KISIN-REN CLASSIFICATION OF wo-DIVISIBLE

O-MODULES VIA THE DIEUDONNE CRYSTAL

by
Alex Jay Henniges

A Dissertation Submitted to the Faculty of the
DEPARTMENT OF MATHEMATICS

In Partial Fulfillment of the Requirements
For the Degree of

DocCTOR OF PHILOSOPHY
In the Graduate College

THE UNIVERSITY OF ARIZONA

2016



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Dissertation Committee, we certify that we have read the dis-
sertation prepared by Alex Henniges entitled Kisin-Ren classification of w-divisible
O-modules via the Dieudonné Crystal and recommend that it be accepted as fulfilling
the dissertation requirement for the Degree of Doctor of Philosophy.

Date: April 19, 2016

Bryden Cais

Date: April 19, 2016

Kirti Joshi

Date: April 19, 2016

Romyar Sharifi

Date: April 19, 2016

Pham Tiep

Final approval and acceptance of this dissertation is contingent upon the candidate’s
submission of the final copies of the dissertation to the Graduate College.

I hereby certify that I have read this dissertation prepared under my direction and
recommend that it be accepted as fulfilling the dissertation requirement.

Date: April 19, 2016

Dissertation Director: Bryden Cais



STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an
advanced degree at The University of Arizona and is deposited in the University
Library to be made available to borrowers under rules of the Library.

Brief quotations from this dissertation are allowable without special permission,
provided that accurate acknowledgment of source is made. Requests for permission
for extended quotation from or reproduction of this manuscript in whole or in part
may be granted by the head of the major department or the Dean of the Graduate
College when in his or her judgment the proposed use of the material is in the interests
of scholarship. In all other instances, however, permission must be obtained from the
author.

SIGNED:




ACKNOWLEDGMENTS

There are many people I would like to thank for their help and support during my
time at the University of Arizona. The memories and friends I made over the years
here will always hold a special place in my heart.

I would like to thank all of the graduate students I've spent time with over the
past six years. In particular, I would like to thank Whitney Berard, Ryan Coatney,
George Todd, and Ronnie Williams. I would especially like to thank Cody Gunton
for the special bond that comes from sharing an advisor.

I am grateful to the many professors I've learned from over the years. I'd like to
thank Nicholas Ercolani and David Glickenstein for the opportunities to work with
them. DI'm especially appreciative of my committee members, Kirti Joshi, Romyar
Sharifi, and Pham Tiep, for their time and patience. Most of all, I want to thank
my advisor, Bryden Cais, for the countless hours of help and unwavering support.
There’s no doubt I must have tried your patience many times, but you have been a
constant source of inspiration and energy.

The love and support of my family extends far beyond my time as a graduate
student, but that support, even when they could not help me academically, has al-
lowed me to accomplish my goals. Thank you mom and dad. Thank you also to my
parents-in-law for their support. I am blessed to have two sets of parents that believe
in me. Lastly, my eternal love and thanks to my wife, Cathy. As things grew more
difficult at the end, you were there for me even more.



TABLE OF CONTENTS

ABSTRACT . . . o o o o 6
1. INTRODUCTION . . . . o i o i e e s s s s s 7
2. LUBIN-TATE GROUPS . . . . . . o o oot s s s, 14
2.1. Formal group laws . . . . . .. ... ... oL 14
2.2. Lubin-Tate formal group laws . . . . . . .. .. ... ... ... 17
3. O-DIVIDED POWERS . . . . . . . . . 22
3.1. Definition . . . . . . . .. 22
3.2. O-divided power envelope . . . . . . . .. ... 29
4. BREUIL-KISIN MODULES OVER © AND S . . . . . . . . . . . . ... ... 31
4.1. Definitions . . . . . . . . .. 31
4.2. Modules in characteristicp. . . . . . .. ... .00 o1
4.3. An equivalence of categories . . . . . . ... ..o 78
5. APPLICATION TO w-DIVISIBLE O-MODULES . . . . . v v v v v i i . 92
5.1. Theresults of Kisin-Ren . . . . . . . . . .. .. . .. ... ... 92
5.2. w-divisible O-modules and the results of Faltings . . . . .. .. 101
5.3. Kisin-Ren classification of w-divisible O-modules . . . . . . . . 106

REFERENCES . . . . . 118



ABSTRACT

Let k be a perfect field of characteristic p > 2 and K a totally ramified extension of
Ky = Frac W (k) with uniformizer 7. Let F' C K be a subfield with uniformizer w,
ring of integers O, and residue field kp C k with |kp| = ¢. Let Wp = O @w k) W (k)
and consider the ring & = Wg[u] with an endomorphism ¢ that lifts the g-power
Frobenius of & on Wy and satisfies p(u) = u? mod @ and ¢(u) = 0 mod u. In this
dissertation, we use O-divided powers to define the analogue of Breuil-Kisin modules
over the rings G and S, where S is an O-divided power envelope of the surjection
6 — O sending u to m. We prove that these two module categories are equivalent,
generalizing the case when ' = Q, and @ — p. As an application of our theory, we
generalize the results of Kisin [17] and Cais-Lau [8] to relate the Faltings Dieudonné
crystal of a w-divisible O-module, which gives a Breuil module over S in our sense,

to the modules of Kisin-Ren, providing a geometric interpretation to the latter.



1. INTRODUCTION

An important class of objects in both algebraic geometry and number theory are
abelian varieties. For example, elliptic curves are one-dimensional abelian varieties
and were key in Wiles” proof of Fermat’s Last Theorem, and elliptic curves are also
important in cryptography.

One way to study an abelian variety A is through its p-divisible group A[p*].
A theorem of Serre-Tate says, essentially, that the deformation theory of an abelian
scheme is the same as the deformation theory of its p-divisible group. The power
of Serre-Tate is that it states that to understand an abelian variety, it is enough to
understand its p-divisible group, a much simpler object.

This motivates a desire to classify p-divisible groups. In characteristic p, one way
to do this is via the Dieudonné module. Let k be a finite field of characteristic p and let
W := W (k). There is an equivalence between the category of p-divisible groups over k
and a certain category of W (k)-modules with additional semilinear algebra structure
(so-called Dieudonné modules). In this setting, when the p-divisible group comes
from an abelian variety over k, a theorem of Mazur-Messing relates this classification
to the crystalline cohomology of A over W.

Let K be a finite, totally ramified extension of Frac W (k) and let Ok be its ring of
integers. Let & = W [u] be the ring of power series in one variable over W. A similar
classification for p-divisible groups over Ok by a certain category of G-modules with
additional semilinear algebra structure was conjectured by Breuil and shown by Kisin
in [17], and moreover Kisin relates this equivalence to crystalline cohomology via the
Dieudonné crystal. We will describe this classification in more detail below, but we
point out that one difficulty in this setting opposed to the setting of p-divisible groups
over k is that the kernel of the map & — Ok /(p) does not have divided powers and so

the classification via the Dieudonné crystal must go through a divided power envelope



of &.

Often, for example in the study of Shimura varieties, one wants to classify abelian
varieties with extra structure. This structure may come in the form of an action of O,
where O is the ring of integers for some, possibly ramified, field extension F'/Q, with
uniformizer w. In this case, the associated p-divisible group also has an action of O,
and we call such objects w-divisible O-modules. The results of Kisin-Ren [19] provide
a classification of such w-divisible O-modules over Ok by a category of modules with
semilinear data by using Galois representations via the Tate module. Our goal in this
dissertation is to relate this construction of Kisin-Ren to crystalline cohomology via
a Dieudonné functor given by Faltings [12].

Let us first discuss the classical setting in more detail. As above, let K be a local
field of mixed characteristic p, where p is an odd prime. Let 7 be a uniformizer of K
and k its residue field. The Witt vector ring W = W (k) has a canonical lift of the
p-power Frobenius on k. Define & := Wu] to be the power series ring over W with
indeterminate u. On G we can define an endomorphism ¢ extending the Frobenius
on W as ¢(u) = uP. Denote by E(u) € S the minimal polynomial for m over W.

Let Modg denote the category of finite free G-modules 9 equipped with a ¢-
semilinear and additive map gy : 9T — 991 such that the cokernel of the linearization

id®@pgn : "M =6 @ézm—nm
¢,

is killed by some power of F(u). Kisin [17] showed that the category of crystalline
representations of Gx admits a fully faithful embedding into the isogeny category
Modg ®Q, of ModZ. Kisin also described the essential image and used this to give a
classification of Z,-lattices in crystalline G g-representations.

When G is a p-divisible group over O, the Tate module 7,,G is a lattice in a
crystalline representation with Hodge-Tate weights equal to 0 or 1, and Kisin shows
in [17] Theorem 2.2.7 that there is an object M(G) of Modg corresponding to 7,G. In
fact, M(G) € BTE, the full subcategory of Modg consisting of objects such that the



cokernel of p*IM — M is killed by E(u). Moreover, the functor G ~» MM(G) induces
an equivalence between the category of p-divisible groups over Ok and BT, shown
also in Theorem 2.2.7 of [17].

Let S be the p-adic completion of the divided power envelope of & with respect to
the ideal E(u)&, and let Fil’ S be the usual divided power filtration on S. The ring S
is equipped with a unique continuous extension of ¢. Denote by BT the category of
finite free S-modules with a submodule Fil' M containing Fil' S-M and a ¢-semilinear
map Qa1 : Fil' M — M whose image spans M over S. Using the Dieudonné crystal
(see [17] Appendix A) of a p-divisible group G, one can functorially associate to G
an object M(G) = D(G)(S) in BTZ. Furthermore, this association G — M(G)
induces an equivalence between the category of p-divisible groups over Ok and BT%
as demonstrated in [17] Proposition A.6.

There is a functor BTE — BTY given in part by sending the G-module 9t to the
S-module S ®, ¢ M, where the left tensor is considered an &-module by a twist with
¢. Kisin [17] showed that for a p-divisible group G, the modules 9M(G) and M(G)
are compatible in the sense that

S @ M(G) = M(G)

functorially in G. This provides a geometric link between Kisin’s classification of
p-divisible groups, also called Barsotti-Tate groups, by their Galois representations
with crystalline cohomology. Notice that this also gives an equivalence between BTE
and BT, albeit indirectly.

On the other hand, Kisin-Ren [19] generalize the theory of Wach modules de-
veloped by Wach [26], Colmez [10], and Berger-Breuil [1] in the following way. If
F C K is a subfield with uniformizer w and residue field kr with ¢ = |kg|, construct
the ring &p = Wp[u] where Wrp = W (k) Qw ) Or. On Wy we now consider the
canonical lift of the g-power Frobenius on k. Define a Frobenius lift ¢ on all of &g

as follows: Let G be a Lubin-Tate group over O corresponding to w. By fixing a
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local coordinate X on G, the formal Hopf algebra Og may be identified with Op[X].
That is, for a € Op, there is an associated power series [a](X) with coefficients in Op
and [a](X) = aX mod X?2. Moreover, [](X) = X7 mod w. Then ¢(u) is defined to
be [w]|(u). Define K, to be the extension of K generated by the [c"]|-torsion points
of G and define K, = |JK,. If I' = Gal(K./K), we get a character xy : I' = O,
and an action of I on & given by v(u) = [x(7)](u).

Let Modé’}; denote the category of finite free Gr modules equipped with a -
semilinear map and commuting semilinear action of I' such that the cokernel of
"M — M is killed by a power of E(u) and the action of I' is trivial on 9t/udN.

Kisin-Ren [19] give a functor
T : Modé’g — Repp,. (Gk)

and they show that 7" induces an equivalence between the category of Opg-lattices
in F'-crystalline G g-representations and the full subcategory of Modé’£ consisting of
so-called F-analytic objects. We will denote by T™ the contravariant version of this
functor and by qMkgr the inverse on F-crystalline representations. This recovers the
theory of Wach modules in the case where F' = QQ, and w = p, which corresponds
to the Lubin-Tate group ¢ = G, and the cyclotomic extension K. /K. If G is
a w-divisible Op-module such that T,G is an Op-lattice in an F-crystalline G g-

representation, this result of Kisin-Ren associates to the dual (T,G)" an object
EJJIKR(G) = EJJIKR((TWG)V)

in Modé’}; of E-height 1. A natural question then is if one can relate the crystalline
cohomology of G to Mkr(G). Cais-Lau [8] gives this relationship when F/Q, is
unramified and w = p.

When F' is ramified over Q,, however, the analogue of the ring S over & cannot
be defined using classical divided powers. A reason for this is that the ideal (w)

of Op will fail to have divided powers if the ramification degree of F'/Q, is greater
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than p — 1. A definition of O-divided powers was first given by Gross and Hopkins
in 1994 [15] and refined by Faltings in [12]. In short, an ideal of an Op-algebra has
Op-divided powers if there is a map 7 : I — I which behaves like vy(z) = 2/w, and
then define ~, to be the n-fold iteration of ~.

In this dissertation, we give a construction for the ring Sr, now by taking the Op-
divided power envelope of G with respect to the ideal E(u)Spr. We then develop the
analogue of Breuil-Kisin modules ([4],[6]) in this setting. More precisely, we define the
categories Mod§ and Modg” for 7 < ¢ — 1 and show directly that the two categories
are equivalent in Theorem 4.3.7. This entails adapting the methods of Breuil ([4], [5],
[6]), Kisin [18], and Caruso-Liu [9] and represents the technical heart of this thesis.

We then apply Theorem 4.3.7 to generalize some of the results of Cais-Lau [8] to
the more general setting of Kisin-Ren. We use the analogue of the Dieudonné crystal,
as given by Faltings [12], to functorially associate to a w-divisible Op-module G an

object M(G) of BT‘Spf. The main result of this thesis is the following:

Theorem 1.1. For a w-divisible Op-module G with T,G € Repg;“is(GK), there is

an isomorphism of objects in BT’éFF :
Sk @per Mrr(G) = M(G).

Let M(G) be the descent of M(G) to BT&E which follows from Theorem 4.3.7. To
prove Theorem 1.1, we establish that the following diagram commutes in Proposition

5.3.1:

BTZ! — Repy, (Gk)

[

BT%" <% w-div/Ok

One deduces from the theory of Faltings [12] that for G a w-divisible Op-module,

one has T, (M(G)) = TG and we show in Proposition 5.3.1 that for 9 € BTé’E,

cris
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one has

(M) = T3(S @pe M).

Then using the above diagram and Theorem 1.6 of [19] as in the theory of Fontaine

[14], one shows that the two (¢, ')-modules given by
O¢ R SJTKR(G) and O¢ Rsp SDI(G)

are isomorphic, where Og is the w-adic completion of Gp[l/u]. After demonstrat-
ing that the functor Modé’g — Modé’gF is fully-faithful, we can then conclude that
M(G) = Mkr(G) and so Theorem 1.1 follows.

In Chapter 2, we give background information on Lubin-Tate groups. A familiar
reader can safely skip or skim over this material. In Chapter 3, we give the definition
of O-divided powers and a description of how to take the O-divided power envelope
for O-algebras without w-torsion. The literature on O-divided powers is still scarce
and we choose to give an alternative (but equivalent to [12]) development of O-divided
powers. It is the author’s opinion that this alternative notation more closely matches
that of the classical divided powers and provides some advantages.

We define the rings & and S in Chapter 4 as well as their respective ¢-module
categories. We then consider the categories in the case where the modules are
killed by w and show that they are equivalent by demonstrating that the functor
M — S Ry, M is both fully faithful and essentially surjective. Many of the argu-
ments as given by Breuil in [4],[5], and [6] hold up in this more general setting. We
then lift the results to modules free over & and S. Lemma 4.3.3 and Proposition
4.3.4 give the descent of an S-module to an &-module and for this the methods of
Caruso-Liu [9] extend nicely. Proposition 4.3.6 completes the equivalence by showing
that M — S ®, e M is fully faithful. We use here the generalization of the arguments
as established by Kisin in [18]. Throughout this chapter, we give careful details of

the arguments.
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Chapter 5 then provides the link between the results of Kisin-Ren and the con-
struction of Faltings. For any 9t € BT@’F, we show that there is a Gg-equivariant

isomorphism
1" (m) — T:ris(S ®S076 m)

The arguments used in the proof follow those of Kisin in [17] and we rely on results
from [19] and [12]. The remaining necessary piece is to show that the functor given
by M — O @e M is fully faithful. The arguments of Kisin in [17] and Cais and
Lau in [8] largely hold, but a generalized result given in [10] is needed, which we give
in Lemma 5.3.3. Combined, this shows that when Mkg(G) exists for a w-divisible
Op-module G, we have

S @6 Min(G) = M(G).

This gives a geometric description to Mk (G) via the Dieudonné crystal.
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2. LUBIN-TATE GROUPS

We borrow from the notes of Milne [23] 1.2 throughout this chapter.

2.1.  Formal group laws

Let O be the ring of integers for a finite extension of @Q,, let m be the maximal
ideal of O, let ¢ be the size of the residue field O/m, and fix w a uniformizer of O.
Denote the ring of power series in the variables X, ..., X,, and with coefficients in O
by O[ Xy, ..., X,,]. We write an f € O[ X1, ..., X,,] as

F= Y @ XX

i1,00yin >0

where a;, ;. € O and we say that the term a;, _; Xi'--- X' has degree equal to
i1 + -+ +1,. For simplicity, we use the notation .¢. to represent an arbitrary power
series whose nonzero terms all have degree at least d. We will make use of this
notation as a means to describe just the first few terms of a power series.

We recall some properties of O[X1, ..., X,,]. If we have f € O[Xq,..., X,] and if
for 1 < j < n, we have g; € O[Yi,...,Y,,] such that the constant terms, or degree
0 terms, of g; are all 0, then f(g, ..., g,) makes sense in O[Y7,...,Y,,,]. Moreover, if
f € XO[X] and the coefficient of the degree 1 term of f is a unit in O, then there is
a unique g € XO[X] such that fog=X. For f=3", . .. iy X' X and
for ¢; € m with 1 < j <n, define

fler, . ycn) = Z iy i e Ol
i1 yereyin >0

which converges in O.

Definition 2.1.1. A commutative formal group law is a power series F' € O[X,Y]

with the following properties:
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. FIX,)Y)=X+Y + .2

2. F(X,F(Y,7)) = F(F(X,Y),Z)

3. There exists a unique ix(X) € O[X] such that F(X,ip(X)) = 0.
4 F(X,Y) = F(Y, X).

Example 2.1.2. If (X, Y)=X+Y + XY =(1+ X)(14+Y) — 1, then F is easily
seen to be a formal group law with ip(X) = (1+ X)™' — 1.

A formal group law can endow certain sets with a group operation, as the next

two examples show.

Example 2.1.3. If F' is a formal group law, then TO[T] becomes a commutative

group under the operation

f+rg=F(f(T),9(T)).

The first property ensures that F(f(T),g(T)) € TO[T]. The second property is
precisely the associativity of +p, and the fourth property gives the commutativity of
+p. The identity is given by 0. To see this, first consider h(X) = F(X,0) € XO[X].
Then there exists A1 (X) € XO[X] such that h~oh = X. Also, the second property
of F' says that

h(X) = F(X,0)

(X, F(0,0))

F
F(F(X,0),0)
hoh.
Composing this equation with A~ then gives that h(X) = X. So F(X,0) = X, and

hence f 4+ 0 = f. Finally, the inverse of f under + is ir o f by the third property
of F.
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Example 2.1.4. Suppose that F' is a formal group law over O. Then for x,y € m,
we get F(x,y) € m. If we denote F'(z,y) by x +r y, then the set m together with the
operation +p forms a commutative group.

When F(X,Y) = X +Y + XY, the group (m,+p) is isomorphic to the group

(1 + m) under multiplication.

Definition 2.1.5. Let F/(X,Y) and G(X,Y) be formal group laws. A homomorphism
h: F — G is a power series h € TO[T] such that

WE(X,Y)) = G(h(X), h(Y)).

If there is a homomorphism A~! : G — F such that hoh™ = h='oh = X, then F and
G are said to be isomorphic. A homomorphism h : F' — F'is called an endomorphism

of F.

Remark 2.1.6. Let Hom(F, G) denote the set of homomorphisms F' — G. Using
Example 2.1.3, it is not difficult to show that for f, g € Hom(F,G), the power series
f 4+ g remains a homomorphism, and so Hom(F, G) becomes an abelian group under
this addition. Likewise, define End(F') := Hom(F, F'), and then this set becomes a
ring under addition by +r, and multiplication given by composition. Since fo(g+h)
does not generally equal f o g+ f o h for the standard addition of power series, we
emphasize the distributivity of composition with +z. To see the distributivity, let

f,g,h € End(F). Then,

folg+rh)=f(F(g(T),n(T)))
= F(fog(T), foh(T))

=fog+rp foh.

Example 2.1.7. If F(X,Y) = (1 + X)(1 +Y) — 1, then the power series given by
f(T)=(1+T)"—1is an endomorphism of F' since

FEXY)=1+0+X)1+Y)—1)"—1=(1+X)"(1+Y)" —1
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and

FUFX), fOY) =1+0+X)"—DA+1+Y)" —1)— 1.

