form

(s D02 (00 20)

where a1 > 0 and the third factor is a polynomial in z which is unipotent upper
triangular at z = 0.

Similarly, the following are equivalent:

(az) ko is of the form

o= (8 i) e

1
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where ¢ and d are polynomials in z, ¢(0) = 0, and d(0) > 0.
(b2) ko has a factorization of the form

) =a6) (4w 7 )t (LG, 95 )

for some (; € C.
(c2) ko has triangular factorization of the form

(5 Zmp) (2 ) () o),

where as > 0 and the third factor is a polynomial in z which is unipotent upper
triangular at z = 0.

For either C'*° loops, or for higher rank groups, there are additional complica-
tions. For higher rank groups: in (a;) one has to consider multiple fundamental
representations (for SU(2) there is just the defining representation); in (b;) the fac-
tors correspond to a choice of a reduced sequence of simple reflections in the affine
Weyl group of K (for SU(2) there is essentially one possibility); and in (¢;) the first
factor is a more general unipotent matrix (for SU(2) the corresponding Lie algebra
is abelian).

Theorem 0.2. (a) If {n;} and {{;} are rapidly decreasing sequences of complex
numbers, then the limits

ky(z) = lim a(nn)< - _nfzn> (o) (1 _{70>

n—0o0 Mz

and

—n —1
tale) = Jim o) (2 5 )t (L, 97).
exist in C>(St, SU(2)).
(b) Suppose g € C>=(S*,SU(2)). The following are equivalent:
(i) g has a triangular factorization g = lmau, where | and u have C*° boundary
values.
(ii) g has a factorization of the form

o2 = (5 ) i)

where y € C®(S,4R), and k1 and ko are as in (a).

The form of the generalization of (b) to higher rank groups is evident.

The plan of the paper is the following. In Section 1 we establish notation. In
Section 2 we define and prove the existence of (affine periodic) reduced sequences
of Weyl reflections, which are relevant to higher rank generalizations of Theorem
0.1. In Sections 3 and 4 we formulate and prove higher rank generalizations of
Theorems 0.1 and 0.2, respectively. In the last section we present some examples.

In this paper our main focus is on smooth loops. It is of great interest to gen-
eralize these factorizations to other function spaces, and to understand how decay
properties of the parameters correspond to regularity properties of the correspond-
ing loops. However, even in the SU(2) case, the critical cases are only partially
understood (see [3], especially Section 4).
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1. NOTATION AND BACKGROUND

1.1. Finite Dimensional Algebras and Groups. ¢ = Lie(K), § = €C, and
g — g :x — —z" is the anticomplex involution fixing £. To simplify the exposition,
we assume that £ is simple. Fix a triangular decomposition
(1.1) g=n"@hoat
such that t = €N is maximal abelian in ¢; this implies (nt)* =n~. We introduce
the following standard notations: {d; : 1 < j < r} is the set of simple positive
roots, {h;} is the set of simple coroots, {A;} is the set of fundamental dominant
weights, 6 is the highest root, W is the Weyl group, and (-, -) is the unique invariant
symmetric bilinear form such that (for the dual form) (6,60) = 2. For each simple

root v, fix a root homomorphism i, : sl(2,C) — g (we denote the corresponding
group homomorphism by the same symbol), and let

B=n(y o) e=il(o o)r md w=inl(Y 0) et = ety

r, is a representative for the simple reflection r, € W corresponding to v (we
will adhere to the convention that representatives for Weyl group elements will be
denoted by bold letters).

Introduce the lattices

T= EB ZA; (weight lattice), and T = @ Zh; (coroot lattice).
1<i<r 1<i<r

These lattices and bases are in duality. Recall that the kernel of exp : t — T is 2mi
times the coroot lattice. Consequently there are natural identifications

T — Hom(T,T),
where a weight A corresponds to the character exp(2miz) — exp(2mil(zx)), for
x € bg, and

T — Hom(T,T),
where an element h of the coroot lattice corresponds to the homomorphism T —
T : exp(2miz) — exp(2mixzh), for x € R. Also

R= @ Zéy  (root lattice), and R= @ 70; (coweight lattice)
1<i<r 1<i<r

where these bases are also in duality. The ©; are the fundamental coweights.