2.2. Lubin-Tate formal group laws

Before we define the Lubin-Tate formal group laws, recall that w is a uniformizer for

O and q is the size of the residue field.
Definition 2.2.1. Denote by F,, the set of f(X) € O[X] such that
1. f(X)=wX +.2.
2. f(X)=X?mod w.
Example 2.2.2. If K = Q, and @ = p, then by binomial expansion,
fle) =142 —1€ F,.
A key lemma is the following.

Lemma 2.2.3. Let f,g € Fo, and let (X1, ..., X,,) be a linear form with coefficients
in O. Then there exists a unique € O[X7, ..., X,,]| such that
(X1, ... Xp) =m + .2, and

F(Xy, o X)) = n(g(Xa), . (X)),
Proof. We build n inductively. That is, we show inductively that for a positive inte-
ger r, there is a unique polynomial n,(Xq, ..., X,,) of degree r such that n, =n, + .2.
and

f (X1, ., X0)) = 0(9( Xy, .0, X)) + 71

For » = 1, the only possible choice given the first condition is 7); itself. To see that

n satisfies the second condition, note that f(n;(Xy, ..., X,)) = wn + .2. whereas

m(g(X1), .., 9( X)) = m(wXy, ..., wX,) + .2.

=wom (X, ..., X,) + .2
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as 1y is a linear form.

Now suppose that for some r» > 1, we have a unique 7,. We show that there exists
a unique homogeneous polynomial P of degree r + 1 such that 7,,1 = 7, + P satisfies
the conditions. If there were an 7)., that also satisfied the conditions, then write
M1 = 1. + P’ where 7). has degree r and P is homogeneous of degree r 4 1. Since
7. would thus satisfy the conditions for r, we would have 7, = n.. by uniqueness of 7,
and hence P = P’ by uniqueness of P, and so 7,,1 is unique. To see that such a P

exists and is unique, note that on the one hand we would have
fr (X, o, X)) = f(ne (X, o, X)) + wP(Xq, .., X)) + 712
On the other hand,

7]r+1(g(X1)7 7g<Xn>> = nr(g(X1>7 7g(Xn)) + P(wxly 7an) + 7'”—!_?7

and we know P(@wXj,...,wX,) = w " P(X, ..., X,,). Therefore, we define P uniquely
as

onNy —MNO
%IP(XM.,X”)H%?.

The right-hand side has coefficients in O since, modulo w,

fon —mog=n(Xy,.... X)) —n(X{, .., X]) =0,

where the latter congruence follows since (z + y)? = 2?7 + y? for O/m-algebras and
a? = a for a € O/m. So fon, —n, ogis divisible by w and @w”" — 1 is a unit in O.
Lastly, since all of the nonzero terms of f on, — 7, o g have degree at least r + 1, we
get that P is homogeneous of degree r + 1.

To complete the proof, define n to be the unique power series such that n = n, + 7t}

for every r > 1 as 0,1 = n, + t! for every r. Then for any r > 1,
fon=fon +1t
=n,0g+"t

=nog+rtl.
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Since this is true for any r, it must be that fon=nog. [l

Proposition 2.2.4. For every f € F, there exists a unique formal group law F for

which f is an endomorphism, i.e.

JEH(X,Y)) = Fr(f(X), F(Y)).

Proof. By Lemma 2.2.3, let Ft(X,Y") be the unique power series with coefficients in
O such that
FrX,)Y)=X+Y + .2, and
fFH(X,Y)) = Fy(f(X), f(Y)).
We still have to check that F; satisfies the formal group laws. For commutativity, let
G(X,Y) = F¢(Y, X). Then G also satisfies the conditions
GX,)Y)=X+Y +.2, and
FGX,Y)) = f(F (Y, X))
= Fy(f(Y), (X))
= G(f(X), f(Y)).
But then by the uniqueness of F, we get Fp(X,Y) = F¢(Y,X). Now let ip(X) be
the unique power series such that
ip(X)=-X+.2,, and
flip(X)) = ir(f(X)).
Then it is easy to see that both F(X,ip(X)) and 0 are power series that commute

with f and whose linear and constant terms are 0. So by the uniqueness guaranteed

from Lemma 2.2.3, F¢(X,ip(X)) = 0. For associativity, let

Gi(X,Y,Z) = Fy(X,F;(Y,Z)) and Go(X,Y,Z) = Fy(Fy(X,Y), Z).
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Then both G and G4 satisfy
GX\)Y,Z)=X+Y+Z+ .2, and
HG(X,Y, 2)) = G(f(X), f(Y), f(2)).
Therefore, by Lemma 2.2.3, G; = Gbs. O

The formal group laws F are called the Lubin-Tate formal group laws. We will
show that if f, g € F, then Fy and F}; are isomorphic, and hence, up to a change of

variables, the Lubin-Tate formal group laws depend only on w.

Definition 2.2.5. For f,g € F and a € O, let [aly ;(X) be the unique power series
such that

[a]yf(X) =aX + .2, and
9(lalg.r (X)) = [algs (f(X)).
Proposition 2.2.6. Let f,g,h € F, and a,b € O.

1. The power series [aly ; is a homomorphism Fy — F.
2. [a+blgy = lalgs +r, [blgs-
3. labln.s = lalng o [blg.s-

Proof. Each of the proofs make use of the uniqueness given by Lemma 2.2.3 to show

that two power series are equal. We will just give a brief sketch for each.

1. One can show that both [a], ;(Ff(X,Y)) and Fy([als (X), [aly(Y)) have the
form H =aX +aY +.2. and that H o f = go H in both cases.

2. Let H(X) = Fy([alg,;(X),[blg,r(X)), which is by definition [al]y s +F, [b],7. Then
it is not difficult to see that H(X) = (a + b)X + .%2., and using that ¢ is an
endomorphism of F,, we get go H = H o f. Since this precisely satisfies the
conditions of the definition of [a + b], s, we have [a + b], ; = [alg s +F, [b]g.s.



21

3. Certainly, [a]ng0[b]sf = (ab)X +.2., and ho ([a]ng0[blyr) = ([a]ng o [blg.f) 0 f,
and this satisfies the conditions of the definition of [abl ;.

O

Corollary 2.2.7. For f,g € Fg, the formal groups laws Fy and Fy are isomorphic.

Proof. If u is any unit in O, then by Proposition 2.2.6, [u], ;o [u™!]s, = [1],, and
Lemma 2.2.3 assures us that [1], ,(X) = X. Likewise,

[ g0 [u g p(X) = [154(X) = X.
Il

When f = g, write [a]; := [a]s. Then by Proposition 2.2.6 we clearly have the

following.

Corollary 2.2.8. For f € F, the map [-]f : O — End(Fy) given by a — [a]s is a

ring homomorphism.
Remark 2.2.9.

e Since f € F, satisfies the conditions that f(X) = @wX + .2. and commutes
with itself, it follows that [w]; = f.

e By Proposition 2.2.6, we have that [a]; = [1];40alg0[1],,; and the power series

[1]74 and [1], ¢ are units in O[X], so this gives a conversion from [a] to [al,.

e When K = Q,, and w = p and f(z) = (1 + x)? — 1, then the above remark

gives the cyclotomic extensions Q,,(fi,n ).
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3. O-DIVIDED POWERS

3.1. Definition

Let F' be a finite extension of Q,, let O = Op be its ring of integers, kp its residue
field with |kr| = ¢, and @ a uniformizer. In this chapter, we define a generalization of
divided powers to allow for ramification of F' over QQ,. There are two goals: first, we
need a definition such that the ideal (w) of O has divided powers. Second, we want
to consider the g-power Frobenius map on kr as opposed to the p-power Frobenius
map. A key property we need is that, if z is an element of an ideal with divided
powers, then x? is congruent to 0 modulo .

We will use the description of O-divided powers as given by Faltings in [12] and
we introduce some of our own notation. To explore the combinatorial properties of O-
divided powers, we first define them on F'. Then we define more generally O-divided
powers on an (D-algebra and lastly give a description of how to obtain the O-divided

power envelope with respect to some ideal.

Definition 3.1.1. Define the O-divided power on F', denoted v : F' — F', by

x4

v(z) = .

and for n > 1 denote by -, the n-th iterate of v:

n

x4

() = S
In the usual definition of divided powers, in [2] for example, 7, (z) = %, which is
not quite the analog of the O-divided power ~,. We note that an important aspect
of divided powers is the growth of the p-adic valuation of the denominator. It is easy

to check that, if n is written p-adically as n = ag + a1p + - - - + azp® with 0 < a; < p,
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then the p-adic valuation of n! is
vp(n!) =a; +ax(14+p)+ -+ ap(l +p—|—---—{—pk_1).

This motivates a different notation for O-divided powers. For a nonnegative integer
m, we can uniquely write m = ag + a1q + - - - + a,q" with 0 < a; < ¢q. Then define

myg) to be the number
Mg = a1 +ax(l+q) + - +ap(l+g+-+¢"") (3.1.1)

It can sometimes be helpful to view m,) equivalently as

me) = [a1(q — 1) + as(¢® — 1) + -+ + an(q" — 1)),

qg—1

1
Mg = q_—l[m—(ao+a1+-~+an)]. (3.1.2)

Definition 3.1.2. Define the O-divided power 6, : F' — F' by

O (@) = 2% (71(2))™ -+ (a(@))*
_ (3.1.3)

o™

Then 4,,, behaves like a divided power in the sense that the w-adic valuation of the
denominator is m,), whereas the p-adic valuation of m! is precisely m,). Also, when
F =Q, and O = Z,, the two definitions differ by an element of O*. Furthermore,

0, has the following properties:
Proposition 3.1.3. Given x,y,a € F,
1. Opm(ax) = @™o (2)

2. Om(z +y) = Z ar, 0k ()0i(y), where
k+l=m

A = (k Z l) . o F@Hig) = (k)

lies in O and does not depend on x or y.
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3. Om(2)0k(2) = by Ok (), where

bt = oM HE) (@)= (mg) Tk(q))

lies in O and does not depend on x.

4. 0 (0k(2)) = o Omi(x), where

Conk = oK) (q) = (mk(g)+m(q))

lies in O and does not depend on x.

Proof. The proof uses standard combinatorial arguments, where the p-adic valuation

of m! is replaced with m ).
1. The first property is clear.

2. We just need to show that

(k Z l) . o ®@) Hg) = (k+D)(q)

is in O. Note that the p-adic valuation of (kzl) is precisely (k+1) gy — (k) +p),

so it suffices to show that

(k+ 1)@ — (kg + ) < (B+1) @) — (k) + )

Write k = ag + a1g+ -+ - + a,q¢™ and | = by + b1g + - - - + b,q™ (where a,, or b,
could be zero). For each ¢ = 0, ..., n, there is a d; equal to 0 or 1 such that if we
write

E+l=co+crq+ -+ cng” + cnirq",
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we have

a0+bOZCQ+d0q

a1+b1+d0201+d1q

an + bn _._dnfl =cy + dnq

dn - Cn+1 .

Hence, d; counts if there is carry-over from the i-th position to the (i 4+ 1)-st in

the g-ary form for the sum. We can then compute

(k4D — (kg +lg) =1+ el + -+ N+ eapn(1+--+¢%)
—[(ay + 1)+ 4 (an + b)) (1 + -+ ¢" )]
= (do —drq) + -+ (dpey — dng) (L + -+ ¢" 1)
tent(14+ - +q")

=dy+d+ - +d,.

This is precisely the number of carry-over operations needed in the g-ary form.
The same result holds true for (k +1)¢,) — (k@) + {(p)) regarding the p-ary form.
But if there is carry-over in the i-th position, so a; + b; +d;—; > q and q = p/,
then writing a; = ag + ajp+ - +aj_yp/ " and b; = by + bip+--- + b p/ 71,
there must be p-ary carry-over in at least the final position when adding the
terms a; + b; + d;_1. In other words, the number of carry-overs in the g-ary
form is at most the number of carry-overs in the p-ary form. This shows that

a1 € 0.

. For the third property, clearly by, ; = w™ @~ (M@, w) and we've seen that
(m + k) — (m(g) + k() is the number of carry-overs from the sum, which is
at least 0. So b, € O. Note in particular that if there are no carry-overs, for

example if m = a,¢" and k = b;¢' with n # [, then §,,(2)0k(2) = Spnir(T).
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4. We will first show that 0,,(0x(z)) = ¢ kOmr(x) for some ¢, € O. Then, by
comparing the definitions of d,,(dx(z)) and 0,,,(x), it will be clear that ¢,
must be given by

Con e = 0 MR)@)~(Mg)tmeq))

We first consider the case that m = a,q" and k = bg'. We also assume that
a,, by are nonzero. Write a,,b; = cq + c1q with 0 < ¢g, ¢y < ¢ — 1. We can do this
since a,b; < ¢%. If ¢; = 0, then mk = (a,b;)¢"*" and

Imk

oanbi(1+gq++qnti=1)"

6mk (ZL’) =

If ¢; > 0, then mk = cog™t" + c1¢" T+ and

.ka

oo (1+gnH=1)tcr (14 +gntt)

xmk

onbi (4 g+l 4er

mk

. . B -
Therefore, in either case we can write 0,x(z) = MR s pe On the

other hand,

xmk

om(bi(L+4¢' 1)) ggan (1+-+¢" 1)

Om (0()) =

Imk
© gganbig (I Agt ) dan (L4 +gn 1)

— (=114 +g" ) +er Spre ()

Y

and clearly ¢, = @ O-DA+ "Dt i in O, Now suppose m = a,q" and
kE = by+---+ bqg. By the proof of the third property, since there are no

carry-overs in any of the sums, we know we can write

B a0 (2) = O ()00 (@) - 8y 1 ().

Therefore, using the first and third properties and our already proven case, as
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well as the identity y™ = w™@J,,(y), we have
Om (0k(2)) = (06 () - - g,y =1 (2)) " O (O (7))
= (@"@)" 8 (3 (2)) -+ Oun (Gt (%))
!
= (@"@)’ (H Cm,bmi) Ombo () * Ombyg(2) * + + Oyt (2)
i=0
= Com Ok (),
for some ¢, € O. Finally, ift m = ag + - - - + a,q", then we have
O (0k(x)) = 0o (0k(@)) -+ + O (01 ()

- Ctlo,k(saok(x) T Canq",k(sanq"k<x)

= Cm,k(smk (Q?) )

for some ¢, € O. Using property (1) to compute 0,,(dx(x)), it is clear that we

must have ¢, , = ™)@~k +m@),

]

We now define O-divided powers more generally, in the language of Berthelot-
Ogus [2]. Respecting the tradition, we write P.D. for “puissances divisée”, that is,

divided powers.

Definition 3.1.4. An O-P.D.-algebra is a triple (A, I,0) where A is an O-algebra
with an ideal I and maps 6 = {0, }m>0 where 0y : I — A and 0,,, : I — I for every

integer m > 1 such that
1. do(z) = 1,61(x) = z, and @™@J,,(x) = 2™ for every z € I.
2. Forae Aand xz € I, d,(ax) = a0 ().
3. For x,y €I, 6p(x +y) = D11 Oh10k(2)01(y).

4. For x € I, 6,,(2)0k(z) = b Omrr().
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5. For x € I, 6,,(6k(x)) = cimkOmi ().
The numbers ay, by, i, and ¢, are the same as those in Proposition 3.1.3.

Definition 3.1.5. If (A, I,6) is an O-P.D.-algebra, we say (I,0) is the O-P.D. ideal.
An ideal J C I is a sub-O-P.D. ideal if 6,,(z) € J for any x € J and all m > 1. If
(B, J,d) is another O-P.D.-algebra, we say that an O-algebra morphism f: A — B
is an O-P.D. morphismif f(I) C J and 6., (f(z)) = f(dn(x)) for any m and all z € I.

Remark 3.1.6.

o [f A is an F-algebra and I an ideal of A, then there is a unique set of maps
d = {0m : I — A} making (A, I,0,) an O-P.D.algebra, and these maps are

defined as 0,,(z) = 2™ /w™®.

e Note that since w™/w™@ € O, if (A, ,0) is an O-P.D.-algebra, then § can be
extended to I + wA. That is, the maps d,, on I can be extended to maps on
I + wA with image in I + wA for m > 1 and this makes (A, + wA,J) an
O-P.D.-algebra for which (I,0) is a sub-O-P.D.-ideal.

Lemma 3.1.7. If (A, 1,0) is an O-P.D. algebra and J C A is an ideal, then there
exists a & on I = I(A/J) such that (A,I,8) — (A/J,1,0) is an O-P.D. morphism if
and only if INJ C I is a sub-O-P.D. ideal.

Proof. If such a ¢ exists, and if # € INJ, and if m > 1, then certainly 6,,(z) € I and
since 0 = 0,,,(T) = dn(z), We know d,,(z) is also in J. So INJ is a sub O-P.D.-ideal.
For the converse, define 8,,(Z) = d,,(x) where z is any preimage of Z. Then this will

be an O-divided power if it is well defined. But if y € I N J, then

om(x+y) = Z ar,10%(2)01(y)

k+l=m
= Om(z) + Z Am—1,10m—1(2)01(y),
=1

and the latter sum is in I N J since §;(y) € I'NJ for all [ > 1. O
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3.2.  O-divided power envelope

We now want a way to construct an O-P.D.-algebra from an O-algebra A and an ideal
I of A. That is, given an ideal of A that does not have O-divided powers, construct
a ring that contains A and an ideal which contains I on which we can define O-
divided powers. For regular divided powers, Berthelot and Ogus [2] give a universal
construction, called the divided power envelope of A with respect to the ideal I. This
universal construction is involved and given in the appendix of their paper. However,
for our purposes we only give a construction of the O-divided power envelope for

relatively nice A (as defined below), in which we give an ad hoc construction.

Definition 3.2.1. Suppose that A is an O-algebra with A — A ®» F' an injection,
and suppose [ is an ideal of A. Then on all of the F-algebra A ®p F there is a unique
O-divided power ¢ as in Remark 3.1.6. Define the O-divided power envelope of A with
respect to the ideal I as the triple (B, I1,0), where B is the A-subalgebra of A ®¢ F
given by adjoining to A the elements d,,(z ® 1) for all m > 1 and = € I, and where
I" is the ideal of B generated by all such §,,(z) for m > 1.

Proposition 3.2.2. The triple (B,I",0) is an O-P.D.-algebra.

Proof. We just need to check that d,,(y) = y™/@w™@ is in I for any y € I and
m > 1 since ¢,, satisfies all of the other properties of O-divided powers by Proposition
3.1.3. Using the first and second properties of Proposition 3.1.3, it suffices to show
that 0,,(y) € I for any y of the form y = §x(z) where k > 1 and = € I. But by the
fourth property,

Om (0x(z)) = Crn kO (v)

and this is in I* by the definition of IT. O

Note that if [ is principally generated by some = € I, then B is generated as an

A-module by 6,,(x) for m > 1 since 6,,(2)0,(x) = ™M@=+ )5, . (1),
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On B we can define a filtration:

Definition 3.2.3. For r > 1, let Fil" B be the ideal of B generated by ¢;(x) for all

i >rand x € I. So in particular, Fil' B = I'*.

Using property 4 of 9,, in Definition 3.1.4, it is easy to see that this gives a filtration
of B in the sense that Fil' B - Fil! B C Fil'*’ B. Note that for i < ¢ and = € I, we
have §;(z) = ' € A and therefore we can write B = A + Fil? B. If I is principally
generated by some z, then Fil" B is generated as an A-submodule by 6;(z) for i > r
and so any element of Fil" B can be written as

> a;0() (3.2.1)
j=r

with a; € A, and a; = 0 for j larger than some n.

Remark 3.2.4. Note that we would get the same ring B if we took the O-divided

power envelope of A with respect to I + wA, but we would get a different filtration.
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4. BREUIL-KISIN MODULES OVER & AND S

4.1. Definitions

Let k be a finite field of characteristic p, an odd prime. Let K, = Frac W (k), and
let K be a totally ramified finite extension of Ky with uniformizer 7. Furthermore,
let F/Q, be a finite extension contained in /K. Denote its ring of integers by Op, the
residue field by kr and a uniformizer by w. Also write ¢ = |kr|. Denote by ¢, the g-
power Frobenius map ¢,(z) = 2% on kp. Write O, = W (kp) and Fy = Frac W (kp).
For an Op,-algebra A, we will write Ar = A ®o, Op. In particular, W(k)r is a
discrete valuation ring with uniformizer w and residue field k. Its fraction field is the
compositum of I’ with Kj.

There is a unique lift ¢, : W(k)p — W(k)p of the g-power Frobenius on £,
which is trivial on Op. Define & = W (k)p[u] to be the ring of power series in u over
W(k)r. Let ¢ : & — & be a continuous (for the (u, w)-adic topology) endomorphism
of W(k)p that is ¢, on W(k)r and such that

o(u) =u?! mod w and ¢(u) =0 mod u.

Let E(u) be the monic, minimal polynomial of 7 over Op. Then E(u) is an Eisenstein
polynomial in u, so we can write E(u) = u® + wg(u) for some integer e with g(u) a
unit in &.

Using 3.2.1, let Sy be the Op-divided power envelope of & with respect to the
ideal F(u)&. Define S to be the w-adic completion of Sy and give S the (w)-adic
topology. Denote by Fil" Sy the ideal generated by d,,(x) for m > r and = € E(u)&
and by Fil" S the closure of Fil" Sy in S. Note that Fil" S is topologically generated by
the Op-divided powers 6,,(F(u)) for m > r. We will now give some useful properties

of S.
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Proposition 4.1.1.