The affine Weyl group is the semidirect product W o« T. For the action of W
on hg, a fundamental domain is the positive Weyl chamber C' = {x : &;(z) > 0,i =
1,..,r}. For the natural affine action
(1.2) W T x bhg — br
a fundamental domain is the convex set

Co={zecC:0(x)<1} (fundamental alcove)

(see Figure 1 for Go, and page 72 of [4] for As). The set of extreme points for the
closure of Cy is {0} U {2 ©;}, where 6 = }" a;d; (these coefficients are compiled in
Section 1.1 of [1]).
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FIGURE 1. Alcove diagram for G,

Let hy = >0, ©;. Then 2h; € T. For a positive root ¢, é(hs) = height(c).
Let N* = exp(n®) and A = exp(hr). An element g € N"TAN™ has a unique
triangular decomposition

(1.3) g=1(9)d(g)ilg), where d=nma=]]s;(9)",
j=1
and 6;(g) = ¢4 (7, (9)vy,) is the fundamental matrix coefficient for the highest

weight vector corresponding to A;.

1.2. Affine Lie Algebras. Let Lg = C°°(S!, §), viewed as a Lie algebra with
pointwise bracket. There is a universal central extension

0— Cc— L — Li — 0,

where as a vector space Ly = Lg & Ce, and in these coordinates

(1.4) [X+)\C,Y+)\'c]ig:[X,Y]ngLi/ (X AdY)e.
Sl
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The smooth completion of the untwisted affine Kac-Moody Lie algebra correspond-
ing to g is
Lg=Cdx L (the semidirect sum),
where the derivation d acts by d(X + Ac) = 14X for X € Lg, and [d, c] = 0. The
algebra generated by t-valued loops induces a central extension
0— iRe— Lt — LE—0

and a real form Lt = iRd o Lk for Lg.

We identify g with the constant loops in Lg. Because the extension is trivial
over g, there are embeddings of Lie algebras

g— Lg— Lg.

There are triangular decompositions
(1.5) Li=n"@hent and Li=n" & (Cd+h) @nt,
where h = h 4+ Ce and n¥ is the smooth completion of A+ + §(2T1C[z*1]), respec-
tively. The simple roots for (Lying, Cd+ b) are {a; : 0 < j < r}, where

Oé():d*—é, aj:dj, 7 >0,

1, d*(c) = 0, d*(h) = 0, and the &; are extended to Cd + h by requiring
¢é;(d) = 0. The simple coroots are {h; : 0 < j < rkg}, where

d*(d)
)

ho=c—hy h;=h; j>0.
For i > 0, the root homomorphism i, is i4, followed by the inclusion g C Lg. For
1=0

(1.6) iao((? 8))69,21, ia0(<8 é))féz,

where {fé,hé,eé} satisfy the sl(2,C)-commutation relations, and e, is a highest
root vector for g. The fundamental dominant integral functionals on b are Aj,
7 =0,.,r.

Also set t = iRe® t and a = b = Re @ hi.

1.3. Loop Groups and Extensions. Let IT : LG — LG (I1 : LK — LK)
denote the universal central C* (T) extension of the smooth loop group LG (LK ,
respectively), as in [4]. Let N* denote the subgroups corresponding to n*. Since
the restriction of II to N* is an isomorphism, we will always identify N* with its
image, e.g. [ € N is identified with a smooth loop having a holomorphic extension
to A satisfying 1(0) € N*. Also set T = exp(t) and A = exp(a).

As in the finite dimensional case, for g€ N~ -TA- N+t C L@, there is a unique
triangular decomposition

T
(17) g:ldu7 where d:ma:HUj(g)hj’
§=0
and o; = 0y, is the fundamental matrix coefficient for the highest weight vector

corresponding to A;. If TI(§) = g, then because o/ = o " projects to o ",
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hy
)

and the a; are positive integers such that hé = Zdjhj (these numbers are also
compiled in Section 1.1 of [1]).

If § € LK, then |0,(g)| depends only on g = I1(§). We will indicate this by
writing
(1.9) |75 (9)] = lo;1(9)-
This also implies a(g) = a(g).

For later reference we summarize this discussion in the following way.

g =1-TI(d) - u, where

0'0(

(1.8) 1(d)(g) = 00(5) " ng(é)i” =11 ( Ujgij
j=1 Jj=1

Lemma 1. For g € LK and g =11(§), g has a triangular factorization if and
only if g has a triangular factorization. The restriction of the projection LK — LK
to elements with m(g) = 1 is injective.

2. REDUCED SEQUENCES IN THE AFFINE WEYL GROUP

The Weyl group W for (Lg, Cd + h) acts by isometries of (Rd + bg, (-,-)). The
action of W on Rc is trivial. The affine plane d + h is W-stable, and this action
identifies W with the affine Weyl group and its affine action (1.2) (see Chapter 5
of [4]). In this realization

(2.1) Top = hé ory, and r,, =rg, >0.

Definition. A sequence of simple reflections r1,72,.. in W is called reduced if
Wy = pTp_1..71 18 a reduced expression for each n.

The following is well-known:

Lemma 2. Given a reduced sequence of simple reflections {r;}, corresponding
to simple positive roots ;,
(a) the positive roots which are mapped to negative roots by w, are

1 .
Tp =Wy Y =T1eTi-1 Y, J=1.,n.
(b) Wg—1Tn, = Tk-T—1¥n > 0, k < n.

A reduced sequence of simple reflections determines a non-repeating sequence of
adjacent alcoves

(22) Co,wl_IC(),..,’LUT_LilCO ZT‘l..’/‘n_lCO,..,

where the step from w, ', Cy to w;, 'Cy is implemented by the reflection 7, =
w;ilrnwn_l (in particular the wall between C,,_; and C), is fixed by 7., ). Con-
versely, given a sequence of adjacent alcoves (C;) which is minimal in the sense
that the minimal number of steps to go from Cy to Cj is j, there is a corresponding
reduced sequence of reflections.

Definition. A reduced sequence of simple reflections {r;} is affine periodic if,
in terms of the identification of W with the affine Weyl group, (1) there exists [

such that w; € T and (2) wsy; = wg 0wy, for all s. We will refer to wl_l as the
period (! is the length of the period).
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Remarks. (a) The second condition is equivalent to periodicity of the associated
sequence of simple roots {7;}, i.€. Yst1 = Ys-

(b) In terms of the associated walk through alcoves, affine periodicity means that
the walk from step [ + 1 onward is the original walk translated by wl_l.

Theorem 2.1. (a) There ezists an affine periodic reduced sequence {r;} of sim-
ple reflections such that, in the notation of Lemma 2,

(2.3) {rji1<j<oo}={kd" —c:a>0k=12.},

i.e. such that the span of the corresponding root spaces is W (zC[z]). The period

can be chosen to be any point in C' N T.
(b) Given a reduced sequence as in (a), and a reduced expression forwg = r_n..ro
(where wq is the longest element of W), the sequence

T'-Ns-T0,T15 -

is another reduced sequence. The corresponding set of positive roots mapped to
negative roots is

{kd*+é&:a>0,k=0,1,.},

i.e. the span of the corresponding root spaces is Wt (C[z]).

Proof. Suppose that we are given a reduced sequence {r;} of simple reflections.
In terms of the corresponding sequence of adjacent alcoves (2.2), (2.3) holds if
and only if the alcoves are all contained in C, and asymptotically the alcoves are
infinitely far from the walls of C. In the case of SU(2), there is a unique such
reduced sequence; in all higher rank cases, there are infinitely many such reduced
sequences.

Now suppose that h € CNT, e.g. h = 2h;. To obtain an affine periodic reduced
sequence with period h, choose a finite reduced sequence of reflections r1,..,r4 such
that r1..7r4Coy = Cy+ h. This is equivalent to doing a minimal walk through alcoves,
all contained in C, from Cj to its translate by h. Note that the closure of the alcove
Co + h is contained in C. We then continue the walk through alcoves periodically,
that is, after the second set of d steps we land at the translate of Cy by 2k and so
on. This periodic walk has the property that we are eventually arbitrarily deep in
the interior of C, and this property implies (2.3). This implies (a).

Given (a), part (b) is clear.

O

Remarks. (a) If h; € f, then h; is the point in CNT with shortest Weyl group
length (and also closest to the origin in the Fuclidean sense). If this is not the case,
conjecturally 2h; is the point in C'N T with shortest Weyl group length.

(b) Via the exponential map 2miR/2miT is isomorphic to C(K). Thus exp(2mihg)
is always central, and h; € T if and only if exp(2mihg) = 1. This is the case if and
only if § is of type A;, provided 2|l, By, provided 4|I(1 + 1), Dy, provided 4]I(l — 1),
Gg, F4, EG or Eg. .

(¢) Given a point h € T, the Weyl group length is the number of hyperplanes
associated to Weyl group reflections crossed by the straight line from the origin to

h. When hs € T its length is Y aso height(d).
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3. GENERALIZATIONS OF THEOREM 0.1

Throughout this section we assume that we have chosen a reduced sequence {r;}
as in Theorem 2.1, and a reduced expression 1wy = r_p..r¢g (In Theorem 3.1 below,
it is not necessary to assume that the sequence is affine periodic. We will use affine
periodicity in Theorem 3.2, and it seems plausible that this use is essential). We
set

. . —1
Ty, = Wp_ 10y, W, 1, n=1,2,..

. . . . . 1 . |
iy Tlhn Wy ) TN vy TNy b = WOl Wy

and for n > 0
. . . -1 . -1
br) = WoWn—1ly, Wy, _1Wg -

Also for ¢ € C, let a(¢) = (1 + |<|2)—1/2 and

(31) k() =a(0) (é ‘f) _ (é ‘f) (“(OO a(gl) ((1) ‘f) c SU(2).