1. There is a unique, continuous extension of ¢ on & to p: S — S.
2. p(E(u)) € @S

3. o(E(u))/w e S*.

4. o(x) e w"S forx e FiI"S and r < ¢ — 1.

Proof. Recall from Remark 3.2.4 that we get the same rings Sy and S if we consider
the Op-divided power envelope with respect to (E(u), )&, and so we can write, for
example, 0,,(w) or §,,(u¢), and these make sense in Sy and S.

We first extend ¢ to Sy, which requires defining ¢ on the Op-divided powers.
Using that ¢(w) = w, we know that if ¢ is an endomorphism of Sy compatible with
@ on &, then it must be that @™ @y (d,,(x)) = (™) for any x € E(u)S, and so it

follows that if an extension of ¢ exists, it must be unique on Sy. We therefore define

but it is not clear a priori that d,,(p(z)) € Sp. It suffices to show that d,,(p(E(u)))

is in Sy, and writing F(u) = u® + wg(u), we get

p(E(u) = ¢(u)” + @(p(g(u)) = v+ w(f(u) + ¢(g(w))), (4.1.1)

where f(u) € uS. Then p(FE(u)) € (E(u),w)6, and so d,,(¢(E(u))) € Sy. Now,
because ¢(w) = w and S is the w-adic completion of Sy, we have that ¢ extends
uniquely and continuously to S.
Consider (4.1.1) further. Since u®? = wd,(u®), it is clear that ¢(E(u)) € wS, and
that
PP _ Uy (f(w) + (o).

w w

Now, (%‘l)q = wi2(u®) € wS, and thus, as n — oo,

(

u®

)" =0 w-adically.
w
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Since f(u) € uS and g(u) € &, both ¢(g(u)) and hence f(u)+ ¢(g(u)) are units in
S and so it follows that ¢(E(u))/w is a unit in S as well.

Since p(E(u)) € @S, we know ¢(F(u)") is divisible by @’ in S. Now for m > ¢,
by (3.1.2), writing m = ag + a1q + - - - + a,q", we have

1
m—m) = (m— q——lm) + (ap + ... + ay)

>(q=2)+1=q-1
Moreover, if m < g, then m — m, = m. This means that for r < ¢ —1 and i > r,

we know i — i) > r and so ¢(;(E(u))) is divisible by @" in S. This shows that
p(r) € w"S for x € FiI" S and r < ¢ — 1. O

Definition 4.1.2. For r < ¢ — 1, define the @-semilinear map ¢, : Fil"S — S by
v = @/w". Denote by ¢ the unit ¢ (E(u)).

Using Proposition 4.1.1 (4), we can see that for r < ¢ — 1, we have

o, (FiI'™' S) C w8, (4.1.2)

This is, however, not true when r = ¢ — 1, since p,_1(6,(E(u))) = % is not
divisible by w in S. This indicates that there is some difference between r = ¢ — 1
and r < ¢ — 1. In fact our major results will be restricted to the case that r < ¢ — 1.
While many of the arguments to come work equally well in the case r = ¢ — 1, there
are some instances in which it does not. For example, this fact (4.1.2) is needed in
the statement of (4.2.1) in Section 4.2 and this in turn is necessary in Definition 4.2.9.

Since 0,,(E(u)) € & for m < ¢, by (3.2.1), any element of S can be written as a

sum of an element of & and an element of Fil? S. This leads to the following result.
Proposition 4.1.3. For r < q we have that

SNFlI"S=Ew)& and S/Fil"S=6/E(u)"6.
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Proof. We will prove the claim that S/Fil"S = &/F(u)"& by induction on r. If
r =1, then both &/E(u)& and S/ Fil' S are isomorphic to Of as the maps

6—)01{ andS—>(’)K

given by u — m and 6,,(F(u)) — 0 for m > 1 are surjective with kernels E(u)&
and Fil' S, respectively. Now suppose the claim is true for 7 < ¢, and note that this
implies that &NFil" S = E(u)"S. Then consider the following commutative diagram

with exact rows:

0—— B(u)'6/Eu) ™6 — &/E(u) 'S — &/E(u)' & —=0

| l |

0 —Fil" S/ FiI't' § ——— S/ Fil't' § S/Fil" S ——=0

Because Fil' S - Fil”'S C Fil'™' S, the left vertical map is a map of Og-modules.
Moreover, since S = & + Fil? S and Fil? S C Fil'™ S as r + 1 < ¢, then for i = r or
r 4+ 1 we have that Fil'’'S = (& N Fil' S) + Fil? S and so by the second isomorphism

theorem for modules,
Fil' S/ Fil’ S = (& N Fil' S)/(& NFil? 9).
Then by the third isomorphism theorem for modules we have that
Fil" S/ Fil"t! § = (Fil” S/ Fil? ) /(Fil" ™ S/ Fil? S)

>~ [(GNFil"9)/(&NFil?S)/[(SNFiI'™ S)/(&NFil? S))

~ (G NFil"9)/(&NFil'™ 9).
Finally, by the induction hypothesis, we have

Fil" S/FiI'*' S = (&N Fil" §) /(& NFil'™ 9)
= B(u)"&/(6 NFil't S).

Since E(u)"*'6& C & NFiI'*' S, the map E(u)"&/E(u)"'& — Fil" S/ Fil't' S is

a surjective map of rank one Og-modules, and so is an isomorphism (see Lemma
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4.1.15). The right vertical map is also an isomorphism by induction, and so we get

an isomorphism &/F(u)'™'& = S/ Fil't S,

Corollary 4.1.4. The &-module S/ Fil" S has no w-torsion for r < q.

Proof. By Proposition 4.1.3, we have S/Fil"S = &/FE(u)"S, so suppose that for
some y € &, we get wy = F(u)"g for y,g € &. Since E(u) is irreducible in & and
w is a prime element, we know w divides g and so y € E(u)"&. So S/ Fil" S has no

wo-torsion. ]

On 6, we define a category of modules, as well as some subcategories, whose
structure matches that of Breuil modules in the classical setting (see, for example, [6]

or [9]).
Definition 4.1.5.

e Denote by 'Modg" the category of pairs (9, on) where 9 is an &-module
equipped with a @-semilinear endomorphism gy : 9t — 9 where FE(u)" M
is contained in the submodule of 9 generated by the image of pgy. Mor-
phisms in ' Mod&" consist of G-module homomorphisms f : 9t — 91 such that
fopm = pno f. Furthermore a sequence in ' Mod%" is said to be ezact if the

underlying sequence of G-modules is exact.

e Denote by ModZ" the full subcategory of ' Modg" consisting of G-modules 9t

that are free of finite rank over G&.

e Denote by Modg" the full subcategory of 'Modg" consisting of &-modules 90
that are killed by @ and free of finite rank as &; = &/wG-modules.

e Denote by Mod-FIZ" the full subcategory of ' Mod&" consisting of G-modules
2N such that
m=Pe/z"e,

icl
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where [ is finite and the n; are positive integers. Note that Modg! is the full
subcategory of Mod-FIZ" of objects killed by w. This is commonly referred to
as the subcategory of modules with invariant factors, or “Facteurs Invariants”

in French.

e Denote by Modg” the full subcategory of 'Modg" stable under extensions in
'Modg" and generated by ModgZ". That is, Modg" contains Modg" and if 9
and OM" are objects of Modg" and 91 is an object of "Mod&" such that

0—=M —>M—-M' -0
is an exact sequence in ' Modg", then 9 is also an object of Modg" .

Remark 4.1.6. There is another way to state the main condition of "Mod&" by

considering the G-linearization of the Frobenius map pgy. Let
@*Dﬁ =6 ®go,6 m,

where the left tensor is G as an G-module with a twist of Frobenius ¢, and consider the
GS-linear map id ®pgy : @™ — M. Then the condition that F(u) 9% is contained
in the G-span of the image of ygy is equivalent to the condition that E(u)"9 is
contained in the image of id ®pgy. Stated another way, since id ®ygy is linear, the

cokernel of id @y is killed by E(u)".

Definition 4.1.7. We say that 9 has E-height h if h is the smallest integer such
that E(u)" kills the cokernel of id @pgn. When the r is omitted, ModZ consists of all
finite, free p-modules over & of finite E-height.

Proposition 4.1.8. If (I, wam) is an object of Modg" or Mod-FIZ", then the pair
(M /@I, Poy) is an object of Mod-FIE", where Gy is the reduction of pa modulo

w™.
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Proof. Clearly in either case 9t/@w™9 is isomorphic as an &-module to a finite direct
sum of modules of the form &/w™& with n; at most n. Moreover, the map @y, is
well-defined since pgy is ¢-semilinear and ¢(w) = w. It is also easy to see that since
any element of F(u) 91 is in the G-span of the image of gy, then reduction modulo

w™ gives that any element of E(u)"9t/w"M is in the G-span of the image of Pyy. O
Corollary 4.1.9. The category Mod-FIZ" is a full subcategory of Modg” .

Proof. This can be seen by an induction on the smallest power of w that kills an
object M € Mod-FIZ". If 9 is killed by c, then 9 € Modg" which is contained in
Modg” . Suppose that for any object 9t € Mod-FIZ" that is killed by ", we have
that M € Modg” . Now suppose that 90 is an object of Mod-FIZ" that is killed by
w™ ! Note that w9 is a subobject of M in Mod-FIZ" (this is easy to check) and
wM is killed by ™ and so is an object of Modg” . Moreover, using Proposition 4.1.8
and the fact that the objects killed by @ in Mod-FIg" are precisely those in Modg”,
we have that /@ is an object of Modg  and hence an object of Modg” . We

therefore have an exact sequence in ' Modg"

0— @M — M — M/ — 0,

and so by the definition of Modg" , we have shown that 9 is an object of Modg” . [

The following induction argument will be used frequently when proving properties
of the category Mod&” , and we give the argument here so that we may refer to it

later.

Proposition 4.1.10. Suppose that P(9N) is a statement that is true or false for each
I € Modg” . Suppose that

1. P(OM) is true for every M € Modg .
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2. If there is an exact sequence
0—=M —>M—M' =0

in Modg" and P(O') and P(M") are true, then P(IMN) is also true.
Then P(M) is true for all M € Modg” .

Proof. By the definition of Modg” , we can define the extension length of an object
M € Modg" as follows. We say that 9t has extension length 0 if 9 € Mod&" and
extension length n > 1 if n is the smallest integer such that there exist 2t and 9"

in Modg" of extension lengths at most n — 1 and there is an exact sequence
0— M — M- M — 0.

For any 9 € Modg" there exists such an n by the very definition of Modg” .
We can then prove P(9) by a strong induction on the extension length of 91, in
which case the two assumptions on P are the base case and induction step, respec-

tively. O]

Lemma 4.1.11. The objects killed by @ in Modg" are all objects of Modg' . More-

over, every object of Modg" is a finite type &-module killed by some power of w.
Proof. If 9t € Modg” is killed by =@, then we have a short exact sequence
0—=M - M —-M' =0,

where 9" and 9" are objects of Modg” . Since 90 is killed by ¢, then so are M’
and 9", and so by Proposition 4.1.10, it suffices to assume that 9V and 9" are
objects of Modg'. This means that 9 and IM" are free, finite type modules over
S = 6/w6 = kfu]. Then we know that 91 is a finite type module over the principal
ideal domain &;. But 991 has no torsion over &; since 9" and IM” are free. So M is

free of finite type over &;. So 91 is an object of Modg.
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To show that any object 9t of Modg" is a finite type &-module and is killed by
some power of w, we again use Proposition 4.1.10. If 9 € Modé’f, then clearly 9t
is finite type and killed by . Now suppose for some 9t € Modg" we have a short

exact sequence

0—=M - M —-M' =0,

where 9t and " are objects of Modg” that are finite type &-modules killed by
some powers of w. Then from the exact sequence it is clear that 91 is a finite type

G-module and killed by a power of @ no greater than the sum of the powers that kill
M’ and O”. This completes the proof. O

Lemma 4.1.12. The map id @pay : ¢*M — M is injective for objects M of Modg"

or ModZ".

Proof. We follow Lemma 1.1.9 of [18]. First suppose that 9 is an object of Modg”,
and free as an &;-module of rank m. Fix a basis {ey, ..., e,,} of 9t and consider the
basis {1®ey, ..., 1®e,} of *IM. Since v M is contained in the image of id ®qy, the
matrix of id ®pgy with respect to these bases must have a determinant that divides
(ue")™. But u®™ is not a zero divisor of &;. So id ®¢ay is injective.

Now, suppose that for M € Modg" we have an exact sequence
0O—=9M - M —-M" =0,

where I and M are objects of Modg” such that id @@y and id @payr are injective.
Then we have the following commutative diagram of exact sequences since ¢ : & — &

is a flat map:

0 (p*m’tl Sp*m I SO*SUt” — O
id Rpop/ [\ id ®pon l id Rpgnrr J,\
0 om’ m om’ 0

Then a simple diagram chase shows that id ®pgy is injective. So by Proposition 4.1.10,

id ®pgn is injective for objects of Modg” .
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Now suppose that 9t is an object of ModZ". Since p(w) = w, the reduction of
id ®pgn modulo any power of w, say @™, is the linearization of Py, on M/ M. By
Proposition 4.1.8 and Corollary 4.1.9, M/w"M € Modg” and so id @y is injective.
Hence, any element of the kernel of id ®pgy must be in @w™p*M for any n, and so

id ®gy is injective. O

Lemma 4.1.13. If M € ModZ” and N is an S-module with no w-torsion, then
Torg (9, M) = 0.

Proof. First, if 91 is a free G1-module, say

d
m=P6/s,
i=1

then we have

d
Torg (9, N) = EP Torg (& /wS, N
S S

i=1
d
= PNz =o.
i=1
Now suppose that for some 91 € Modé’; there is an exact sequence
0—= M — M— M — 0,

in Modé’; such that
Torg (M, 91) = Torg(M”, N) = 0.

Then tensoring this short exact sequence with 0 yields a long exact sequence of

G-modules which is in part
Torg (M, 91) — Torg (M, N) — Torg (M, N).
But then clearly Torg(901,91) = 0. So by Proposition 4.1.10, we get that
Torg (9, M) = 0

for all objects of Modg” . H



41

The next two lemmas are some commutative algebra facts that we will need.

Lemma 4.1.14. Let R and T be rings and R — T a ring homomorphism. Suppose
that M s a free R-module. If Ay and Ay are R-submodules of T, then as submodules
of T @r M we have an equality

(A1%>M) N (A2%>M) = (A mAz)@R)M
where the intersection on the left-hand side occurs in T'®@r M and the intersection on

the right-hand side occurs in T.

Proof. Because M is a free R-module it is flat as an R-module. Then A; @z M and
Ay ®g M are naturally submodules of T"®g M. Moreover, by tensoring the following

short exact sequence of R-modules with M
0—-A —>T—>T/A —0
we get the short exact sequence
0— Ai%M%T%M — (T/Ai)%M—> 0.

This shows that (T ®@r M)/(A; @r M) = (T/A;) @r M. Now consider the left exact
sequence

0—>A1QA2—>T—>T/A1€BT/A2,

where the last map is s — (s mod Ay, s mod Ay). Then tensoring with M gives a

left exact sequence
0— (4; N Ap) %M — T%M — ((T/Ay) %M) ® ((T/Ay) %M).
But we then know that this final R-module is isomorphic to
(T@rM)/(AA@r M) & (T @rM)/(Ay@r M)
and thus

(AiNA) @M = (A M)N (Ay @ M).
R R R
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Lemma 4.1.15. Let R be a commutative ring with unity. If M and N are free R-
modules of the same finite rank and f : M — N is a surjective homomorphism, then

f is an isomorphism.

Proof. This statement is given more generally, without the condition that M and N

are free, as the main theorem of [24]. O

We now define a similar collection of categories of S-modules:
Definition 4.1.16. For r < ¢ — 1:

e Denote by 'Mod%" the category of triples (M, Fil" M, py,) where M is an S-
module with a submodule Fil"M such that Fil".S - M C Fil" M and ¢y, is a
@-semilinear map ¢y, : Fil" M — M such that, for s € Fil" S and x € M,

P (s7) = ¢ pr(s)oner (E(u) 7), (4.1.3)

where ¢ is the unit defined in 4.1.2. Morphisms in ' Mod%" consist of S-module
homomorphisms f : M — N such that f(Fil" M) C Fil" N and fopy, = ¢n0f.
Furthermore, a sequence in ' Mod%™" is said to be ezact if it is an exact sequence

of S-modules and induces an exact sequence on the submodules Fil".

e Denote by Mod%" the full subcategory of " Mod%™" consisting of objects M with

the following additional properties:

— M is free of finite rank.
— M/ Fil" M has no w-torsion.

— The image of ¢y, generates M as an S-module.

e Denote by Modg" the full subcategory of " Mod§" consisting of objects M with

the following additional properties:

— M is free of finite rank over Sy = S/wS.
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— The image of ¢y, generates M as an Sj-module.

e Denote by Mod-FIZ" the full subcategory of 'Mod%™" consisting of S-modules
M such that

- M= @ S/@"S as S-modules, where I is finite and the n; are positive
iel
integers.

— The image of ¢y, generates M as an S-module.
Note that Modg" is the full subcategory of Mod-FIZ" of objects killed by w.

e Denote by Modg”" the full subcategory of "Mod$" stable under extensions in

"Mod%" and generated by Modg"

Remark 4.1.17. When M € Mod%", then the condition of (4.1.3) is guaranteed. If
s € Fil" S and z € M, then both sz and E(u)"z are in Fil" M, and we can write

@ oner(s7) = ¢ @ o (E(u)") oo (sT)
= ¢ "p(E(u)")pner(s)
=c "onr(sE(u)"z)
= ¢ "p(s)onr (E(u) @)
=@ (c7"pr(s)oa (E(u) ).

Then since M is a free S-module, we can say that
prer(s2) = ¢ "op(s)paer (B (u) )
Lemma 4.1.18. For (M, Fil" M, ¢y,) € Mod%" and any integer n > 0,
w"MNFil" M = " Fil" M.

Proof. One can easily check that the proof follows from the fact that M/ Fil" M is

assumed to be w-torsion-free. ]
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Lemma 4.1.18 shows that the image of Fil" M in M — M/w"M factors through
@™ Fil" M and the S/w™S-module

Fil"M = Fil" M /" Fil" M

is exactly this image, so is actually a submodule of M /@™ M. We can thus define the
map

P Fil'M — M/@"M
as the reduction of ¢y, modulo @w" and this will be well-defined since
erer (@) = @"n ()
for x € Fil" M. Tt is then easy to check that this gives an object in Mod-FIZ":
Proposition 4.1.19. If (M, Fil" M, pon-) € Mod%", then
(M/" M, FII'M, By,) € Mod-FIZ" .

We will want to show that the results of 4.1.18 and 4.1.19 also hold if we be-
gin with an object of Mod-FIZ", so that we can also give an analogue of Corollary
4.1.9. However, we no longer have the condition that M/ Fil" M is w-torsion free. To
circumvent this difficulty, we will have to delay the proof until 4.2.20.

There is a natural way to obtain a module in "Mod{" given one in ModZ" or

®,r
Modgm .

Definition 4.1.20. For an object 9t of Mod&" or Modg” and r < ¢ — 1, define the
functor ©, by
6,(M) =5 @ M,

©,6
where the left tensor S is an G-module by the composite & < S % S. On morphisms
f 9 — N, we define ©,.(f) =id®f. Note that the map

id®gm: S © M — SM
©,6 S
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is S-linear, where the second tensor product is simply over the natural inclusion

S — S. Define an S-submodule of M = ©,.(9) by
Fil' M = {z € M |(id @pm)(z) € Fil' S ®s M C S @ M}.
Define the map ¢y, : Fil" M — M as the composite
Fil' M 25" Fil” S 0 M 25 M.

Proposition 4.1.21. The functor ©, is well-defined, and ©,(9M) € ModL" when
M € ModZ", and ©,(IM) € Mod-FIZ" when M € Mod-FIZ".

G

Proof. We first need to check that, given 9% in ModZ" or Mod-FIZ", the S-module
M = 0,(M) is actually in Mod%" or Mod-FIZ", respectively. Note that S®,s6 = S
as an S-module since ¢ : S — S is injective. Therefore, if N is free and finitely
generated as an G-module, then M is free and finitely generated as an S-module.
Likewise, if

me=Pe/z"e,
iel
then

M= S/="s.
el

Also, Fil" S ®g I is a submodule of S ®g 9 and this can be seen by tensoring the

following exact sequence of G-modules with 9:
0—Fil"'S - S — S/Fil" S — 0.

Indeed, if M € ModgZ", then M is a free (and hence flat) G-module. If M € Mod&”,
then since S/ Fil" S has no w-torsion by Corollary 4.1.4, we can apply Lemma 4.1.13
and conclude that Torg(S/Fil” S,9) = 0. So in either case, Fil" S ®g 9 is a sub-
module of S ®s M and Fil" M is well-defined.