Theorem 3.1. Suppose that ki € Eme and H(iﬂl) = k1. The following are
equivalent:

(a1) m(k1) = 1; and for each complex irreducible representation V() for G,
with lowest weight vector ¢ € V (), m(k1)~1(¢) is a polynomial in z (with values
in V), and is a positive multiple of ¢ at z = 0.

(b1) k1 has a factorization of the form

for some n; € C.
(c1) k1 has triangular factorization of the form ki = lyajuy wherely € N‘((C[z_l]).
Moreover, in the notation of (b1 ),

ar = [Tatm)".

Similarly, the following are equivalent:

(az) m(ks) = 1, and for each complex irreducible representation V(x) for G,
with highest weight vector v € V(r), m(k2) " (v) is a polynomial in z (with values
in V), and is a positive multiple of v at z = 0.

(by) ko has a factorization of the form

ky = i, (K(Gn)) i (K(G1))

for some (; € C.
(c2) ko has triangular factorization of the form ko = laasus, wherels € N+(z_1(C[z_1]).
Also, in the notation of (by),

(3.2) ay = [Ja(¢)".

Proof. The two sets of equivalences are proven in the same way. We consider
the second set.

The subalgebra n™ N w;ianrwn,l is spanned by the root spaces corresponding
to negative roots —7;, j = 1,..,n. Given this, the equivalence of (b2) and (c2) follows
from (b) of Proposition 3 of [2]. We recall the argument, for the convenience of the
reader. In the process we will also recall the proof of the product formula for as.



UNITARY LOOP GROUPS AND FACTORIZATION 9

The equation (3.1) implies that
k6D =in (¢ DPa@r=in((y )

= exp(ijTj)a(Cj)th W;—llexp(_éje'yj )ijl

is a triangular factorization.

Let k(™ =i (k(Cy))-ir, (k(¢1)). First suppose that n = 2. Then
(33) k) = eap(Cafr)a(Ce) 2 rrewp(—Caeny vy exp(Cifoy Ja(G) rexp(—Cies, )
The key point is that

riexp(—Caen, )ty exp(Cify,) = rrexp(—Coeq, Jexp(Grey, eyt
=riexp(Ciey, )iry ", (for some @€ NTAr NTrit)
=exp(C1fy,)u, (for some ue NT).

Insert this calculation into (3.3). We then see that k(®) has a triangular factoriza-
tion, where

a(k(2)) = a(Cl)h”a(Cz)hT2
and

(3.4) 1(E®) = exp(Cafry)exp(Cra(Ge) ™2 fr))

= exp(Cafr, + Ga(Ge) ) 1)

(the last equality holds because a two dimensional nilpotent algebra is necessarily
commutative).
To apply induction, we assume that k(") has a triangular factorization with

n—1

(3.5) l(k("fl)) = GIP(Cn—lan,l)Z eEN Nw,* Ntw, ; = exp(z Cfr),
j=1

for some [ € N~ Nw, s Ntw, o = exp(Z?;f Cfr,), and

n—1

a(kV) =TT a(¢))".

j=1
We have established this for n — 1 =1,2. For n > 2
K = eap(Gafr, )a(Gn) " wy, L yexp(=Caes, )Wa—teap(Gai fr, -, )la(k" D yu(k" )

= exp(Cafr,)a(Gn)" W, L ep(=Caes, Jiwn—1a(k™~D)u(k" V),
where @ = w,, _1exp(Co_1fr,_)iw, ', € wo 1 N~w,, L NN, Now write exp(—Cnes, )i =

U1z, relative to the decomposition

NT = (NTNw,-1N w, ) (NT Nw, i NTw b))

n—1
Let
1=a(C) " w inw, 1a(C) " e N"nw, 1 NTw,_;.

Then k(™ has triangular decomposition

RO = (eap(Gafr, V) (a(Ga) (kD)) (a(k®™D) M aza (k™ D)u(k")).
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This implies the induction step. Because of the form of (3.5), it is clear that (1, .., ¢,
are global coordinates for N~ Nw,, ! NTw,. This establishes the equivalence of (b)
and (cz). The induction statement also implies the product formula (3.2) for as.
It is obvious that (c¢z) implies (ag). In fact (c2) implies a stronger condition. If
(c2) holds, then given a highest weight vector v as in (ag), corresponding to highest
weight A, then
(3.6) (ks o = m(ug tay 1 o = a;Aw(ugl)v,
implying that m (kg )v is holomorphic in A and nonvanishing at all points. However
we do not need to include this nonvanishing condition in (ag), in this finite case.
It remains to prove that (ay) implies (¢). Because ks is determined by ks, as in
Lemma 1, it suffices to show that ko has a triangular factorization (with trivial T
component). Hence we will slightly abuse notation and work at the level of loops
in the remainder of this proof.
To motivate the argument, suppose that ks has triangular factorization as in
(c2). Because ug(0) € N, there exists a pointwise G-triangular factorization (see