The rest of the proof is identical whether 9 is in ModZ" or Mod-FIZ". It is
clear that for z € FiI"'S - M we have id ®pm(z) € Fil" S ®g M, so Fil" S - M is
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contained in Fil" M. To see that ¢y, is ¢-semilinear, suppose that z € Fil" M with
(id ®@pom)(z) = > 1, t; @ m; in Fil" S ® M. Then because id @y is S-linear and ¢,

on S is p-semilinear, for s € S,

onr(sT) = Z o (st;) @ my
i=1

= ¢(s) Z er(t;) @ my
i=1
= o(s)ener ().
We will now show that @y, (Fil" M) generates M. Given m € 9, we know that
E(u)"'m = 3"", s;pm(m;) for some s; € & and m; € M. Consider

x:zn:si@)miej\/[.

i=1

Then

n

(id ®@pm)(x) = Z Si ® pon(m;)
i=1
=D _ 1@ sipm(mi) (4.1.4)
= 1:;9 E(u)"m
= E(u)" ®@m,
which is in Fil" S ®g 9 and so x € Fil” M. Therefore,
P () = r(E(u)") @ m = " @m. (4.1.5)

But cis a unit and so it follows that the image of ¢y, generates M as an S-module.

To check (4.1.3), suppose t € Fil" S and suppose x € M is such that
id @ (7) = Z 5; @ my
for s; € S and m; € 9. Then

ot (tr) = (9, @)D (t- 51) @ my)
=, (1) D pls:) @ m.
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Therefore, applying this calculation with ¢t = E(u)", for any s € Fil" S we have

enl)enr () @) = ¢ onls) (0 (B)) D olsi) @ mi)
= ¢, (s) Z p(si) @ my
= o (sz).
This shows that M € Mod%" whenever 9t € Mod&" and M € Mod-FIZ" whenever
M € Mod-FIZ".

Finally, it remains to check that ©,. is compatible with morphisms. Let f : 91 — O
be a morphism in "ModZ" so that ©,(f) =id®f. We need to show that h = ©,(f)
is a morphism in 'ModZ". We first need to check that A(Fil"M) C Fil"N. Let
=1, ®m; € FiI"M with (id ®pm)(z) = 22:1 t; @n; € FilI' S ®s M. Then

since pyq o f = f o o,

(id ®@pm) (h(z)) = (id ®pn) (Z $i ® f(mi))

=1

= Z si @ pm(f(mi))
- Z si @ f(pam(mi))

= h(z i @ pam(m;))

i=1

l
=h(d t;@n,)
j=1

I
=D ;@ f(ny),
j=1
which is in Fil" S ®g M. It is then easy to see that ©,(f) commutes with ¢y, and
ON,r- O

Lemma 4.1.22. Let M be an object of Modg" and let M = ©,(0M). Then for any
n?

O,(M/z"M) = M/"M
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as objects of Mod-FIZ".

Proof. Write M’ := ©,(9/w"M). We will show that we have the following short

exact sequence in ' Mod%™":
0= "M —>M—M — 0. (4.1.6)
First, we have a short exact sequence in ' Modg" given by
0— @M —M— M/o"M — 0.

Consider S as an G-module via ¢. Then Torg (S, M/"IM) = 0 by Lemma 4.1.13
since S has no w-torsion. Then applying S ® (—), we get the short exact sequence
»,6

of S-modules:
0—=8 @M -5 M- ®(M/"M) — 0.
9076 QD,G (,0,6

Since p(w) = w, we know that S ®, ¢ (@"M) = @" (S V,.e M), and note that as an
S-module, ©,(M /" M) = S Ry (M/w"M). Therefore we get the exact sequence
(4.1.6) as S-modules.

We now wish to show that we get an induced map Fil"M — Fil" M’ and that
this is surjective. Suppose that z € Fil" M, which by the definition of ©,(9t) means
that we can write id ®@pgp(x) = > t; ® m; for some t; € Fil"S. Since M — M /"M
is a morphism in 'Mod%" by Proposition 4.1.8, we know that the following diagram

commutes

M M (4.1.7)
id ®905m] lid QPan/wnom
S@M——s S (M/w"M)
S S

and therefore the image of x in M’ is in Fil"M’. On the other hand, suppose that
y € FiI" M, so we can write id @ pon/mnon(y) = > t; ® m; for some ¢; € Fil" S and
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m; € M/w"M. If z is a lift of y in M, and m; a lift of m; in M, then again by
the commutativity of (4.1.7), we have that id ®pm(z) = Y t; ® (m; + wm) for some
m; € M, and this clearly shows that z € Fil"M. By composing the columns of
(4.1.7) with ¢, ® id, we see that the map Fil"M — Fil" M’ commutes with ¢y, and
o - Finally, the kernel of Fil" M — Fil" M’ is @"M N Fil" M from above, but this
is w" Fil" M = Fil"(w"M) by Lemma 4.1.18, and so we also have an exact sequence

of S-modules given by
0 — Fil"(@"M) — Fil" M — Fil" M’ — 0.

Hence the sequence (4.1.6) is exact in ' Mod%" and this shows that ©,.(9t/@"9M) and
M/w"M are isomorphic as objects of Mod-FIZ". ]

Proposition 4.1.23. The functor ©, is evact on Modg" and Modg" . In particular,

O, (M) € Modf" when M € Modé’;.

Proof. The proof follows [18] 1.1.11. We will first show that ©, is exact on ModZ"

or Modg" simultaneously. Suppose that
0— MM — ML M -0

is a short exact sequence in either Modg" or Modg" . Consider S as an &-module
via @. If M" is a free G-module, then Torg(S,M") = 0. If M" € Modg" , then
Torg(S,9M") = 0 by Lemma 4.1.13 since S has no w-torsion. In either case, we get

an exact sequence of S-modules by applying 6, = S ® (—):
©,6
0—->M —->M-—=>M —0.

We also need an exact sequence of Fil"(—) as S-modules. To see this, view the

submodule Fil" M (see Definition 4.1.20) as

Fil’ M = ker (s ® M Egm S @M — (S ©M)/(Fil s%mﬁ)) . (4.1.8)
®,
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Now, S/ Fil" S has no w-torsion by Corollary 4.1.4, so in either case we have that
Torg (S/ Fil” S,9M) is 0 using the same argument as above, and therefore tensoring

the following short exact sequence with 9t

0 Fil" S S S/Fil"S ——=0
yields the short exact sequence
O—>Fi1TS<§9JT—>S<§9ﬁ—>(S/Fﬂ’"S) %)93?—>0 .

This shows that (S ®g M)/ (Fil" S @ M) = (S/Fil" S) @ M. We can therefore
rewrite (4.1.8) as

Fil” M = ker (p®g05m S @ M — (S/FﬂTS)@i)ﬁ)
©,6 S

where p is the projection S — S/ Fil" S. Moreover, we have the following diagram of

exact sequences of S-modules:

0 S @ M S®M S @ M’ 0
9076 50)6 SD,G
lp@wm/ lp@s&zm Lp@wmn

0—— (S/ Fil" §) @ M — (S/ Fil’ §) @ M —— (S/ Fil" §) @ " —0

where the bottom row is exact using Torg (S/ Fil” S, 9t") = 0. Since both of the maps
M — M and M — M’ commute with the respective Frobenius maps, it follows that
the above diagram is commutative. Hence, by the Snake Lemma, we have the exact

sequence
0 — FiI' M’ — Fil" M — Fil" M”

To see that the final map is actually surjective, let y € Fil"M”. Using the fact

that S =6 + Fil?S, we can write y = y + z where g € & @ M’ = *IM” and
»,6

z € Fil?S - M". But M — M” is surjective, so Fil? S - M maps onto Fil? S - M”, and
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since r < ¢, we know Fil? S - M C Fil" M. We can conclude that there exists some
element of Fil" M that maps to z. Now, (id ®pm)(7) € 6 @g IM” = M, but also by
(4.1.8) the image of (id ®po)(y) is 0 in (S/ Fil" S) @ M” since y = y — z € Fil" M".
Using Proposition 4.1.3, (S/ Fil" S) @ MM = M/ E(u)"M". Therefore, we can write
(id @ o ) (¥) = E(u)"m” for some m” € M”. Since f : M — M is surjective, there
exists m € M with f(m) = m” and because M has E-height (4.1.7) at most r, there
must be an z € p*M such that (id ®pm)(x) = E(u)"m. Since f o pogm = popr o f,
we see that (id @pg/)(([d®f)(x)) = (id @) (7). But id ®pgys is injective by
Lemma 4.1.12, so (id®f)(z) = 7 and z € Fil"M by the definition of Fil" M since
(id ®pm)(z) € Fil" S ®e M. This shows that id ® f maps Fil" M onto Fil" M” and

this completes the proof that ©, is exact on Modg" and on Modg” .

4.2. Modules in characteristic p

Our goal is to show that ©, induces an equivalence of categories ModZ" — Mod%",
and we will do this by demonstrating that ©, is both fully faithful and essentially
surjective. We will first show that we have an equivalence on modules killed by @o. The
advantage in this setting is that the ring &/w® = kfu] is a principal ideal domain
and that we are also able to pass from the ring S/@S to S/(w, Fil?S) = kfu]/u,
which is a much simpler ring than S. The general structure of this section is modeled

after Breuil in [4],[5], and [6].

Definition 4.2.1. By Proposition 4.1.19, the ring S; := S/wS is naturally an object
of Modg" for any r < ¢ — 1, where Fil" S; = Fil" S/w Fil" S is the image of Fil" S
in S/wS and ¢, : Fil"S; — 5 is given by reduction of ¢, on Fil" S modulo w. We
further give S; a filtration for » > ¢ — 1 by defining

Fil" Sy == Im(Fil" S — S — 5)).
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We also denote again by ¢ : S; — S} the reduction of the Frobenius ¢ on .S modulo w.
Moreover, by Lemma 3.1.7, (S, Fil' S, 6) is an Op-P.D.-algebra where the divided
power maps {0,,} are defined by 8,,(Z) := d,,(x) for z € Fil' S and m > 0.

Remark 4.2.2.
1. The Frobenius ¢ on S; is well-defined since ¢(w) = w.

2. Note that the reduction of F(u) modulo w is u®. We can also give an ex-
plicit description of the ideal Fil" S;. The ideals Fil" S are generated over S by
6m(E(u)) for m > r, and by the definition of §,,, we have d,,(E(u)) = 8,,(u®),

and so the ideals Fil" S} are generated by d,,(u¢) for m > r.

3. Note that for r < ¢ — 1, as in (4.1.2), we know that ¢, (Fil"** S) C @S, and so
o (FiI'1 8) = 0.

4. The image of u? is 0 in S since u? € wS as seen in the proof of Proposition
4.1.1, whereas the image of an element such as u®/w is not 0 in S;. Using
Proposition 4.1.3, we know that S/(w, Fil?S) = &/(w, E(u)?) = klu]/u®, so
we have

klu]/u® — S/wS — S/(w, Fil? S) = klu]/u®,

and this map is the identity map. Thus, we can in fact view k[u]/u®? as living
naturally inside of S;. Then the complicated portion of the ring S; comes from
the ideal Fil? S; in the sense that any element of S; can be written as the sum

of an element of k[u]/u? and an element of Fil? Sj.

The category of Breuil modules over S;, denoted Modg" was given in Definition

4.1.16. Note that the condition (4.1.3) on @y, can be written as

EM,r (Sx) =c "o (5)903‘/[,7“ (uerx)'
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Moreover, since ¢, is zero on Fil"*! S, this equation implies that

D3| i1 g0 = 0- (4.2.1)

The final remark of 4.2.2 is motivation for the definition of the following ring.

Definition 4.2.3. Let §1 = 51/ Fil? S}, which can be naturally identified with
k[u] /uc? via k[u] /u®® — Sy — S,/ Fil? S,. For r < ¢, define Fil" S; to be the image of
Fil" S in §1 and define the Frobenius ¢ on §1 by the reduction of ¢ on 5. Lastly,

-

for 0 < r < ¢ — 1, define the y-semilinear maps ¢, : Fil' S; — ) by or(u) = ¢

where ¢ is the image of ¢ in S

The ideal Fil" S, is equal to u® S, since Om(ue) = u™ € u Sy for r < m < q.
Therefore, ¢, is well-defined. Because ¢ is 0 on Fil? .Sy, we know ¢ on Si is well-
defined. Morecover, if we identify S) as k[u]/u®, then p(u) = u?. Thus, the kernel of
© on S, is generated by u¢ and we have an injection klu] /u® <8

We define a category of Si-modules in a similar way as Mod?f except that the

condition (4.1.3) is omitted, as it is automatic (see remark below).
Definition 4.2.4.

e Denote by ’ Modg’: the category of triples (JT/E,FilT M, P5i-); Where M is an
gl—module with a submodule Fil” M such that Fil” §1 ‘M - Fil’ M and Ot
is a @-semilinear map g . Fil" M — M. Morphisms in ’ Modg" consist of
Sp-module homomorphisms f : M — N such that f(Fil’ M) C Fil' N and
fobs, =vx,0f

e Denote by Modgf the full subcategory of / Modg’lr consisting of objects with the

following additional properties:

— M is free of finite rank over §1.

— The image of o5, . generates M as an §1—m0dule.
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Remark 4.2.5. Note that if M is in ’Mod?r and 2 € M and s € Fil’ S, then writing
1

s=u"t fort € §1, we get

Py (s2) = o5, (ux)
= o) (u) g, (U T)

= ¢ ()5, (0 D), (4.2.2)

and so the analogue of (4.1.3) is always satisfied for objects of ’ Mod?r.

1

Our first course of action is to show that the categories Modg and Mod%" are
1

equivalent.

Lemma 4.2.6. Fiz a positive integer n. Let M be a finite, free klu|/u"-module, and

let N be a submodule of M. Then for any positive integer m < n
1. If u™ -2 =0 for some x € M, then x € u"~"M.

2. N/u™N is a k-vector space with dimension
dimy (N/u™N) < dimy, (M /u™M)
and the dimensions are equal if and only if u"~™NM C N.
Proof.

1. Let {ey,...,eq} be a basis for M and suppose u™ -z = 0 with 2 = > f;(u)e;
where f;(u) € klu]/u”. Then > (u™fi(u))e; = 0, so u™ f;(u) = 0. If this implies
that fi(u) € u""klu]/u", then z € v ™M. We have thus reduced the claim
to k[u]/u™ itself. Suppose u™f = 0 in k[u]/u" and let f € k[u] be a lift of f.
Then there is some § € k[u] with «™f = u"j. But k[u] is a domain and so it

must be that f = u"™§, which shows that f € u" ™k[u]/u™.
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2. The proof is similar to that of Breuil [4] 2.2.1.1. Consider the following com-

mutative diagram of exact sequences of k-vector spaces:

0 0 0
0 ——u™N u™M u™M/u"™N 0
0 N M M/N 0

Thus we have that
dimy (M/u"M) = dimy(N/u"™N) 4+ dimy [(M/u"M) /(N /u™N)].

This gives the desired inequality since dimy[(M/u™M)/(N/u™N)] > 0. More-
over, by dimension counting along the third column, we see that dimy (M /u"M)

and dimg(N/u™N) are equal if and only if the k-linear surjective map
M/N 5 ™M/ u™N

is an isomorphism. This map is an isomorphism if and only if it is injective,
which is equivalent to the condition that {xr € M s.t. vz € u™N} = N.
We will show {z € Ms.t. "z € v"N} = N if and only if v ™M C N.
First suppose that {x € M s.t. vz € v™N} = N is true and let y € M.
Then u™(u"™y) = 0 € u™N implies that «" ™y € N. On the other hand,
suppose that u"~"M C N and consider x € M such that vz € u™N. Let
y € N be such that vz = u™y. Then u(x —y) = 0, and 4.2.6 (1) implies
that z —y € «"""M C N. Since y € N, this shows that x € N. Hence,
dimg(N/u™N) = dimy (M /u™M) if and only if u"~™M C N.
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]

Lemma 4.2.7. For M € Mod“g;r, if M is free of rank d over S; = klu]/u®, then for
1 <m <e, Fil' M/u™ Fil' M is free of rank d as a k[u] /u™-module.

Proof. Because r < ¢ — 1, we get that ue 1M C Fil" M and so by Lemma 4.2.6 (2)
with M == M and N == Fil' M and m = 1 and n = eq, we have

dimy (Fil” M/u Fil” M) = dimy, (M/uM).

By Nakayama’s lemma, dim(M/uM) = rkk[u]/ueq(f/[) = d, and so the claim is
true when m = 1. We will show it is true for all 1 < m < e inductively, so sup-
pose Fil" M/u™ Fil’ M is free of rank d as a k[u]/u™-module for some m < e. Let
{b1,...,bs} in Fil” M be such that the images form a basis for Fil’ M /u™ Fil” M. Then
by Nakayama’s Lemma, the images of {by,...,b4} generate Fil" J\N/[/u"”rl Fil' M as a
klu] /u™ " -module.

Suppose that there is a relation on the b; of the form
> pi(w)b; € u™HFIM C u™ Fil' M

for some p;(u) € k[u]/u®. Since the images of the b; freely generate Fil” M /u™ Fil" M,
it follows that p;(u) = u™p(u) for some pl(u) € k[u]/u®’. Let a € Fil" M be such
that > p;(u)b; = v . Then u™ - (> pi(u)b; — ua) = 0 and so by Lemma 4.2.6 (1),
there exists some 8 € M such that 3 p}(u)b; — ua = u®~™3. We can rewrite this as

sz b — Ut (g—1—7)+(e— m(uerﬁ)_i_uoé'

Moreover, u®" 5 and « are both in Fil" J\%, and since r < g — 1 and m < e, the sum
5" pl(u)b; must be in wFil” M. But the images of b; freely generate Fil” M /u Fil" M
and so pl(u) € uk[u]/u® and hence p;(u) € u™ 1 k[u]/u® which shows that the images
of {by,...,bg} form a basis for Fil” M/um™*! Fil” M. O
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Lemma 4.2.8. Suppose that M is an object of Modg’r. Then the map
1
id®es 5 © Fil" M/u¢Fil' M — M (4.2.3)
’ o,klu]/ue
is an isomorphism of Sy-modules. Moreover, o5, (Fil" M) is a k[u?) /u-module and

the natural multiplication map

S, ® ¢ (FI'M) — M (4.2.4)

klud]/ucq Mir

s an isomorphism of gl-modules.
Proof. Since ¢(u°) =0 in ), the map
5, - Fil” M — M

factors through Fil" Jv[/ u® Fil” M. Then, the condition that P (Fil" j\?[) generates M
over S; shows that (4.2.3) and (4.2.4) are both surjections.
By Lemma 4.2.7, the Si-module
S, ® Fil' M/uFil' M
o kfu]fue
is free of the same rank over S; = k[u]/u® as M, so the map of (4.2.3) must be an
isomorphism of S;-modules by Lemma 4.1.15. Then (4.2.4) follows immediately from
decomposing (4.2.3) as surjective S;-linear maps
id @y, ~

~ ~ ~ ® ~ ~
S ® FiIMuFIM —7"8 ® o5, (FiI'M) — M

p,klul/ue kud] /uc

Definition 4.2.9. Define the functor T, : Mod§" — Modg’r by
1

M:=T,(0M) =5, ® M,
0,01

where o is the natural surjection of S; onto §1 and let ¢ : §1 < Sy be the natural

inclusion of k[u]/u® in Sy, which is a section of . Denote by oy the surjection

o M—=>T,(M), z—1Rux.
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Then, set
Fil" T,,(M) := oy (Fil" M) (4.2.5)

and for y € Fil" T,,(M), define

Pt (W) = one( () (4.2.6)
where x is any lift of y in Fil” M. Define T, on morphisms in Mod" by T,.(f) = id®f.

Note that ¢ commutes with ¢ on S} and 51. Moreover, since ¢ is the natural

inclusion, ¢ also commutes with ¢ on S; and §1_
Proposition 4.2.10. The functor T, : Modg" — Mod?r is well-defined.
1

Proof. First, M is free of finite rank over S, so it follows that 7,.(M) is free of finite
rank as an S;-module (of rank equal to the Si-rank of M). Also, by Definition 4.2.3,
o(Fil" §;) = Fil' S, and so it follows that (Fil" S;) - T,(M) C Fil" 7,,(M). The map
@51, 18 well-defined because the choice of lift does not matter. To see this, note that
if oy (z) = on(2”), then this implies that x — 2’ € Fil?.S; - M on which ¢y, is 0, by
(4.2.1).

Since 0 0 o = p oo, the map 5, . is p-linear. Moreover, by definition of ¢5 ,
Pxi,(Fil" T (M)) = id @pa,, (Fil" M)

and then the fact that oy, (Fil" M) generates M as an Sj-module and o : 51 — §1 is
a surjection shows that T,.(M) is generated over S by the image of ¢y ..

Finally, if f : M — N is a morphism in Mod%", then T.(f) = id®f is a
morphism in Modgi’;. To check that T).(f) respects the Fil"’s and ¢,’s, note that
(id@f)(om(x)) = om(f(x)) for any x € M. Then these compatibilities will follow
from the fact the f respects the Fil”’s and ¢,’s in Modg". O

We also define a functor from Modgif to Mod“éf.
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Definition 4.2.11. Define the functor 7! : Modg" — Modg" by
1

T7'(M) =S ® (51 ® o5, (Fil' JV())
4,51 k[ud]/ued
=5 ® g5, (FII'N).