(1.3))
(3.7) up(2) " = U(uz(2) " )d(ua(2) " iluz(2) ")

which is certainly valid in a neighborhood of z = 0; more precisely, (3.7) exists at
a point z € C if and only if

Gi(uz(2)71) #0, i=1,.r
When (3.7) exists (and using the fact that ko is defined in C*),

Ra(2) = (Ia(2)azi(ua(2) ™) az") (azd(ua(2)7) ™) iua(z) )7

This implies
(38) k()" =iua(x)7) (dua(x)az ") (azifua(z) ez a(2)7)

This is a pointwise G-triangular factorization of ks ! which is certainly valid in a
punctured neighborhood of z = 0. The important facts are that (1) the first factor
n (3.8)

(3.9) ik ') = i(ua(2)™)
does not have a pole at z = 0; (2) for the third (upper triangular) factor in (3.8),
the factorization

(3.10) U(ky ") = 1a(2) (azi(ua(2) " Has )

is a LG-triangular factorization of @(ky ')~ € LN+, where we view (k5 ')~! as
a loop by restricting to a small circle surrounding z = 0; and (3) because there
is an a priori formula for as in terms of ky (see (1.8)), we can recover Iy and (the
pointwise triangular factorization for) uy ' from (3.8)-(3.10): Iy = l(a(ky ')~1) (by
(3.10)), and
(3.11) [(ug(2)") = l(ka(2)7"),  d(uz(2)™") = d(ka(2)az,

and  a(ug(2)7Y) = ay tu(a(kz(2) 7)) as.
We remark that this uses the fact that ko is defined in C* in an essential way.

Now suppose that (as) holds. In particular (ap) implies that ¢;(k; ') has a
removable singularity at z = 0 and is positive at z = 0, for ¢ = 1,..,r. Thus k; !
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has a pointwise G-triangular factorization as in (3.8), for all z in some punctured
neighborhood of z = 0.

We claim that (3.9) does not have at pole at z = 0. To see this, recall that for
an n x n matrix g = (g,;) having an LDU factorization, the entries of the factors
can be written explicitly as ratios of determinants:

CZ(Q) = diag(01702/01703/02, -~70n/0n—1)

where oy, is the determinant of the k** principal submatrix, oy = det((gij)1<ij<k);
for i > j,

gi1 gi2 - g1j
921
(312) L. — det . /O_.:<g€l/\../\Ej,el/\../\ejfl/\eﬁ
' * . J <g€1/\../\€j,61/\../\6j>
gj—1,1 gj—1,j
gi,1 Gij
and for i < j,
g11 912 - G14i-1 91,5
9i,1 9i.j

Apply this to g = k; ' in a highest weight representation. Then (3.12), together
with (as2), implies the claim.

The factorization (3.10) is unobstructed. Thus it exists. We can now read the
calculation backwards, as in (3.11), and obtain a triangular factorization for ks as
in (cz) (initially for the restriction to a small circle about 0; but because ky is of
finite type, this is valid also for the standard circle). This completes the proof.

O

In the C* analogue of Theorem 3.1, it is necessary to add further hypotheses in
(a;); see (3.6). To reiterate, we are now assuming that the sequence {r;} is affine
periodic.

Theorem 3.2. Suppose that ki € LK and H(I;:l) = ky. The following are
equivalent:

(a1) m(k1) = 1; and for each complex irreducible representation V() for G,
with lowest weight vector ¢ € V(r), m(k1)~1(¢) has holomorphic extension to A, is
nonzero at all z € A, and is a positive multiple of v at z = 0.

(b1) ki has a factorization of the form

Fir= tim iy (k)i (k(1-x)).

for a rapidly decreasing sequence (7).

(c1) ky has triangular factorization of the form k1 = liajuy wherel; € HO(A*, N’)
has smooth boundary values.

Moreover, in the notation of (b1),

ar = [Tatm)".

Similarly, the following are equivalent: for ko € LK,
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(az) m(ks) = 1; and for each complex irreducible representation V (r) for G, with
highest weight vector v € V (), w(k2)~(v) € H°(A; V') has holomorphic extension
to A, is nonzero at all z € A, and is a positive multiple of v at z = 0.

(b2) ko has a factorization of the form

];52 = nh—>ngo ir, (k(Cn))Zn (k(CI))

for some rapidly decreasing sequence ((;).

(c2) ko has triangular factorization of the form ke = laasus, where ly € H° (A*, o0; N, 1)
has smooth boundary values.

Also, in the notation of (by),

(3.13) ap = [Ja(¢)".

Proof. The two sets of equivalences are proven in the same way. We consider
the second set.

Suppose that (az2) holds. To show that (cg) holds, it suffices to prove that ko has
a triangular factorization with ls of the prescribed form (see Lemma 1). By working
in a fixed faithful highest weight representation for g, without loss of generality, we
can suppose K =8U (n). For the purposes of this proof, we will use the terminology
in Section 1 of [3]. We view ko € LSU(n) as a unitary multiplication operator on
the Hilbert space H = L?(S*;C"), and we write

_ (A(k2) B(k2)
M’“’-’_(C(kg) D(k2)>

relative to the Hardy polarization H = H™ & H ™, where A(ks) is the compression
of My, to H™, the subspace of functions in H with holomorphic extension to A. To
show that ks has a Birkhoff factorization, we must show that A(k2) is invertible (see
Theorem 1.1 of [3]). An elementary argument then shows that ks has a triangular
factorization of the desired form.

Let Ci,..,C, denote the columns of k;'. In particular (ap) implies that C;
has holomorphic extension to A and C,, has holomorphic extension to A* (by
considering the dual representation). Now suppose that f € H* is in the kernel of
A(ksz). Then

(3.14) (Cif)4 =0, j=1,.,n,
where (-); denotes orthogonal projection to H™, and C7 is the (pointwise) Her-
mitian transpose. Since C}: has holomorphic extension to A, (Clf); = C}f is

identically zero on S*. This implies that for z € S, f(z) is a linear combination of
the n — 1 columns C;(z), j < n. We write

f=MCi+ ..+ 210

where the coefficients are functions on the circle (defined a.e.). Now consider the
pointwise wedge product of C™ vectors

fACIAN NANCpg =N _1C1 AL AChoy.

The vectors Cy A .. A C; extend holomorphically to A, and never vanish, for any j,
by (az) (by considering the representation A7(C™)). Since f also extends holomor-
phically, this implies that A,,_; has holomorphic extension to A. Now

Cr1f=X1Cp 101 =My
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by pointwise orthonormality of the columns. Since the right hand side is holomor-
phic in A, by (3.14) (for j = n — 1) A\,_1 vanishes identically. This implies that in
fact f is a (pointwise) linear combination of the first n — 2 columns of k5 *. Con-
tinuing the argument in the obvious way (by next wedging f with C; A .. A Cp_3
to conclude that A,_s must vanish), we conclude that f is zero. This implies that
ker(A(kz)) = 0. Since K is simply connected, A(ky) has index zero. Hence A(ky)
is invertible. This implies (c2).

It is obvious that (c) implies (az); see (3.6). Thus (az) and (c2) are equivalent.

Before showing that (bs) is equivalent to (az) and (cz), we need to explain why
the C*° limit in (bs) exists. We first consider the projection of the product in LK.
Because k((;) = 1+ O(|¢;]) as (; — 0, the condition for the product in (b2) to
converge absolutely is that Y ¢, converges absolutely. So ko certainly represents a
continuous loop.

We will now calculate the derivative formally. In this calculation, we let kén)
denote the product up to n, and 7, = k(n)d* — é&(n) (k(n) > 0, and a(n) > 0).
Then

8k2 e . 0
613k ZAd K (i, 0406 i, () )

k(n
N ZAd k(n 1) ( 1+(|C) ‘2 |<n| ha(n Cnea(n —R) _ C Ja (n) k(n))) :

Because we are using an affine periodic sequence of simple reflections (with period
wfl e C C hR) Ti+1 = wfl S T1, Ti42 = wfng, and so on. In general, writing

= k(j)d* — &(j) as above, and using Proposition (4.9.5) of [4] to calculate the
coadjomt action,

(3.16) oty = w75 = (k(F) +na(j)(w))d" — a(j).

Because &(w;) > 0, for all & > 0, it follows that k(n) is asymptotically n. Because
Ad(k™=1) is orthogonal, (3.15) implies that

Ohs s S B e
J 1 GPe < 3 T (Gl IRl

This is comparable to > n?|¢,|>. Thus kg is W whenever ¢ € w'. Higher deriva-
tives can be similarly calculated. This shows that if ( € w™, then ko € W™. Hence
if ¢ € ¢*°, the Frechet space of rapidly decreasing sequences, then ky € C'°.

Together with Lemma 1, this does imply that the product in (b3) converges in
LK. But to explain this further, note that

o0 (k2) = ad® = T (1 + [ 7))

converges, because Ag(h,,;) is asymptotically j. It then follows clearly from (1.7)
and (1.8) that the lifted product in (b2) converges.