L, k[ud]/ued

We use the the second equality for simplicity when giving a description of elements

in M = T.7Y(M). Let oy be the composite

1M Si @ 5, (FI'M) — M
I .
and define
Fil" 7,1 (M) == &5 (Fil” M). (4.2.7)
For z € Fil" T=1(M), define
erer(7) = 1® o5, (o)) (4.2.8)

Define 7,~" on morphisms in ModZ" by T(f) =idef
Proposition 4.2.12. The functor T.! is well-defined.

Proof. By (4.2.4), 5, ®kfua) fuca P, (Fil” M) is a free finite rank S;-module, so T~ (M)

is free of finite rank as an S;-module (of rank equal to the Sy-rank of JV[) To see that

o 18 p-semilinear, let 2 € Fil" T,71(M) and s € S;. Then

par(s7) = 1@ o (T (57))
= 1@ ¢(a(s))erer(Om(2))

=10p(a(s)) @ pnr(on(2))
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where in the fifth equality we use the fact that 1 o o(s) and s differ by an element of
Fil? S}, on which ¢ is 0.
We now check the condition of (4.1.3). By using (4.2.2), we get that for s € Fil" S

and z € T (M),

prer(sz) = 1@ o5, (Tn(sz))
=1® ¢y, (0(s)on(x))
=10, (0(s)) s, (uTn(x))
= (¢ pr(0(5))) ® o, (One(u )
= (" pr(a(s)))ener (uz).

Now, we can write s = u"t +y where ¢ € k[u]/u®? and y € Fil? S; (see Remark 4.2.2
(4)) and notice that ¢,(s) = ¢, (u"t) and o(s) = ut. Therefore,

U pp(a(s))) = (e e (uT) (1))
= u(p(t))
= ¢(t)
=7 "o (u)

=7 "p.(s).

This shows that ¢y, satisfies (4.1.3). It remains to check that the image of iy,
generates T (M) over Sy, but this follows easily using the very definition of T~ (M)
and from the fact that the image of ©5t, generates M over S

Finally, for a morphism f in Modgf, let f = id®f. To show that this is a

morphism in Modg", we first show that the following diagram commutes

T (M) L= T 1(N)

wl

M—L N




61

To see this, suppose = € T;l(J\?[) can be written as x = > s; ® y; for s; € Sy and
Yi € g, (FiI" JT/[) Then f o Ciir = PRy © f and so f(yl) € o, (Fil’ N). Therefore,

we get on the one hand that

ox(f(x)) = 5N(Z 5:® [ (1))
=3 o570

On the other hand, fvis §1—linear, and so

Fon(x) = FO_alsiy)
= ZU(Sz)f(%)

Now, by the definition of Fil" T~!(M) and Fil" T~!(N) (4.2.7), it is easy to check that
f respects the filtrations, and by the definition of ¢y, and ¢y, (4.2.8), it is likewise
easy to check that f oy, = pn, o f. [

Theorem 4.2.13. The functor T, : Modg" — Modg’r induces an equivalence of
1

categories and T is a quasi-inverse for T,.

Proof. We follow the proof of [4] 2.2.2.1. We just need to show that 7! is a quasi-
inverse of T;.

Suppose M € Modg’r. Then by Lemma 4.2.8,

T(I7 M) =5 @ (S1 ® g, (Fil' M)

0,51 klud]/ueq
=5 — (Fil' M
! k[uq%ueq SOM’T( ' )
~ )M,

where the isomorphism is an isomorphism of §1—modules. Let I denote this isomor-
phism. We need to show that I respects Fil" and commutes with the ¢,. Notice that

the composite

~ I~

T 25 T M) =51 @ (S @ o, (FI M) — M

0,51 k[ud]/uecq
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is precisely the map oy. Since Fil" TT(TT*I(JT/[)) = on (05 (Fil"M)) by definition
(4.2.5), it follows that

I(one (G5 (Fil" M))) = G5¢(5 (Fil” M)) C Fil” M.
For y € Fil" Tr(Tr_l(Jv[)), we may choose z € Fil" Tr_l(ﬂ[) with y = o(2) and then
I(y) = I(oxm(x)) = om(2),

SO

(50, (v) = I{onm(pner(2)))
= oi(pner (7))
= on(1 ® o5, (0()))

= ¢xep(On(7))

= o5, (L(y))-

Thus, Tr(Tfl(J\?[)) ~ M in Mod%".
1
Now suppose M € Modg" and set M= T.(M). Define the map

o3+ 5, (FII' M) = M

by
il Pse, (7)) = eaer(2)
where 2 is any lift of z in Fil"M in the sense that oy (2) = z. Since two lifts differ

by an element of Fil? S} - M, and ¢y, = 0, the map gy is well-defined and

- S1M
k[u?]/u®-linear. We will show that the map

id @6y : T H (T (M) — M

is an isomorphism of S;-modules that respects Fil" and commutes with ¢,. The

image of oy is ¢y, (Fil" M) which generates M as an S;-module, and thus id ®dy is
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a surjective Si-linear map of equal rank (see the first lines of the proofs of Propositions
4.2.10 and 4.2.12) S;-modules. So by Lemma 4.1.15, id ®dy is an isomorphism of
Si-modules. It remains to prove that it respects Fil” and commutes with ¢,. We

claim that the following diagram is commutative:

id @6

Tﬁl(TT(M)) —M

o |

M—4

To see this, suppose z € Fil" T, 1(T,(M)) and write z = Y 5; @ 5,.(y;) with s; € S

and y; € Fil" M. Then,

on(id @6yi(x)) = on(D_ sipair(3))
= Z U(Si)‘ﬂﬁ,r(%)

= om(x).

Now, if z € Fil" T, (T,.(M)), we have oy (z) € Fil" T,,(M) and by the above diagram,
(id ®a) () is a lift of oy(x). Two lifts differ by an element of Fil? S; - M C Fil" M
and by the definition of oy (z) € Fil"T,.(M), there is some lift of ay(x) in Fil" M.

Therefore, it follows that (id ®d)(x) is in fact in Fil" M. Moreover, in this case,

(id ®0x) (e (2)) = (id @on) (1 @ @5, (T ()

= on( @, (on()))

since (id ®ay)(x) is a lift of op(x). This completes the proof. O

We will now work to show that the functor ©, of 4.1.21 induces an equivalence
between the categories Modg” and Modg". The first result shows that for objects M
of Mod%", the submodule Fil” M is, up to Fil? S - M, finitely generated by as many

elements as the S;-rank of M.
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Proposition 4.2.14.

1. ]fJT/[ has rank d in Modg’r, then there exists a basis {e1, ..., eq} ofJT/[ and integers
1
0<rq,..,rqg <er such that
~ d ~
FiI'M = @ SlOéi,
i=1

where o; = ue;.

2. If M has rank d in Mod“o’f, then there exists a basis {e1, ..., eq} of M and integers

0<7ry,....,rqg < er such that

d
Fil’ M = @ Sy + Fil? S; - M,

i=1

where o; = uie;.

Proof. The proof mimics [6] 2.1.2.5. By the equivalence of categories given in The-
orem 4.2.13, it suffices to show (1). To be more clear, if T,.(M) satisfies (1) for some
M € Modg", choose &; € Fil"M such that oy (d;) = a; € T,,(M). Then for any
y € Fil" M there is an = € ) S1&; such that oy(y) = op(z). But then this implies
that y —x € Fil?.S; - M (as shown in 4.2.10).

To see (1), let {g1, ..., g4} be elements of Fil” M whose images in Fil" M/u Fil’ M
form a basis for the free k[u]/u®-module, as guaranteed by Lemma 4.2.7. Write
gi = u" f; where f; € JT/[\uJT/[ Reorder if necessary so that r; < r;.1. Denote by = the
image of an element x of M in the k-vector space JV[/ uM. By Nakayama’s Lemma,
{u™ fi,...,u" f;} generates Fil" M. If the set {f1, f5} is linearly dependent, then since
fo # 0, there is some k; € kX such that ki fy + fo = v f5 with € > 1 and fj € j\?[\uf/[
Then since 71 < 71y, we see that u™ fy is in the span of {u™ f,u"2*¢ fi} and so we
deduce that {u™ f,u"2*ef} ... u"f;} generates Fil" M over S;.

Now, it may be that {f,, f'5} is still linearly dependent, in which case we repeat

the argument. This will stop before ry + £ > er because otherwise, since u" f} is in
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Fil" JV[, we would have for some s; € S,

uerfé _ Sgurz-i-afé + Z siu” fz
i#2

Therefore,

uerfé(l _ 82ur2+s—er) _ Z siu” fi,
i#2
and if 7o+ —er > 0, we would have that 1 — seu™™¢7¢" is a unit in S; and this would
give d— 1 generators for Fil” M and hence d — 1 generators for Fil” M Juc Fil" M, which
is a contradiction. Thus, without loss of generality we may assume that {f,, f,} is
linearly independent and 7,79 < er. If ro > r3, then repeat the above argument for
{f1, f5} and reorder. Eventually, we will have a generating family {u"i f;} for Fil” M
with 7; < riyy and {f,, fo} linearly independent. Now, if {f,, f, fs} is linearly
dependent, then there exist ki, ks € k, not both zero, such that

kyfi+ kafo + f3 = uof} with £ > 1 and f} € M\uM.

Again, {u"™ f1,u" fo,u™ e f3, ... u"d fy} generates Fil” M. We can continue in the above
fashion until we can guarantee that we have a generating family {u" f;} for Fil" M
with 7; < 7541 and {f,, fo, f3} linearly independent. Continuing in this way, we are

assured a generating family {u" f;} for Fil’ M with {f,} a basis for M/uM. Then by

Nakayama’s Lemma, e; = f; forms the desired basis for M. n

The technical lemma and its corollary that follow are adapted from [6], immedi-

ately following 2.1.2.6.

Lemma 4.2.15. Suppose that M — N is an injective morphism in Modg’r and
1

wdentify M with its image as a sub-object of N. Then

Fil" M = M N Fil" N.
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Proof. By definition of morphisms in Modg’T we know that
1
Fil” M C M N Fil" N.

Suppose that x € MANOFil"N. Let n be the smallest nonnegative integer such that
ux € Fil" JVE, noting that n is at most r, and suppose that n > 0. Thinking of x
as an element of Fil’ N and again using the definition of morphisms in Mod‘g, we
have o (uz) = u™pz () = 0 since u = 0 in Sy. By injectivity, this must
mean that o5 (u®'z) = 0 in M. By the isomorphism given in (4.2.3), this means
that u®"z € u® Fil’ M. But then for some y € Fil" M we have u® - (usn Vg —y) =0,
and so by Lemma 4.2.6, we know that «¢™ Vz —y € w1\, Now, since r < g —1,
we know that u¢@ DN C FilI" JT/[, hence u¢™ Yz € Fil" 3\7[, a contradiction that n > 0

was the smallest such integer. Therefore, we conclude that x € Fil" M. [

Corollary 4.2.16. Suppose that M — N s an injective morphism in Mod‘éf and
wdentify M with its image as a subobject of N. Then

Fil" M = M N Fil" N.

Proof. This just uses the previous lemma and the definitions of 4.2.9. Suppose that
x € MNFil"N. Then

on(z) € MO Fil"N = Fil’ M.
Hence, oy(x) = onm(y) for some y € Fil" M. But then x and y differ by an element of
Fil?S - M C FiI' M, so x € Fil" M. m

Corollary 4.2.17. Suppose that h : M — M is a morphism of objects in Modg’r such
1
that h induces an isomorphism of S1-modules, M = M'. Then h gives an isomorphism

MM as objects in Modg’r. Furthermore, the analogous result holds in Modg".
1

Proof. It suffices to show that the map h : Fil" M — Fil" M is surjective. Since h is

an isomorphism of gl—modules, it is injective, so identifying Fil" M with its image in
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M , and applying Lemma 4.2.15 gives
Fil' M = M N Fil' M = M N Fil’ M = Fil" M.

So h is surjective on the Fil” and this means that h : M — M is an isomorphism of
objects in Modgf. The analogous result in Mod§" just follows from Corollary 4.2.16

using the same argument. O]

Recall the functor ©, : Mod-FIZ" — Mod-FIZ" defined in 4.1.20. When O, is
restricted to objects of Modg”, it clearly takes values in Modg". Now denote by
o, : Modg" — Modg’r the composite T} o ©,.

To aid with notation, given a ring R and vy, ...,v4 in an R-module N, denote by
v = column vector of vy, ...,vg in N% (4.2.9)

Also, for a map f on N, denote by f(v) the vector of f(vy),..., f(vg). Finally denote
by My(R) the set of d x d matrices with coefficients in R.

Proposition 4.2.18. The functors ©, and O, induce equivalences of categories be-

tween Mod&" and Modg" and between Modg and Mod‘éﬁf, respectively.

Proof. We again adapt a proof of Breuil’s, [5] 4.1.1. Since T, : Mod§" — Modgf is
an equivalence of categories, it suffices to check that ér is fully faithful and essentially
surjective. We begin by showing the functor is fully faithful.

Let M, € Modg' and write M = ©,(9) and N = ©,(MN), and likewise write
M = 6,(9M) and N = 6,(MN). Suppose that § : M — N is a morphism in Mod?f. We
need to show that there exists a unique morphism g : 9 — 91 in Modg" such that
O.(9) = 7.

Notice that

M=5 ® M
cop,61
=5 ® M/uMm, (4.2.10)

cop,61



68

since o(p(uf)) = 0 in S;. The same holds for 9N and N.

First, we claim that that the k[u?]/u“-modules o5 (Fil"M) and
?@Dﬁ::{xeﬁ[|x:?®1®yforsomey€fm} (4.2.11)

are equal in M = §1 ®g S1 Rpe, M, and the same will be true for N. For the
containment ¢" @ M C oz (Fil" M), note that for any m € 9, as we saw in (4.1.5),
there is some z € Fil"M such that ¢y, (2) = ¢ @ m. Then pg (om(z)) =" @ m.
Now let € Fil" M. By Definition 4.2.9, that means there is some z € Fil" M with
on(x) = . Recall that the definition of Fil" M means that id ®pgp(z) € Fil" S @ 9.

So write

(id @on) (x) = Z t @ m;

with ¢; € Fil" Sy and m; € 9. Let t; = o(t;) € Fil" S,. Then #; = u’p;(u) for some
pi(u) € k[u]/uc?. Using the fact that oo, = ¢, 00 and Loy = @ o, and writing M
as §1 ®g S1 Q. M, we get that

Pier (T) = om(nr (7))

= Z 1 ® (o (i) ® my)

= ale.(t:) ® (1@ my)

=1

=Y Fepw) © (1o m)
— ZE’“ ® t(p(pi(u))) @ m;

— ZE‘" ® (1@ o(ps(u))m;).

Therefore, we see that o5 (Z) € ¢ ® M. So g (Fil'M) = ¢ ® M. Furthermore,
since g commutes with the ¢, and g(Fil" JT/[) C Fil" ﬂ, we see that g sends ¢ @ M
into ¢ ® M. Then by §1—linearity, g sends the set 1 ® 9t into 1 ® MN.
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Let {ey,...,eq} be a basis for M. Write g(¢" ® ¢;) = ¢ ® f; for some f; € M and
note by (4.2.10) that there is a choice in the f; with different choices differing by
u®N. At this point, we are able to construct an &;-linear map g : 9 — I given by
g(e;) = fi and we would know that id ®¢g = g. We will show that there is a unique
choice of f; € 91 such that g o oy = pm 0 g. Start by fixing some choice of f;.

Let A denote the matrix of gy with respect to the basis {ej,...,eq}. That is,
A = (a;j) where po(e;) = >, aije; for a;; € &1 = ku]. Because 9 has E-height
h < r (see Definition 4.1.7), we know that for 1 < k < d, we get uex = >, bjrpm(e;)
for some b, € &, and so the matrix B = (b;) € My(k[u]) satisties u®" I = AB. Then
A7 € My(k((u)), and u" A~ € My(k[u]). We claim that there exist y;,...,yq € N
such that

uT A o (f) =u - f +uty (4.2.12)

To see this, let b;; be the (4, j)-th entry of B = u®" A~! so that u“"e; = Z;l:l bijpam(e;).
Using (4.1.5), this means that goMﬂ.(Z?:l b;;®e;) = ®e; in M. Applying oy followed
by ¢ then gives that

d
¢ @ fi=Glom, (1@ (Y by @e)))

j=1

= o5, (91 ® (Z bij ® €5)))

d
= ox,(1@ O _bi; @ f;)

Jj=1

d
= UN(SDN,T(Z bij ® f;))-

Since Y27, by ® f; € Fil' N, we know that (id ®pn)(327_, by ® f;) € Fil" S1 @, M.
Write (id ®g0m)(2j:1 my ® f;) = Soh_, sk @ ng with s € Fil" S;. However, we can
also say that (id ®<pm)(zgl:1 bi; ® f;) € (k[u]/u) @, M as k[u]/u? is the image of
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S, in 57. By Lemma 4.1.14,
(Fil" Sy g M) N ((k[u]/u?) gii M) = (Fil" Sy N (ku]/u?)) g? m,
so we can assume s € Fil" S1 N (k[u]/u?). By Proposition 4.1.3, we know
FiI"'SNG =E(u)'6,

and since Fil" S} is the image of Fil" S in S; and k[u]/u? is the image of & in Sy, we

can write sy = u®"ty for some 5, € kfu|/u®. Thus, we have

I d
Z utgny = Z bijon(f5)-
k=1 =1

Using that ¢, (sg) = ¢ ¢(tx), it is a simple calculation to see that

l

ox(onr() by ® f;)) = > ¢ @ (p(t) %nk)

j=1 k=1
l
k=1

So @ @ f; = @ (3h_, tynx) and thus by (4.2.10), there exists some y; € 9 such
that 22:1 txng = fi + uy;. Multiplying both sides by u" gives the desired result

(4.2.12) since u 375 temg = S0, bijom(f)-
We then have, in ¢, that

em(f) = Af +uy (4.2.13)

which gives (4.2.12). We now seek S, ..., B4 € DM such that by setting g(e;) = f; +u°s;,
we get an G;-linear map with g o oo = gm0 g and O,.(g) = g. Written another way,

we want
Ag(e) = pm(g(e)),

where the multiplication on the left-hand side is &;-linear. Expanding g(e;), we want

Ag +uAf = oa(f) + upn(f)
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Using (4.2.13), we see that the §; must satisfy
B=y+uVA ox(B). (4.2.14)

Since r < ¢ — 1, and we emphasize that this inequality is strict, the coefficients of

w0 A~ = 4@~ B are in ukf[u] and so iterating (4.2.14) yields

).

=

ﬁ _ Z ue(qfl)Aflgo(ue(qfl)A71> o SOkfl(ue(qfl)AAfl)90{];!(
k=0

This solution for i, ..., B4 is unique after the choice of f; above. Thus, if we made

another choice f!/ = f; + u°c; and got the solution f! + u°S., then
fi +usBl = fi +u(c; + B)) = f; + u°B;,

so it follows that the morphism ¢ is unique, and by construction, 0,(g) = g. We
therefore conclude that ©, is fully faithful.
We will now show that ©, is essentially surjective. Let M € Mod‘g’r be free of
1

rank d. By Lemma 4.2.8, there exist v, ..., yq € Fil" M such that

(&7 @ o5, (), ¢ @ o5, (va) }

forms a basis for M. We claim that Y1, .-+, Yg Must span Fil" M. By Lemma 4.2.8, we
know that the images of the y; in Fil” M/u¢M form a basis for the k[u]/uf-module
Fil" JT/[/ueJT/[, and so by Nakayama’s lemma, the y; must span Fil" M. For each 1,
write o5 (y;) = ¢"e; and let B € My(k[u]/u?) give the matrix of (;) in the basis
of {e1,...,eq}. Since ue; € Fil’ M for all 1, it follows that there is some matrix
D € My(k[u]/u®?) such that D - B = u®"I. Let B, D € My(&,) be any lifts of B and
D, and let C € My(&;) be such that DB = u"I 4+ u®C = u® (I + u*9~")C). Since
r < q, we get that I +u®@"C is invertible in &;. Let A = (I +u®? " C)~'D so that
we have AB = u*"I.

Let 991 be the &1-module M = @?:1 S, f;, and define a Frobenius on 9t by

om(f) = Af and extending ¢-semilinearly. Put in terms of the linearization

id Qo - gﬁ*m — N,
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the matrix A is the matrix for the &; linear map id ®¢gy under the basis {1 ® f;} of
©*M and the basis {f;} of M. We first need to check that 9 is in Modg". Clearly,
it is a free G1-module of rank d, so we only need to check that u" kills the cokernel
of the linearization id ®pgy. But we know that AB = u®"I, and so u“"1 is contained
in the image of id ®pgy and the cokernel is killed by u®" as desired.

Let M = ©,(9M). Our goal is to show that M/ = M as objects of Modgir.
Consider the S;-module morphism h : M — M’ induced by h(e;) = 1® f;. This takes
a basis to a basis, so clearly this is an isomorphism of Si-modules. By Corollary
4.2.17, we just need to show that h(Fil" JT/[) = Fil' M and h commutes with the
©-maps.

We will first show that h(Fil" JT/[) C Fil’ M’ and h commutes with the ¢,-maps.
As above, there exists an gl-spanning set {y1,...,yq} of Fil" M such that we have a
basis of M given by e; = E_Tgpﬁ’r(yi), and B is the matrix for {yi, ..., 44} under this
basis. Since h is Si-linear, we just need to show that h(y;) € Fil" M for each i. By
the definition of Fil” M’ (4.2.9), this is true if and only if h(y;) is in the image of oy
on Fil" ©,(9M). Note that h(y) = on(B1® f) and on ©,(M) = S @, M,

id @pm(Bl ® f)

AB1® f

u” ® f

This result is in Fil" ) ®g, M, which means by the definition of Fil" ©,(9t), we have
Bl ® f € (Fil" ©,(M))% So h(y;) € Fil’ M’ for every i.
To show that h commutes with the ¢,-maps, first consider the y;. Using the

previous calculation,

%ﬁgr(h(yi)) = oxn((pr ®1d)(u” @ fi)) =" (1® fi).
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On the other hand, we defined y; such that 5 (v;) = ce;, SO

Now, by the Si-linearity of h and the p-semilinearity of the ¢,, we know that h
commutes with the ¢, on all of Fil" 3\7[, and this completes the proof. n

To end this section, we will now show that Mod-FIZ" is stable under the quo-
tient M/ww"M. In particular, this will imply that Mod-FI%" is a full sub-category of
Mod¥". The technical lemmas that follow are adapted from [6] 2.1.1.3 and [4] 2.3.1.2.

There is an equivalent condition to the property that the image of ¢y, generates
M, which we now consider. There is a map S — W(k)r that extends the map
S — 6/u6G = W(k)r. Such a map exists since the image of E(u) is in wW (k)p,
which has Op-divided powers. This gives W (k)p the structure of an S-module, and

we have the following result:

Lemma 4.2.19. Suppose that M is an object of ' Mod%" and suppose further that M

1s a finitely generated S-module. Then the condition that the map
@Mﬂﬂ :Fil'M — W(k’)p Xg M, r—1® QOJ\/[,T(I)

is surjective is equivalent to the condition that the image of oy, on Fil" M generates

M as an S-module.

Proof. Let W := W (k)p. Denote the kernel of the map & — W by I. Then [ is
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generated by u and 6,,(u¢) for m > 1. We have the following commutative diagram:

S @ Fil" M —222
»,S
Fil' M—% =W ® Fil’ M 22 1 &M
oW S

where the map o is given by m +— 1 ® m and is surjective since ¢ restricted to W is
an automorphism (it is the unique lift of g-power Frobenius on k), and the composite
of the bottom row is @y ,. If id @y, is surjective, then clearly id @ Py, is surjective
and so @y, is surjective. Suppose instead that ®y,, and hence id @ Py, is surjective.
We claim that IM is the kernel of M — W ®g M, and this can be seen by tensoring

the exact sequence of S-modules
0—=1—-S—->W-=0

with M, noting that the image of I ®s M — S ®g M is IM. Let N be the image of
id ®pai». Then using the diagram we see that M = N + IM. Therefore, it suffices
to show that [ is contained in the Jacobson radical of S, since then Nakayama’s
Lemma (as M is finitely generated) would show that N = M. We claim that [
consists of topologically nilpotent elements. We know that I is generated by u and
dm(u®) for m > 1. As seen in the proof of Proposition 4.1.1, we know that u®? € wS.
Moreover, using Proposition 3.1.3 (3), we can see that d,,(u) raised to a large enough
power (g would suffice) becomes divisible by w. This shows that any element of I is
topologically nilpotent, and so any element of 1+ 1 is a unit is .S. Thus, [ is contained

in the Jacobson radical of S, and this completes the proof. O
Lemma 4.2.20. If M € Mod-FIZ", then

M[w"] € Mod-FIZ"  and M/@w"M € Mod-FIZ"
for any n, where

Fil" M[w"] = M[w"] NFiI"M and PM[wn],r = PM,r M|

wn]
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and
Fil"(M/@"M) == Fil' M/@" Fil' M and @y, = o, reduced modulo w".

Proof. We adapt the proof in [4] Lemma 2.3.1.2. It is easy to check that w"M is
an object of Mod-FIZ", with filtration defined by Fil"(w"M) = @w" Fil"M and the
restriction of gy, to " Fil” M. To the S-module M := M/ww"M, we want to define

the submodule

Fil' M := Fil’ M /=" Fil’ M

and to define Py, to be the reduction of yy, modulo w". However, for Fil" M to

actually be a submodule of M and for P, to be well-defined, we need to show that
w"MNFil"M = " Fil" M.
Furthermore, the S-module M[w"| clearly has the submodule
Fil" M[w"] == M[w"] N Fil" M

and ¢y, takes values in M[w”] when restricted to Fil" M[w™]. Then M[cw] is an object
of Mod-FIZ" if the image of ¢y, on Fil” M[w"] generates M[w”] as an S-module. for
this we will use Lemma 4.2.19.

Induct on the smallest power of w that kills M. To be exact, for m > 2 let P(m)
be the statement that for any M € Mod-FI£" such that @™M = 0 and @™ M # 0,
then

oM NFil"M = @' Fil' M

for 0 <i <m—1 and M[w"] is in Mod-FIZ" for all n. Note that if ™ kills M, then
there is no need to check the claim for n > m. First suppose that for M € Mod-FI%",
we have @M = 0 and suppose wM # 0. We will first show that M[e] is an object
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of Mod¥". Consider the commutative diagram with exact rows given by

0——Fil"M[w] ——=FiI'M —>w FiI' M —0
l@mm Doy Doy

0—>W<§M[w]—>W@§MM—®zW<§wM—>O
We know that the two right-most vertical maps are surjective and we want to show the
left vertical map is surjective. Let 2 € W®@sM]w]. Then there is some & € Fil" M such
that @y ,(2) = x. Moreover, we know that w2 is in the kernel of ®y¢, on Fil" wM.
Since wM is killed by @ and ¢;(w) € @S fori > 1, we know that 6;(E(u))m = &;(u®)m
for any ¢ > 1 and m € wM. We claim that the kernel of @y, on w Fil" M is actually
uFil" @M + Fil? S - (wM). To see this, note that elements s - m of Fil? S - (wM) are
in Fil" M, and using (4.1.3) and (4.1.2) we see that

@r(sm) = ¢ pp(s)pr(um) =0

since ¢, (s) € @S and ¢, (um) € @M. On the other hand, M = (@M)/(Fil? §-@M)
is naturally an object of Modg" with Fil" M = Fil"’ @M/(Fil’ S - wM). Then we get

the induced map

o 1995, =~ =~ ~
MM %k @ M2 M/udM
klu]/ucq

P

Using Proposition 4.2.14 and (4.2.3), we have a set of generators aq,...aq of Fil"M
such that their images under @5 form a basis for J\N/[/UJ\N{, and then it is easy to
see that the kernel of CDJ;[’T is u Fil" M. Finally, this shows that the kernel of ®y, on
Fil" @wM is precisely u Fil" wM + Fil? S - M. Using that

Fi'oM=wFilI'"M and Fil’S: (oM) = w(Fil?S - M),

we can choose y € uFil" M 4 Fil?.S - M to be such that wz = wy. So in particular,
& —y € Fil"M[w]. It may be that ®y,.(y) # 0, but we do know that &y, is 0 on
u Fil" M since ¢(u) € uwS, and @y, has image in @w (W ®@sM) on Fil?S- M by (4.1.2).
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Therefore, write @y, (y) = wz and let 2 be a lift of z in Fil"M along ®y,. Then
& — g+ w2 € Fil" M[w] since M is killed by w? and applying the additive map Py,
we get that

Qo (2 — g+ wk) = .

Thus, by Lemma 4.2.19, we get that M[c] is an object of Modg .
We now naturally have an injection wM — M[w] of objects of Mod%", and so by

Corollary 4.2.16 and the definitions of Fil" @M and Fil" M[w], we have
wFiI'M = oM N Fil" M[w| = wM N (FiI" M N M[w]) = @M N Fil" M.

This completes the base case.

Suppose that the statement P(i) given above is true for all i < m for some
m and suppose that M € Mod-FIZ" is killed by @w™*'. Using a similar argu-
ment to the base case, we can show that M[w™] € Mod-FIZ" and so by induction,
M[w"] = (M[w™])[w"] is an object of Mod-FIZ" for all n, and in particular, M[w] is
an object of Mod%". Now, ™M — M[w] is an injection, so using Corollary 4.2.16

as in the base case, we get that
w™" Fil' M = @™ M N Fil" M.
Now we know that M/w™M is an object of Mod-FIZ" killed by w™, so by induction,
@' (Fil" M /@™ Fil' M) = [@"(M/™M)] N (Fil” M /=™ Fil” M)
for any 0 <7 <m — 1, and then we claim that
@' Fil' M = @'M N Fil” M.
Let z € @M N Fil" M. Then if Z denotes the image of z in M /™M, we know that

7 € [@'(M/™M)] N (Fil" M /™ Fil” M)
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and hence we can write T = @'y for y € Fil" M/@™ Fil" M. Let y € Fil" M be a lift of
7. Then we have that © = w'y+w™z for some z € M. But in fact since z,y € Fil" M,
we know that @™z € Fil" M, and so @™z € w™M N Fil" M and hence in w™ Fil" M.

Thus, x € @' Fil" M. This completes the proof. O

The same argument as in Corollary 4.1.9 then gives the following result.

Corollary 4.2.21. The category Mod-FIZ" is a full subcategory of Mod%” .

4.3. An equivalence of categories

We will now prove the equivalence of the categories Mod%" and Mod%". We start

with a lifting of Lemma 4.2.14

Lemma 4.3.1. Suppose M € Mod%" has rank d. Then there exist o, ..., aq € Fil" M

such that {oxn, (1), ..., omr(a)} is a basis for M and
d
Fil' M = @ Sa; + Fil* 5 - M.
i=1
Proof. The proof closely follows that of Liu [22] 4.1.2. Consider M/wM. By Propo-
sition 4.2.14 and Proposition 4.1.19, there exist ay, ..., ag € Fil” M such that

d
Fil"(M/@M) = Fil’ M/ Fil’ M = @) Sia; + Fil? S, - (M/=M), (4.3.1)
i=1
where @, is the image of a; in M/wM. Let N = @7, Sa; + Fil? S - M and note that
since by definition Fil" .S - M C Fil" M, we have N C Fil" M. Consider the map

£ NJ(Fil? S - M) — Fil” M/(Fil“ S - M).

Now, the ring S/ Fil? S is isomorphic to &/F(u)?S by Proposition 4.1.3, and this is

a w-adically complete, Noetherian ring. So, by Nakayama’s Lemma, the map f is
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surjective if it is surjective modulo w. But this is given by (4.3.1) above. So, in fact,

d
Fil’' M = @Sai + Fil? S - M.

i=1

To see that {@yr(1), ..., omr(@a)} is a basis for M, first recall that oa,.(Fil” M)
generates M. Since iy, (Fil?S - M) C @wM and since S is complete with respect to
the ideal @S, it follows from w-adic completeness that {oa. (1), ..., Yar(q) } forms

a basis for M. O]

We can now lift the result of Corollary 4.2.17 to objects in Mod%™.

Lemma 4.3.2. Suppose that h : M — M’ is a morphism of objects in Mod%" that

induces an isomorphism of S-modules, M = M'. Then h gives an isomorphism

M =M as objects in Mod%".

Proof. As in Corollary 4.2.17, it suffices to show that h : Fil" M — Fil" M’ is sur-
jective. Let N be the image of Fil"M under h. Since h(M) = M’ is surjective and
S-linear and since Fil?S - M C Fil"M, we see that N contains Fil?.S - M’ and so
Fil"M'/(Fil? S - M') — Fil" M'/N is surjective. Now, by Lemma 4.3.1, we know that
Fil" M’ /(Fil? S - M) is finitely generated, and hence M /N is finitely generated. Using

Lemma 4.1.18, we know that
h mod @ : M/@wM — M’ /M’

is a morphism in Modg" that induces an Si-module isomorphism M/wM = M'/wM'.

So by Corollary 4.2.17,
Fil" M/w Fil" M = Fil"(M/@M) = Fil"(M'/oM') = Fil’ M’/ (w Fil" W).

It follows that Fil" M = N + w Fil" M. Since (w) is contained in the radical of S and
M/N is finitely generated, we get by Nakayama’s Lemma that h(Fil" M) = Fil" M.

This completes the proof. O
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Notice that for an object of Mod%", we can define a Frobenius ¢y : M — M by
om(x) = ¢ "oy (E(u)"x), and one can check that this is compatible with ¢y, in
the sense that for x € Fil" M we get the identity ¢y (z) = @w"onm(z). Hence, Lemma
4.3.1 is almost enough to give a descent to G-modules in ModZ". For instance, using
Lemma 4.3.1, we could define 9t to be the &-span of {¢y, (1), ..., omr(a)}. We
may then try to define ¢gy as above, but we cannot be sure that for x € 91 the
element ¢ "oy, (E(u)"z) is in fact in the G-span of the basis. However, if we knew
that E(u) ¢ r(e;) is an G-linear combination of the «;, then, up to the unit ¢”, the
map g would be well-defined. The following key lemma ensures that there exist o
satisfying this additional condition.

We will use the notation of (4.2.9).

Lemma 4.3.3. Let M € Mod%" have rank d. Then there exist oy, ...,aq € FiI" M
and a basis {e1, ...,eq} of M such that e; = ¢ "pn(w) and o = Be, where B is a

d X d matriz with coefficients in &, and

d
Fil" M = @Sai +Fil? S - M.

i=1
Proof. This proof is an adaptation of Lemma 2.2.2 of [9]. We prove inductively that

we can construct agn) s aén) € Fil" M such that egn) = c*’”goM,r(aZ(-”) ) forms a basis

of M and there exist matrices B™ € My(&) and C™ € My(w" Fil"*¢ S) such that
a™ = (BM 4 M), (4.3.2)

For the base case, n = 0, the o) are given by Lemma 4.3.1, and e© is defined after

multiplication by the unit ¢=". The matrices B®) and C'© follow from that fact that

S = & +Fil’ S. Now suppose that we have a§"), o ozgln) and put egn) = C*Tgomm(ozl(n)).
Set

QD) . g gm)



81

and define

) = i ()
_ C_TQOM,T(Q(”) _ C(”)g(”))

= (I — D™)e™, (4.3.3)

for the matrix D™ € My(S) given by ¢ "y, (C™eM) = DMe™  We will show
that D™ actually has coefficients in w**"S where

n—l—q—lJ

)\n:n—i—q—r—{
q—1

For s € Fil" S and = € M, by (4.1.3),

PM,r (Sl‘) = C_T(PT(S)QOM,T(E(U)TI)‘

Because C™ has coefficients in @" Fil"t? S, it suffices then to show that ¢, (s) € @S
for any s € Fil"™? S. Now, recall that Fil"*? S is topologically generated by d,,(E(u))

for m > n + g and so such an s can be represented by

s = Z A (W)0m (E(w)),  am(u) € &, am(u) — 0 w-adically,

m=n-+q
Let m = by + biqg + - - - + by¢' with 0 < b; < ¢ and recall from (3.1.2) that
1

=——m—(bp+---+0b)|
M(q) q—l[m (bo + -+ by)]
Since m(g) is an integer and is less than or equal to Z‘T_ll, we can say
m—1
< |—. 4.3.4

Note that m — L%J is a non-decreasing function since if m increases by 1, then

V;T_llJ increases by at most 1. To see this, let m and n be positive integers. Thus,
m—1
q—1

(m +n) — Lm—I—n—lJ

qg—1

> (mtm) - (|

|+
m — 1

- |25 (43.5)

qg—1
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Then for m > n + ¢, we have

-1
M —7T ="M >Mm—1— Vg_—lJ by (4.3.4)
-1
>n+q—r— VH_%J by (4.3.5)
q_

= A\
Now, because p(F(u)) € wS, we know that
r(0m(E(u))) = o(E(u)™) /@m0 € w8

for any m > n + ¢, and so ¢,.(s) € @S as desired.

Now, for any integer n > 0, since r < ¢ — 1, we find

An:w_r{LHJ
qg—1
n+gq 1
Z(q—Q)q_l —7‘+qu
¢ —2¢+1
g—1
> 0.

Since A, is an integer, we know that A, > 1. We just showed that D™ has coefficients
in "t S, so for any n > 0, we know @ divides the coefficients of D™, so I — D™
is invertible with

(I — D)™t =14+ DM 4 (DM 4
Therefore (4.3.3) shows that {e{"™", ..., eénﬂ)} forms a basis of M and

a(n+1) _ B(n)(I . D(n))—lg(n+1)'

Let A = B™(I — DM™)~!. We want to write A as B™+1) + C*+1 for matrices
B € My(&) and CHY) € My(ww" ! Fil"™14S). By what we have seen above,
write D = A+ FM and FM = F™ 4 F{™ where the coefficients of F\™ can all

be written in the form

> ()5, (E(u)) (4.3.6)
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and all of the coefficients of FQ(n) can be written in the form

Z am(u)ém(E(u))7

m=n-+q+1

with all a,,(u) € &. For m < n + ¢, we compute

—1
)\n—{—n—m(q)22n+q—7‘—2-n+L1
q_
e 2n (g—2
s DAt (4.3.7)
>q—2—r

and note that A, +n —my) > 0 when m = 0. So anything of the form (4.3.6) is in
(e, E(u))& = (w,u)S after multiplying by w*»*". Therefore,

w)‘”+"F1(n) € My((u,w)&) and w)‘”+"F2(n) € My(ww" ™ Fil"t1Ha ),
Write D™ = D{ + D with D" = @+ F™ and DV = @*F™ Then
B™W(I — DM)~1 = ZB(H)(DYL) + Dé”))i
i=0
= Bt 4 g+l

where B"HY =5~ 'B W(DY”)@' converges in & since & is (w, u)-adically complete,
and C+) = DI D for a matrix D™ € My(S) and so

Ot € My(w" T Fil" e ),

This completes the induction.

For every n we defined ™" = B™e(™  and so by (4.3.2) we get that

(41) _ o) — _ ) ), (4.3.8)

S

But the coefficients of C™ are divisible by @™, so the sequence o™ has a limit a.

Moreover, by (4.3.3),

o) ) _ D) (n)

= = Y
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n+1)

so el — e is divisible by @w” and so the sequence e™ has a limit e.

The calculation in (4.3.7) actually shows that for m < n + ¢ the integer

(g —2)(2n)
An — > /7
+n—myg 2 i1
and hence

min (A, +n —my) =00 as n — oo.
m<n-+tq

Then D%n) = w’\”+”F1(n), where the coefficients of Fl(n) were defined in (4.3.6), will
have coefficients in w** "~ (90w &. The B™ therefore converge in & to a matrix
B since by construction B — BW = S B(”)Dgn)i and we now see that D{")
becomes increasingly more divisible by w in & as n — co.

(n)

As o; —a; € w" FiI" M and ¢y, is p-semilinear and ¢(w) = w, we know

¢ "onr(i) — C’%M,r(a?)) € w"M.

But we also know that e; — e/ € @"M and /™ = ¢ "pre. (™), s0

¢ Tovr(ou) —e € "M

for every n. By the w-adic completeness of &, we get that e = ¢ "y, (a). Similarly,

for any n > 0 we have
a— BMe = (o — g(n+1)) + B(n)(g(n) —e) €™M
and so

a— Be=(a—B™e) + (B™ — B)(e),

and this converges to 0 in M as n — oo, so o = Be.

Finally, we know that a(®) generates Fil” M up to Fil? S - M and ago) =alP 4 m;,

i

where m; € Fil?.S - M by (4.3.8), so o'V generates Fil” M up to Fil? S - M. Now, a;
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is congruent to agl) modulo w by (4.3.8), so using the same argument as in Lemma

4.3.1, it follows that

d
Fil’ M = @ Sa; + Fil? SM,

=1

which completes the proof. O
Proposition 4.3.4. The functor ©, : Modg" — Mod%" is essentially surjective.

Proof. Let M € Mod%" have rank d. Let {ey,...,eq} and B € My(&) be as in
Lemma 4.3.3. We will show that there is an A € My(S) such that AB = E(u)"I.
Since E(u)"e; € FiI"M for all i, we know by Lemma 4.3.3 that there exist matrices
A" € My(S) and C" € My(Fil? S) such that A’B+C" = E(u)"I. But since any element
of S can be written as the sum of an element of & and an element of Fil? S, we can
assume A" € My(S). Then C" = E(u)"I — A’'B has coefficients in GNFil? S = E(u)!G
by Proposition 4.1.3. So we can write C' = F(u)?C with C € M,(&). Thus,

A'B = E(u)' (I — E(u)""C)

and E(u)?"C € My((w,u)&) so, as r < ¢, we have that (I — E(u)4 () is invertible
in My(S&). Let A= (I — E(u)?"C)'A’ € My(S) and then we have AB = F(u)"I.
Now, define 9 = @le G f; with Frobenius ¢gy defined using A:

em(f) = Af,

and extending y-semilinearly. The argument used in the proof of Proposition 4.2.18
on page 71 comes over mutatis mutandis to show that 9 € ModZ". Let M’ = ©,(9)
and define h : M — M’ by h(e;) = 1 ® f; and extend S-linearly. We want to
show that the S-module isomorphism % is an isomorphism in Mod%". It is clearly
an isomorphism of S-modules, so by Lemma 4.3.2, it suffices to show that h is a

morphism in Mod%".
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Using Lemma 4.3.3, there are o, ..., ag € Fil" M such that e; = ¢ "¢, («;), @« = Be,
and
d
Fil’ M = @5 So + Fil* S - M.
i=1
Since h is S-linear and Fil" S-M’ C Fil" M, we just need to show that h(«;) € Fil" M/
for each i. The argument is the same as in the proof of Proposition 4.2.18 on page
72. Carrying that argument further, h commutes with the ¢,-maps on the a;. That
is, h(emr(i)) = owr(h(cw)). Now, by the S-linearity of h and the ¢-semilinearity
of the p,-maps, we know that h commutes with ¢, on @?:1 Sa;. Consider sx with

s € Fil’ S and x € M. Then by (4.1.3),

paer(s2) = ¢ pr(s)pner (E(u) ).