Now suppose that (be) holds. The map from ¢ to ko is continuous, with respect
to the standard Frechet topologies for rapidly decreasing sequences and smooth
functions. The product (3.13) is also a continuous function of ¢, and hence is
nonzero. This implies that ko has a triangular factorization which is the limit
of the triangular factorizations of the finite products l?:é"). By Theorem 3.1 and
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continuity, this factorization will have the special form in (cz). Thus (bs) implies
(a2) and (c2).

Suppose that we are given ko as in (a2) and (c2). Recall that Iy has values in
NT. We can therefore write

(3.17) Iy =exp(d_a}f), a}€C.

Jj=1

(the use of x* for the coefficients is consistent with our notation in the SU(2) case,
see (cz) of Theorem 0.1).

As a temporary notation, let X denote the set of ks as in (a2) and (c2); z* is a
global linear coordinate for this space. We consider the map

(3.18) c® = X :( — k.

This map induces bijective correspondences among finite sequences ¢, ko € X N
L finK and finite sequences x*, and the maps ( to z* and x* — ( are given by
rational maps; however (although it seems likely) it is not known that the limits of
these rational maps actually make sense even for rapidly decreasing sequences (see
the Appendix of [3] for the SU(2) case). We will use an inverse function argument
to show that the map (3.18) has a global inverse (technically, to apply the inverse
function theorem, we should consider the maps of Sobolev spaces w"™ — X™, where
X™ is the W™ completion of X, but we will suppress this).

Given a variation of ¢, denoted (', we can formally calculate the derivative of
this map,

b 0 = 30 A ) i) () el (T raen (87

n=1

319) = 3 Ad0 ) i ol a6 (g ) e (50 %))

_ (n—=1)\—1/; 2 %(CTLC’:L —(nGp) _ 7<;L _ )
2 AU (0l (g™ e
As before it is clear that this is convergent, so that (3.18) is smooth. At ¢ = 0
this is clearly injective with closed image, so that there is a local inverse. Consider
more generally a fixed ko € X N L f,-nf( , so that ké”_l) = ko for large n. Recall
that the root spaces for the 7, are independent and fill out n~ (2C[z]). Given a
variation such that ky 'k% = 0, the terms in the last sum in the derivative formula
(3.19) must be zero for large n. But we know that the map (3.18) is a bijection
on finite (. Thus for a variation of a finite number of (; which maps to zero, the
variation vanishes. It is clear that the image of the derivative (3.19) is closed. The
image is therefore the tangent space to X (because we know that finite variations
will fill out a dense subspace of the tangent space). This implies there is a local
inverse. This local inverse is determined by its values on finite z*, and hence there
is a uniquely determined global inverse. This shows that (a3) and (cg) imply (b2).
Finally (3.13) follows by continuity from (3.2).
d
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4. GENERALIZATION OF THEOREM 0.2

Theorem 4.1. Suppose §j € LK and I1(§) = g.

(a) The following are equivalent:

(i) § has a triangular factorization § = lmau, where I and u have C* boundary
values.

(i) g has a factorization of the form

g = kiexp(x)ks,

where x € Lt, and k1 and ko are as in Theorem 3.2.

(b) In reference to part (a),

(4.1) a(g) = a(g) = a(k1)a(exp(x))a(ks), (a(g)) = (a(k1))(a(k2))

and

(42) aleap(x)) = |ool(exp(0))" [T lool(exp())".

Proof. Tt suffices to prove (a) with ¢ in place of g, k1 in place of k1, and so on.
This will require that we use the clumsy (but correct) notation k; = ;11(a;)u; for
the triangular decomposition of k;. We can also assume that y € Lt.

Suppose that we are given g as in (ii). Both k; and ko have triangular factoriza-
tions. In the notation of Theorem 3.2

g = (hWl(a1)u1)"exp(x)(l21l(az)uz) = uill(a1)(lfexp(x)l2)(az)us.
The simple observation is that b = Iexp(x)la € C®(S', Bt)y (the identity com-
ponent), and hence will have a triangular fac_torization. More precisely, if we write
X = X-*+ X0+ X+, where X- € HO(A*7OO;[J’0)7 Xo € %a and X+ € HO(A,O, b70)7
then
b= exp(x-) (exp(—x-)liexp(x-)exp(xo)exp(x+)l2exp(—x+)) exp(x+)
will have triangular factorization
= (exp(x-)L) (m(b)a(b)) (Uexp(x+)) ,

where m(b) = exp(xo), a(b) =1,

L = lexp(—x-)lfexp(x-)exp(xo)exp(x+)lzeap(—x+)) € HO(A, 00; N, 1),
and

U = u(exp(—x-)ljexp(x-)exp(xo)exp(x+ )laexp(—x+)) € HO(A; N7).
Thus g will have a triangular factorization with
(4.3) I(g) = uieap(x—)M(ar)L(a1) ™", T(m(g)) = exp(xo),
(a(g)) = M(a1)(az), u(g) = M(az) ' Ull(az)exp(x+)us.