But since AB = E(u)"I, we know that E(u)"z € @?:1 Sa;, and so we have that

oz (W(E(uw) ")) = h(onm,(E(u)"z)) and then a simple calculation shows that

e r(h(s)) = h(gar(s2)),
and therefore h commutes with the ¢, on all of Fil" 9. O

The next step is to show that ©, is fully faithful. To prove that ©, is fully
faithful, we will show that there is an isomorphism on Hom-sets. For simplicity of
notation, let Homg (91, M) denote the set of morphisms MM — 9N in "ModZ". That
is, G-linear homomorphisms that intertwine gy and pyn. Likewise, let Homg (M, N)
denote the set of morphisms M — N in 'Mod%". That is, S-linear homomorphisms
that respect the submodules Fil" M and Fil"N and that intertwine ¢y, and ¢x,.
In the proof we will need to use that the categories Modg” and Modg’ are evact
categories using the definition of exact category formalized by Quillen [25]. In short,
these categories are exact categories because they are stable under extensions and

contained in the abelian categories Modg and Modg. Importantly, exact categories
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may not be abelian themselves, but in such categories, applying the Hom functor
gives rise to long exact sequences in the usual way, where the sets Extg (91, 9) are
derived functors of Homeg(—,91) — Ab. Moreover, Buchsbaum [7] showed that in
exact categories, the derived functors are equivalent to the sets Ext& (9%, 9) in the
manner of Yoneda [28]. In particular, Extg (9, N) is the set of extensions of MM by
9 in ModZ” up to isomorphism. Likewise for Extg.

We start with a lemma that establishes a base case for an induction (see Propo-

sition 4.1.10) that will be used in the proof of Proposition 4.3.6.
Lemma 4.3.5. Suppose that 0t € Modg". Then for any M € Modg" , we have
Homg (901, 91) = Homg (O, (IM), ©,.(N)), (4.3.9)
Extg (9, N) — Exts(0,(M), 0,(N)) s injective. (4.3.10)

Proof. We will prove these statements simultaneously for any 9t € Modg’ using
the induction-style argument introduced in Proposition 4.1.10. Let N = ©,.(0M) and
for M € Modg” write M = ©,(9M). First suppose that MM € Modg’. Then by

Proposition 4.2.18, we have
Homg (91, 91) = Homg (M, N)

and so (4.3.9) is satisfied for any 9t € Modg".
To show (4.3.10) when 9t € Modg", let

0-MmbLeLhno

be an extension of 91 by 91 and suppose that after applying the functor ©,, which
by Proposition 4.1.23 is exact on Modg’ , we get ©,(€) = M @ N. That is, suppose
we get the trivial extension of M by N. Note that ©,(€) is in Mod" since it is the
direct sum of M and N, and hence by Proposition 4.2.18, ¢ = O, ! 0 ©,(€) is an
object of Modg,. Since ©,(€) = M @& N, there exists a morphism h : N — O,(€&)
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such that ©,(g) o h is the identity map on N. Now by Proposition 4.2.18, O, is
fully faithful for objects of Modé’f, so there exists a morphism b : 91 — €& such that
©,(h) = h. Now, ©,(gobh) = id, and since there is a unique endomorphism of 9 that
maps to the identity on N via ©,, it follows that g o h = id. This then shows that
€ = ker g @ im b = 9 @ N, the split extension of. So Extg (M, N) — Extg(M,N) is
injective.

Now suppose that for some 90t € Modg" we have an exact sequence

0 o0’ m m’ 0

and that (4.3.9) and (4.3.10) hold for 9" and 9”. Then by applying Homg(—, M)
and O, to this short exact sequence, using that 0, is exact on Modé’:o by Proposition

4.1.23, we get the following commutative diagram of long exact sequences:

0 = Homg(M”, ) - Homg (M, N) >~ Homg (M, N) ——— - - -

| | |

0 - Homg(M", N) - Homg (M, N) - Homg(M', N) —— - - -

co s Extg (M, N) — Extg (M, N) — Extg (M, N)

| | |

Extg(M”, N) — Ext&(M, N) — Ext (M, N)

By the assumptions on 9 and 9", we know that
Homg (9", N) = Homg(M",N) and Homg(M',N) = Homg(M',N)

are isomorphisms and Extg (9", 91) — Extg(M”,N) is injective. These together with
a diagram chase shows that Homg (91, 91) = Homg(M, N). Moreover, the facts that

Extg (O, N) — Extg(M”,N) and  Extg(9, M) — Extg(M,N)

are injective and Homg (9, 91) = Homg(M’,N) can be used in a diagram chase to

show that Extg (90, 91) — Extg(M,N) is injective, and this completes the proof. [
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Proposition 4.3.6. The functor ©, is fully faithful on Modg" and Modg” .

Proof. The proof follows Kisin [18] 1.1.11. Let 9,91 € Mod%" and M = ©,(91) and
N = 0,(9M). We wish to show that

Home(ﬁﬁ, ’ﬂ) = HOHIS(M, N)
Suppose it was the case that
Homg (M /"M, N/w"N) = Homg(O,(M/"M), ©,(N/"N))

for all n and recall that by Lemma 4.1.22, we get that ©,(9/w"M) = M /"M, and
likewise for 91 and N. Then the desired result on ModZ" follows from a dévissage:
given g : M — N, for every n there exists a unique f, : MM/w"IM — N/w"N with
id®f, = ¢g modulo @w". Furthermore, these f, are compatible modulo @ and so
define f : 9 — N as
f = lim f,.

Then modulo any power of w, we get thatn f commutes with gy and ¢y, and so we
know f o pgm = pno f. Also, ©,.(f) = id®f is congruent to g modulo any power of
w, so by w-adic completeness in S, we know O,.(f) = g. Since each of the f,’s were
unique, f is the unique morphism 9 — 9N in Mod%" such that ©,(f) = g.

Therefore, using Proposition 4.1.8 and Corollary 4.1.9, we have reduced to showing
that ©, is fully faithful on Modg" . We will show this using Proposition 4.1.10 for
objects 9 € Mod&" as follows: Let P(91) be the statement that for any 9 € Modg” ,
we have (4.3.9) and (4.3.10) as in Lemma 4.3.5:

HOHIG(m, ’ﬁ) = HOHIS(M, N),
Extg (9, N) — Exts (M, N) s injective.

If9 e Modé’f, then this is precisely Lemma 4.3.5. Otherwise, suppose that for some

9 € Modg" , we have a short exact sequence

0= N —->N—-MN—0
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in Modg” such that P(9M') and P(MN”) are true. Then by applying Homeg (90, —) and
O, to this short exact sequence, using that O, is exact on Modé’; by Proposition

4.1.23, we get the following commutative diagram of long exact sequences:

00— HOHIG (m, ‘ﬁ’) - Homg(ﬂﬁ, m) . H0m6 (9:)’{, m”) -_ ...

| | |

0 - Homg (M, N") - Homg(M, N) - Homg(M, N") ——— - - -

Extg (90, W) — Extg (MM, N) — Extg (M, N”)

| | |

oo Extg (M, N') — Ext (M, N) — Ext (M, N”)

By assumption, we have that
Homg (9, 97) = Homg(M,N') and Homg (9, N”) = Homg (M, N").
Using the diagram, this shows that
Homg (91, 91) — Homg(M, N)

is injective. This map is also surjective if the map from Extg (9, M) to Exts (M, N')

is injective. But this follows from our assumption on 9. This shows that
Homg (901, 91) = Homg (M, N).

Finally, we must show that Extg (91, 91) — Exts (M, N) is injective. But this follows

from a diagram chase using the facts that
Homg (9, 91”) = Homg (M, N")

and

Extg (O, N) — Exty(M,N') and  Extg (9, 0) — Extg(M,N")

are both injective. This completes the proof. ]
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The desired equivalence now follows by Propositions 4.1.23, 4.3.4, and 4.3.6, which

we summarize below.

Theorem 4.3.7. The functor ©, : Modg" — Mod%" induces an ezact equivalence of

categories.



92

5. APPLICATION TO w-DIVISIBLE O-MODULES

5.1.  The results of Kisin-Ren

We now give an application of Theorem 4.3.7, following the constructions of Kisin
and Ren [19] and Faltings [12]. Let F' be a finite extension of Q, with ring of integers
Op, uniformizer w and residue field kr with |kr| = ¢. Let G be a Lubin-Tate group
over I’ corresponding to the uniformizer w, as described in Section 2.1. This means
that for a € Op, there is a corresponding power series [a] € Op[X] whose first term

is aX and where [w](X) = X? mod w such that the map
aw [a] : O — End(G)

is a ring homomorphism. In particular, this says that [ab](X) = [a] o [b](X) for any
a,b € Op. The power series [a](X) are determined by the choice of [@](X) satisfying
the conditions of Definition 2.2.1, but different choices are isomorphic in the sense of
Corollary 2.2.7. Hence, we can and do assume that [co](X) is a polynomial of degree
q.

Let k£ be a finite field containing kr and Ky = W (k)[1/p]. Denote by Ky r the
compositum of F and K,. It is an unramified extension of F' with uniformizer w,
residue field & and ring of integers W (k)p = Or Qw () W (k). For n > 1, let K, p
be the field generated over Ky r by the w"-torsion points of G, and set Ko, = |J K.
We will suppose that K = K p and write I' = Gal(K ./ K).

Remark 5.1.1. The results given in [19] occur in the generality where K C K,
where K, = |J K, r as defined above (and with I' = Gal(K,/K)). We have chosen
to only consider the case where K = K p. By adapting proofs of Cais-Lau [8], the

results should follow more generally.
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If T'G is the w-adic Tate module of G, then T'G is a rank one Op-module generated

by some v = (v,)n>0 With v, € O characterized by
vo = 0,v; # 0, and [@](vpy1) = Vp-

The action of O on v is given by a - v = ([a](vy))n>0. Moreover, if o € I', then
o(v,,) remains in G[w"]|(Ox) and so (o(v,))n>0 € TG and is in fact a generator of T'G.
Hence, we get a character x : I' — OF such that (6(vy,))n>0 = X(0) + (Vn)n>0. This
generalizes the situation where F' = Q,, @ = p, G is the multiplicative group scheme
Gm, and y is the cyclotomic character.

Let & = W(k)p[u]. On W(k)p, there is a natural lifting, ¢,, of the g-power
Frobenius map on k, and this lifting is trivial on Op. Define the endomorphism ¢
on G by ¢(u) = [w]|(u) and extending ¢,-linearly. Let E(u) = ¢(u)/u, which is an
Eisenstein polynomial of degree e = ¢ — 1. Then F(u) is the minimal polynomial for
a uniformizer 7 € K over Ky p. We further define an action of I' on & that is trivial

on W(k)r and for v € I" sends u to [x(7)](u). Notice that for v € " we have

Thus the actions of ¢ and I' commute on &. Also note that by the definition of
[X()](X), the element [x(7)](u) is divisible by u in & and in fact [x(7)](u)/u is a
unit in & as the constant term of the resulting power series is x(v) € Ox. Likewise,

the element [x(7)](¢(u))/e(u), which is ¢ applied to the previous unit, is hence a
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unit in &, and therefore we see that

= sE(u), (5.1.1)

for s a unit in &. So y(F(u)) is a unit multiple of F(u) in &.

We now define the period rings of Fontaine [14]. Let R = 1&1(’)?/ w, where the
transition maps are given by the g-power Frobenius map x +— z9. We note, as in [19]
1.1, that R can be identified with @1 O%/p, and so R is well-known from the theory

of norm fields [27]. Since [@](X) = X modulo w, we have a map
t: TG — R, ('Un)nZO — (Un)n20~ (512)

Let W(R) be the Witt vector ring of R and consider W(R)r = Op ®@w k) W(R).
For y € W(R)p, since [w](X) is a polynomial with coefficients in Op, we can write
[@](y) € W(R)p to mean the evaluation of [w] at y. On W (R)p there is a natural
lifting of the g-power Frobenius map, which we denote ¢,. Explicitly, any element of
W (R)F can be uniquely written as » -, @"[z,|r where []r : R — W(R) — W(R)p
is the Teichmiiller lifting. Then ¢, is given as
(Y@ [walr) = Y @ [al]r
n>0 n>0
We seek a lifting {-} : R = W(R)r on which ¢,({z}) = [@w]({z}). The existence

and uniqueness of such a lifting is demonstrated by Colmez [11], and is given by
o} = lim ([ 0 07" (&),

where & is any lift of 2 and ([w] 0 ¢, ')" is n-fold composition of [@] o ¢ '. We show
that {-} is well-defined and summarize its properties in the following lemma, which

is given in part by [11], 8.3, and by [19], 1.2.
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Lemma 5.1.2. The map (5.1) is the unique map {-} : R — W(R)p where {z} is a
lifting of x such that the lift of q-power Frobenius satisfies p,({z}) = [@|({x}). The
map {-} further has the property that for v € TG and a € Op one has

[a]({e(v)}) = {u(av)}

and {-} respects the actions of G on R and W(R)p. On {«(TG)}, this action factors
through I' with

7)) ={y - dv)} = {(w)} = DMIEe)})-

Proof. In short, the reason {z} exists and is unique is because the map [w] o ¢! is
not only stable on the coset Z + @wW (R)r but the image is a coset of @?W (R)r, and
repeated application of [w] o gpgl shrinks the size of the image. To be more exact,
since [ww] is the g-power Frobenius modulo w, we know that [w] o ¢, *(Z) remains a
lift of . Furthermore, if y = z mod @", then [w](y) = [w](2) mod @**!. Now, ¢,
is trivial on Op and so [w] and ¢, commute as the coefficients of [ww](X) lie in Op.
We can therefore view ([w] o @, ")" to be n-fold composition of ¢! followed by n-fold
composition of [w]. Hence ([w] o ¢, ')*(Z) = ([w] 0 ¢, ')" (%) mod w", and so the
limit exists and is unique.

Furthermore, the action of Gk is compatible with {-} by uniqueness of {-}: if
g € Gk, then g fixes O and commutes with ¢,, so p,(g{z}) = [@|(g{z}) and g{z}
is a lifting of gz, thus g{z} = {gx}. Moreover, the action of Gk restricted to the
image of ¢ as given in (5.1.2) factors through I'. If v € TG and a € Op, then since ¢,

is trivial on Op,

and so by the uniqueness of {-}, as the image of [a]({¢(v)}) is [a](¢(v)) = t(av) in R,
we know [a]({c(v)}) = {¢(av)}. O
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Remark 5.1.3. By Lemma 5.1.2, we get an injection & — W/(R)p by sending u
to {¢(v)} and this image is stable under ¢, and Gk and the action of Gk on the
image factors through I". We therefore identify & with its image, which is a ¢, and
Gk-stable subring. Furthermore, we will now write ¢ for ¢, on all of W(R)p, as

there is no cause for confusion.

We define the following rings as in [19] 1.3, and one checks that the properties
hold.

Definition 5.1.4. Let Og be the w-adic completion of &[1/u]. This is a complete
discrete valuation ring with uniformizer w and residue field k((u)). The embedding
S — W(R)r extends uniquely to a g-equivariant and Gg-equivariant embedding
Og — W (Frac R)p. Moreover, the action of G on Og factors through I" and as Og

is the completion of a localization of &, it is flat over G.

The field Frac R is algebraically closed, and so k((u)) has a unique separable closure
k((w)*P in Frac R.

Definition 5.1.5.

o Let Ogur € W (Frac R)p be the strict Henselization of Og with residue field
k((w)*P. The ring Ogu is also a ¢-stable and Gk-stable subring of W (Frac R)p

by the universal property of strict Henselization.

e Denote by O, the w-adic completion of Ogur. The actions of ¢ and Gk extend

to Ogm..
e Welet £, £ and £ be the fraction fields of O¢, Ogur, and Og,,, respectively.
e Let 6" == Oz, N W(R)p. This is also stable under ¢ and Gk.

In addition, using the theory of norm fields [27] (see [19] Lemma 1.4 for a proof

in this case), we have that (Og,, )%~ = Og.
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Definition 5.1.6. Denote by Mod(é’gF the category of (¢, I')-modules over Og¢ con-
sisting of finite free Og-modules M equipped with a ¢-semilinear endomorphism ¢,

and a continuous semilinear action of I' such that:
e The Og-linear map id ®py; : ¢*M — M is an isomorphism, and
e The action of I' commutes with ¢,.

Morphisms are Og-module homomorphisms that commute with the actions of ¢ and

.

Definition 5.1.7.

e Denote by Repy,, (Gk) the category of finite free Op-modules equipped with a

continuous linear action of G .

e Define the category of Op-lattices of F'-crystalline representations of G, de-
noted Repg;ms(G k), to be the full subcategory of Repy, (Gx) consisting of
representations V' such that Vp := V ®p, F'is crystalline as a Q,-representation

and the filtration of Dgg(VF)m, where
Dar(Vr) = (Bar ®q, Vr)“¥,

is trivial for any maximal ideal m of K ®q, I, except when m is given by the

kernel of K ®¢q, F' — K corresponding to F' — K. See also [19] 3.3.7.

For M € Modg’f, set
V(M) = (Opn ® M)*",
O¢
where the action of ¢ on Oz, ®o, M is given by the action of ¢ on each tensor. For
V € Repy,.(Gk), set
M(V) = (Op. ® V)Or~,
Ok
where the action of Gx on Oz, ®o, V is given by the action of Gk on each tensor.

Kisin-Ren show the following analogue of Fontaine’s theory, c.f. [19] Theorem 1.6.
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Theorem 5.1.8. V and M are quasi-inverse equivalences between the exact tensor

categories Modé’g and Repy . (Gk).

Recall from Definition 4.1.7 that Modg is the category of finite free &-modules of
(any) finite E-height.

Definition 5.1.9.

e Denote by Mod%" the subcategory of G-modules 9 in Mod% equipped with a
continuous semilinear action of I' that commutes with @9y and such that T' is
trivial on 90t/uf. The morphisms of Mod%" are morphisms in Mod% that also

commute with the action of I'.

e Let BTZ" denote the full subcategory of Mod%' where the cokernel of the

G-linear map id ®ggy is killed by E(u), not just some power.

e Denote by Modé’r’ml the full subcategory of Modé’r of objects M with an action

of I' that is Op-analytic, meaning the Z,-linear map
dl': LieI" — Endp (M ®¢g K[u])
is actually Op-linear. See [19] (2.1.3) and (2.4.3).
Then, we naturally have a functor from ModZ" to Modg’g given by
M= M = O R M

and ¢y = @ ® pon. To see this, notice that E(u) in Og is of the form u? 4 bew and u?
is a unit in Og. Then E(u) is a unit since O is w-adically complete. Therefore, the
condition of finite £-height on 90T ensures that the Og-linear map id ®py; on p* M is
an isomorphism.

Then by Theorem 5.1.8, we have a functor 7' : Mod%' — Repp,. (Gk), and its

contravariant version is given by

T*(M) = Homop, (O ®s M, Ozu: ),
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with Gg-action f + go fog ! for g € Gg. In fact, with & as defined in 5.1.5,

Kisin-Ren show (Lemma 3.2.2 of [19]) in our case that
Home,(ﬁ(m? 6ur) g HomOg,cp(05 ®6 m) Ogur)a (513)

and both are free Op-modules of rank equal to the G-rank of 9. Finally, if we
restrict T* to the category Mod%"™ of Op-analytic modules and we consider the
F—cris

category Repy, “*(G) of F-crystalline representations of G, then [19] 3.3.8 proves

the following theorem:

Theorem 5.1.10 (Kisin-Ren). The functor T*(9) = Homg ,(IM, &) gives an exact

equivalence of ®-categories
Mod“é’r’an — Repg;"ris(GK).

This provides a generalization of the theory of Wach modules in, for example,
[26], [10], and [1]. If G is a m-divisible Op-module, as we will define in 5.2.2, the
Tate module TG is an Op-lattice of a G g-representation. If TG € Repg;mS(G i),
then Theorem 5.1.10 says there exists an associated object of Modg’r’an unique up
to isomorphism, which we write 9Mgr(G) and in fact Mxr(G) € BTL". We want
to give a geometric description of this association in the spirit of Kisin [17] Theorem
2.2.7 and Cais-Lau [8] pg 28.