Thus (ii) = (i).

Conversely, suppose g = lII(ma)u, as in (i). At each point of the circle there are
NTAK decompositions

l_l = fl;ldflkl, u = 7'7/2&2]'{)2.

In turn there are Birkhoff decompositions

a; ' =exp(x; +xi0+Xi):  Xxi € H'(A D), xio € e
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Define
ki = exp(—x; + Xi)ki.
Then
k1 = exp(x1,0 + 2x1)n “1*
has triangular factorization with

1(k1) = l(ezp(x1,0 + 2x1)71 “exp(—(x1,0 +2x1))) € H(A*, 00; N, 1),

I(a(k1)) = exp(x1,0),
and similarly
ko = exp(2x2 + X270)’f12_1u
has triangular factorization with

I(k2) = l(exp(2x2 + X2,0)125 "exp(—2x2 — X2,0)) € H (A%, 00; NT, 1),
(a(ks)) = exp(x2,0)-

Finally, and somewhat miraculously, on the one hand k;gksy ! has value in K,
and on the other hand

(44) klgkgl = Gl'p(foo — 2)(;)7.7,11_[(7710,)7'12613})(7)(2’0 — 2X2),

has values in Bt. Therefore kjgk; ' has values in T. It is also clear that (4.4) is
connected to the identity, and hence k1gky ' € (LT)o. Thus (i) = (ii).
Part (b) follows from (4.3) and (1.8).

5. EXAMPLES

In the case of K = SU(n), the fundamental matrix coefficient can be realized
as the determinant of the Toeplitz operator A(g) associated to a loop g € LSU(n),
where the determinant is viewed as a section of a line bundle; see p. 226 of [4].
Part (b) of Theorem 4.1 implies that

|o0[*(9) = det(A(g)* A(g)
H (1 + g2 20D eap(—n S k) T+ G2 "
j=1 =1

If 7j = k(j)d* — & (as in Theorem 2.1), then Ag(hr;) = k(j).

~—

5.1. SU(2). In this case there is a unique reduced sequence of simple reflec-
tions, as in Theorem 2.1, corresponding to the periodic sequence of simple roots
g, a1, g, a1, .. with period length [ = 2 and period

w;l =TaoTay = hé = 2h;.
The corresponding sequence of positive roots 7; mapped to negative roots is
d*—6,2d* — 0,3d* — 6, ..

In the notation of (3.17) and the previous Section,

. - _ 1 =z ;
lim N ﬂwn1N+wn{l2(0 1)::62sz]}

n—oo .
7>0
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is abelian. z* is determined by its residue x7, which in turn is a power series in ¢
and ¢ with nonnegative coefficients; see the Appendix to [3]). For g € LSU(2) as
in Theorem 4.1,

lo0l*(9) = det(A(9)*A(9)) = [T + s Fean(=2Y kbal) [T + 16"~
(see (c) of Theorem 7 of [2]).

5.2. SU(3). In this case h; is in the coroot lattice. For this choice of period,
there are two possible affine periodic reduced sequences, as in Theorem 2.1 (this
is obvious from the picture on page 72 of [4]). One choice corresponds to the
periodic sequence of simple roots ag, a1, s, a1, .., with period length I = 4 (the
other interchanges a; and ag). The sequence of positive roots mapped to negative
roots is

d* —0,d* — dy, 2d" — 0, d" — iy, 3d* — 0,2d* — dy,Ad* — 0, 2d* — diy, ..
In the notation of (3.17) and the previous Section,
0 ajzl+aiz"2. ajz7l+aiz2+.
lim N~ Nw, *NTw, = {ls = exp(| 0 0 L N e e S

Unlike the SU(2) case, the expansions of the x coefficients in terms of ¢ and the
factors a(¢;) involve signs. For g € LSU(3) as in Theorem 4.1,

det|A(g)]* = [ T(1+ Ins )" Peap(=3_ k) [T+ I6:*) 7+
where k(i) is the sequence 1,1,2,1,3,2,4,2,5,3,6,3,... Also
M(a(g) = af"ab*
where

4 = H a(¢;)™t and ag = H a(¢)h

7#2.6,10,.. J#4.,8,12,..

5.3. SU(n). This will appear in the second author’s dissertation.
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