Let S be the w-adic completion of the Op-divided power envelope of & with re-
spect to the ideal F(u)&. By 4.1.1, we know that ¢ on & extends to S. Furthermore,
the action of I' extends to S since by (5.1.1), we have that v(E(u)) is a unit multiple

of E(u) and moreover this means that Fil’ S is stable under T

Definition 5.1.11. Let BT?’F denote the subcategory of Modg’1 of finite free S-
modules M equipped with a continuous semilinear action of I' that commutes with
1 and such that the induced action of I is trivial on M ®g W (k)p, where W (k) is

an S-module by the extension of the map

S — &/uG = W(k)p.
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We get such a map S — W (k)p since the image of E(u) is in (w), which has Op-
divided powers. Morphisms in BT g’r are morphisms of Modg’1 that also commute

with the actions of I'.
We have the following Corollary to Theorem 4.3.7:

Corollary 5.1.12. The equivalence Modg’l — Mod?1 of Theorem 4.3.7 induces an
equivalence between the categories BTé’F and BT?’F, where the action of I' on S®, M

1s given by v ® vy for any v € T'.

Proof. Let us write O : Modé’1 — Mod S¥! for the equivalence of Theorem 4.3.7
induced by (M) = S @, M. For M € BTZ', give O, (M) an action of T by 7@~
for any v € I' and this is well-defined since v commutes with .

For an object M of BTE", let 9t € Mod%" be its descent as an object of Mod%".

For v € I', the S-module v*M = S ®, ¢ M is an object of Mod?1 by setting
Fil' v M :=+*Fil' M, and @1 = ¢ ® oy,

and this can be checked using the definitions and the fact that ¢y, on Fil"M and
@ on S commute with 7. Furthermore, it can be checked by the definitions that the
descent of v*M to Mod‘é’1 is Y*M = 6 ®, e M. Furthermore, since the action of I'
commutes with the ¢, it is easy to check that associated to any v € I' and M € BT?’F
is a morphism ¢, € Homg,(7v*M, M) given by ¢, =1® v : v*M — M. Since the

action of I' is a group action, we have that
CapM = CaM O Capom and ¢ =1id. (5.1.4)

By the full-faithfulness of ©1, for any v € I' we get a morphism c, on of Mod?l, that
is, a morphism in Homg ., (7*9M1, M). These morphisms satisfy the properties of 5.1.4)
by full-faithfulness and so gives a semilinear action of I' on 91 that commutes with
wom. This gives 9 the structure of an object of BT é’r and shows that the induced

functor is essentially surjective.
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To show that the induced functor is also fully-faithful follows similar reasoning.
One sees that given a morphism g : M — N of BT?’F, and for any v € I', the
morphism ¢ induces a morphism 7y*g : v*M — +*N and a commutative diagram in

71-
Mod%

¥*M e VN
id ®wl lid ®7
M——=N
and this follows since g commutes with the actions of I'. If f : 9t — 91 is the
descent of g as a morphism in Mod?l, then the above diagram also descends and this
shows that f commutes with the action of v for any v € I'. Therefore, f is in fact a

morphism in BTé’F, and this completes the proof.

5.2. w-divisible O-modules and the results of Faltings

Throughout this section, let O := Op. We will give the definition of w-divisible O-
modules as in Fargues [13] B.2, and this matches the description of w-divisible groups

in Faltings [12].

Definition 5.2.1. A p-divisible group of height h over a scheme X is a directed system
G = {Gn, tn: Gy, = Gpyi1}n>1 of finite flat group schemes over X such that G, is

p"-torsion of order p™* and such that

0= Gp ™ Gt 5 Graa[p] = 0
is a short exact sequence (in particular, ¢, gives an isomorphism between G, and
Gns1[p"]). A morphism of p-divisible groups, f : G — H, is a compatible system of
X-group maps f, : G, = H,. Compatibility means that for every n > 1 the following
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diagram commutes

fn+1
Grs1 255 H,y s

For a p-divisible group G over O, the Lie group of G is (see section 1 of [21])
Lie(G) = ker(G(O[g] /&%) — G(0O)),

where the map G(Ole]/e?) — G(O) corresponds to the map Ole]/e? — O given by
b+ ce — b. The Lie group Lie(G) has a natural action of O as follows: for a € O,

there is a ring homomorphism
u, : Ole]/e* — Ole]/e?, b+ ce v b+ cae.

That this is a ring homomorphism is easy to check, though we show multiplication.

On the one hand we have
(b+ ce)(d+ ge) = bd + (bg + cd)e — bd + (bg + cd)ae
and on the other we have
(b+ cag)(d + gae) = bd + (bga + cda)e = bd + (bg + cd)ac.

Then this gives an action on G(Ole]/e?) as a - h = G(u,)(h) for any h € G(O[e]/£?).
Furthermore, the action is stable on the kernel, Lie(G), of G(O[e]/&?) — G(O). Thus,

we get an induced action of O on Lie(G).

Definition 5.2.2. A w-divisible O-module over an O-scheme X is a p-divisible group
G over X equipped with an action of @ on G that induces the natural action of
O on Lie(G). That is, for any a € O, there is a morphism {a} : G — G with
{ad'} = {a}o{d’} and {a+d'} = {a}+{d'} and {1} = idg and such that the induced

action on Lie(G) is the action described above.
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Let Uy = Spec(Ok/(w)) and ¥ = Spec(O). We consider a category of O-P.D.-
thickenings of Ok /(w) consisting of pairs (7, §) where Uy < T is a closed immersion
such that o gives the ideal of definition the structure of an O-P.D. ideal as in Definition
3.1.4. Morphisms (7,0) — (71",4") are morphisms 7" — 7" over ¥ that commute with

the divided powers and such that the following diagram commutes:

For G a w-divisible O-module over O, write
Go =G X0, (Og/(w)). (5.2.1)

Faltings [12] associates to Gy a functor Dp(Gg) (written M(Gy) in [12] section 8)
on the category of O-P.D.-thickenings (7,0) with the property that Do (G)(T) is a
locally free Op-module. Moreover, Faltings shows that this association is functorial in
Gy and compatible with base change. On page 278 of [12], Faltings gives a connection
between Dy and classical Dieudonné theory. Using the fact that the kernel of the
surjection O — Ok /(w) has topologically O-P.D.-nilpotent divided powers when
p > 2, it follows from Faltings’ construction of Dy (Gy) that Do (Gy)(Ok) is the Lie
algebra of the universal O-vector extension of G/Of in the sense of Fargues [13]
B.3.3.

Now consider the O-P.D.-thickening S — O /(w) with kernel (w, Fil' S). Set
M(G) = Dp(Go)(S), which is a free S-module of finite rank.

Proposition 5.2.3. The finite free S-module M(G) = Dp(Gy)(S) can be given the

structure of an object of BTES’F.
Proof. The g-power Frobenius on Ok /(w) is a map F : Uy — Up. Let

Fq : G() — G(()Q) =G XUy, F Uy
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be the g-power relative Frobenius map of Gy. Now, since ¢ : S — S is a lift of the

g-power Frobenius map, the compatibility of Dy with base change gives that

Do (GP)(S) = Do(Go Xuy.r Uo)(S)
= Do (Go)(5) 5?%5 = ¢"M.

By the functoriality of Dy, we have that Fj, induces a map ¢*M — M which defines
a @-linear map ) : M — M. Since the surjection S — Ok is a O-P.D.-morphism of
O-P.D. thickenings of Ok /(w) with kernel Fil' S, the compatibility of Dy with base

change gives that
M/(Fil' S - M) = M ®s5 O = Do (Go)(Ok). (5.2.2)

By Fargues [13] Section B.3, since Do(Gy)(Ok) is the Lie algebra of the universal

O-vector extension of G/, it lies in a short exact sequence
0= Vo(G) = Do (Gy)(Ok) — Lie(G) — 0.

Define Fil' M to be the preimage of Vi(G) in M under the canonical surjection
M — M/(Fil' S-M), and this contains Fil' S-M by (5.2.2). By its very construction
(see B.3.3 of [13]), Vo(G) is a quotient of the invariant differentials wg- on the dual
of G. It follows as in Kisin [17] A.2 that ¢y carries Fil' M into @M. Define then
the p-semilinear map ¢y : Fil' M — M by a1 = @n/w. Since M ®g W (k) is the
classical O-Dieudonné module of G X o, /() k = G in the sense of Fargues [13] section

B.8, the argument of Kisin [17] A.2 shows that the induced map
id®pyq ;@ Fil' M — M

is surjective. Finally, the action of I" on S, which commutes with S — O /(w) since
I' acts trivially on Ok, is therefore a morphism in the category of O-P.D.-thickenings
of Ok /(w) and thus by functoriality of D, we get, by arguing as in Cais-Lau [8] 3.2.1,
an action of I' on M. Finally, this gives M the structure of an object of BT?’F. O
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We construct a ring A.,s » much like in the classical case. This ring is also defined
in [12] section 9. Given (z,,),>0 € R, choose a lift #, € Ox. The sequence (Z4n)?"
converges to a (™ € O that does not depend on the choice of lifts. So for any
(Tn)ns0 € R we get a sequence (™), in O with (z("*1))7 = ("), Let K be the
completion of K, and let O% be its ring of integers. Colmez [11] 7.3 defines a map

©: W(R)p — Oz by

S) (i w”[mn]T> = iw”xg)),
n=0 n=0

and Colmez further shows that this is a surjective W (k)-algebra homomorphism. Fur-
thermore, in Proposition 8.6 of [11], Colmez shows that ker © is principally generated
by E(u) = ¢(u)/u, thinking of & as a subring of W(R)r as in 5.1.3.

We define Agis p to be the w-adic completion of the Op-divided power envelope
of W(R)p with respect to ker ©. Then Ag;s r is stable under ¢, which can be seen
using the same argument as in Proposition 4.1.1. Moreover, A r has a filtration
topologically generated by the Op-divided powers, as defined in 3.2.3. Then A
is stable under G since G fixes F(u) and v(E(u)) is a unit multiple of E(u) for
any v € I' as in (5.1.1). Because ker © is generated by E(u), we have an inclusion
S — Aeisrp extending & — W(R)p that respects the filtrations and actions of
Frobenius and Gx. We can therefore consider A5 r as an S-algebra.

Then given M € BT?F, the contravariant functor

T*

cris

(M) = HomS,Fill,gol (M7 ACI‘iS,F)

gives an Op-representation of G by the Gg-action defined as f +— vfy L.
By the work of Faltings in section 9 of [12] one gets the following connection to

the Tate module of a w-divisible Op-module over Ok.

Theorem 5.2.4. If G is a w-dwisible Op-module over Ok, let M(G) = Do (G)(S)
be the associated S-module in BT?F, as in Proposition 5.2.3. On the other hand, let
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TG be the Tate module of G, which is in Repy, (Gk). Then

*
Tcris

M(G)) = TG

as Op|Gk|-modules. In particular, T? . (M(G)) has Op-rank equal to the Op-rank of

TG which is equal to the S-rank of M.

For a w-divisible Op-module G, if we are in the setting where the Tate module
TG is in Repy “(Gx), then we have both Mkr(G) € BTZ" and M(G) € BT%".
Using Corollary 5.1.12, we can descend M(G) to an G-module M(G) in BTZ". We
will show that Mkgr(G) = M(G).

5.3. Kisin-Ren classification of w-divisible O-modules

We want to show that the following diagram commutes:

BTZ" —> Repo,. (Gr)
BT%"

We know that 7%(9t) = Home (M, &™) is a free Op-module of rank equal to
the G-rank of M by (5.1.3). We further know by Theorem 5.2.4 that the Op-rank
of Homg pit o (M, Aeris, ) is the S-rank of M = S ®,, ¢ 9 which is the &-rank of 9.
Viewing &" as a (p, Gp)-stable subring of Agisr by 6" — W(R)r — Acris.p, We

can consider then the G g-equivariant morphism of Op-modules of the same rank,
Homg (9, &™) — Homg pi, (M, Acris, ) (5.3.1)

given by composing a morphism 9 — &" with the inclusion &" A 6w - Acris, F-

That is, if ¢, is this composition, we get a morphism M — Aqs r by

id ®ty
S%m — Acris,F-
Ps

This is Gg-equivariant since the morphisms M — &, M — A r, and ¢ all

commute with the actions of G.



107

Proposition 5.3.1. Let I € BTé’F and let M = S ®g , M. Then there is a natural,

Gk -equivariant isomorphism

T (M) — T

Cris(M)‘
given by (5.3.1).

Proof. The proof follows the argument given by Kisin in [17] Theorem 2.2.7 and
Cais-Lau in [8] 4.2.1, and we also give credit to [16] for help with the details of
Kisin’s proof. Since ¢, : @™ — A5 r is injective, the map (5.3.1) is an injective map
of Op-modules of the same rank. Therefore, it suffices to show that modulo w, the
map

Home , (MM, &*) /() — Homs il o (M, Aeris, ) / (@)

is an isomorphism of kp-vector spaces. Since these are kp-vector spaces of the same
rank, it it enough to show that this map is injective. Now, consider the short exact

sequence

0— G 56" — 6" /w&"™ — 0.

Applying Home (9, —), we get the exact sequence
0 — Homg , (MM, &™) = Homeg ,(M, &™) — Homg ,,(M/wIN, & /w&™).
This shows that we naturally have an injection
Homg ,(IM, &™) /(w) — Homg ,(M/wM, 8" /wS&™).
Likewise, we have an injection
HomS,Fil,ap (M, Acris,F)/(w) — HOHls,Fil,@(M/WM7 Acris,F/WAcris,F)-
Therefore, it suffices to show that the map

Homg o, (M/(w), & /(w)) — Homs i o (M/(@), Acris,p/ (@)
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is an injection.

Suppose that for f: 9M/(w) — & /(w) we get that the image of
pof:M/(w) = &Y /wC&™

is 0 in Aeis p/@WAqisp- We claim that the kernel of " /wS&"™ — Avis r/ @ Acris F
is u®(S" /wG&™). To see this, we first note the analogues of Proposition 4.1.3 and
Remark 4.2.2 for Auis r, the Op-divided power envelope of W (R)p with respect to
ker ©, which is principally generated by FE(u). That is, we have that the following

composition is the identity
R/u“R — Acvis /@ Acris p — Acris.p/(w, Fil? Acyis 1)

=W(R)p/(w, E(u)?)
>~ R/u“R,

and so the first map is injective. Moreover, &" N (u“W (R)r) = u?&™ since

6" = Oz NW(R)p
and v is a unit in Og,. Thus, the kernel of the map
S /wC" — Acris,F/WAcris,F

is u(G™ /wG™).

Therefore, the image of ¢ o f is in u*(G&"™/w&"™), so we must have that f(m)
is in u®(S&"/wS"™) for any m € M/wMM. But M has E-height 1 and so for any
m € M/wI, writing um = > s;pm(m;) for some s; € & and m; € M, we can see

that
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Therefore, as u is not a zero divisor on 9t/wM, we have f(m) € uT=1 (G /&™),
But we also know ¢ > 2 and so we can repeat this process and hence conclude that
f(m) =0 for all m € M /M.

O

By Proposition 5.2.3 and Corollary 5.1.12; if G is a w-divisible Op-module and
M(G) = Dp(Go)(S), we can descend to an G-module IM(G) € BTZ" and we now
know by Proposition 5.3.1, that

THOM(G)) = T

cris

(M(G)) = T..G.

If it happens that TG € Repg;CTiS(GK), then we get Mir(G) € Modé’F with
T*(Mkr(G)) = ToG. Our goal is to show that M(G) = Mkr(G). To do so, we
will show that the functor Mod%" — Mod#. is fully faithful. The equivalence of
categories in Theorem 5.1.8 will show that Of ®g M(G) = O R Mkr(G) and so
if the scalar extension is fully faithful, we have the desired isomorphism as objects of
ModZ".

We begin with some properties of Modé’F that we will need.
Lemma 5.3.2. If 2 is an G-module of finite type that is torsion-free, then
N =0 @ N

is a free Og-module of finite rank with M — N injective. Viewing N as a sub S-
module of N, the module F(9) = N[1/w] NN, where the intersection can be thought
of in ERsN, is a free S-module of finite rank. Furthermore, if M has a p-semilinear
endomorphism, is of finite E-height, and has an action of T that is trivial on 9/uMN,
then F(M) € Mod%" .

Proof. The first part of the statement follows essentially verbatim from Fontaine

[14] B1.2.4, but since our ring & is defined a bit more generally, we will repeat the
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arguments here. We begin with a result due to Serre and given in [20] Chapter
5 Theorem 3.1 which holds for any ring of the form o[X] where o is a complete
discrete valuation ring, and hence holds for &. It says that for a finitely generated G-
module N, there exists a quasi-isomorphism 7 : 91 — 991 with 91 a finitely generated
elementary G-module. Recall that a quasi-isomorphism is a morphism in which the
kernel and cokernel are G-modules of finite length, and an elementary module 901 is a
direct sum of a free &-module and modules of the form &/(w™) for some integers n;
and modules of the form &/( f]m 7) for distinguished polynomials f; (monic, irreducible
with non-leading coefficients divisible by @) and integers m;.

If 9% has no torsion, then the kernel of 7, which is finite length and so must be
killed by some power of w, must be 0 and hence 7 is injective. Moreover, if we write
M = M & M’ where MM’ has no w-torsion and M” is killed by some power of w,
then the composite 9T — M — M’ must also be injective and has cokernel killed by
a power of w. So we can replace 9t by 9V and n by the composite and assume 9t
has no w-torsion. If @" kills the cokernel of 1, then we can define a map from 9 to
M by sending z € M to y € N where n(y) = w"z. The map is well-defined since 7
is injective, and, because 91 has no w-torsion, this map is injective and so gives an
identification of M with a submodule £ of 91 and DN/£ is killed by w". Since N has
no torsion whatsoever, £ and N are elementary &-modules without torsion, hence
free. We therefore have injective maps £ — 91 and 91 — 9 with £, and 91 free and
the cokernels of the maps are killed by a power of w.

Now consider the commutative (but not necessarily exact) diagram

£ N M

| | |

O s £—— 0 s N—— 0 R M

The top row consists of injective maps as established above, and so the bottom row
of maps is also injective since Og is a flat G-module (see Definition 5.1.5). The outer

vertical maps are injective since £ and 90 are free, and so in particular the right
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square of the diagram gives that 91 — O¢ ® M is injective. Also, N = O¢ ®g N has
no w-torsion because 1 has no w-torsion. To see this, note that the map 9T — N
given by multiplication by w must be injective and so the map N — N given by
multiplication by w is injective by flatness of Og, hence N has no w-torsion. Thus,
N is a finitely generated Og-module that is torsion-free. Since Og is a PID, this
means N must be free. Because 9t and £ are isomorphic, they have the same rank
d as G-modules and it follows from the diagram that N is an Og-module of rank d.
Due to injectivity, we can consider all of the modules as sub-modules of O¢ ®g M.

Define F/(91) = M[1/w]NN where we can think of the intersection occurring inside
of £ ®s M. Because the cokernel of the injective map 9T — 9 is killed by a power of
w, we get that M[1/w] = M[1/w]. Also, note that S[1/w|NOs = & and so because
M is free, F(M) = M[1/w]N (O @eM) = M. Therefore, F(IN) = M[1/w]NN C I,
and so is a finitely generated G-module.

We now know that F'(91) is a finitely generated &-module with no torsion and we
want to show that F'(M) is free. To see this, first consider F'(MN)/wF (). This is a
finitely generated kfu]-module, and k[u] is a PID, and so F(M)/@wF(MN) is free if it
has no torsion. We have a map F'(M)/wF (M) — N/wN and this map is injective
by the construction of F'(91). That is, if z € F(9) N wN, meaning = = wy for some
y € N, then y = (1/w)-x is in both M[1/w] and N, hence y € F(M) and x € wF (N).
But N is a free Og-module and so N/wN is torsion-free as an Og/(w)-module, so
F(M)/wF (M) must be torsion-free as a kJu]-module and thus free. By Nakayama’s
Lemma, we can lift a basis of F(M)/wF(N) to a generating set for F () and this
set is linearly independent since F'(91) has no w-torsion. This shows F'(N) is free.

Finally, if 91 has a Frobenius g, then ¢y can be extended to both 9[1/w| and
O¢ @ N and thus F(N) is stable under pg on € @ N. Likewise, an action of I' can
be extended to F(D). We just need to check that the properties of the actions of
Frobenius and I' hold on F'(M) if they hold on MN.

Suppose that 91 has finite E-height at most r and let {ey,...,eq} be a basis for
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F(M). We know that for ¢, on the Og-module N, we have that id ®¢p : o*N — N is
an isomorphism, so for any 1 < ¢ < d, we can write e¢; = Zj sijen(ni;) for s;; € Og
and n;; € N. In fact, since 91 is finitely generated, we can assume that n;; € M.
Now, there is some power of u, say u™, such that u™s;; € & for all 7. On the other
hand, e; € M[1/w], so there is some power of w, say w™, such that w™e; € M and
then we have that @™ E(u)"e; = ) tiwp(n},) for some t;; € & and nf, € 9. Now, for
an integer h, any term of E(u)" is divisible by either u®*’ or @" where b/ = |h/2].
Therefore, let h; = r + 2 - max{m;, n;}, and then it is easy to see that F(u)"e; is in
the G-span of the image of gy on M C F(N) and thus F(M) has finite E-height at
most h = max{hi, ..., hq}.

If ' is trivial on 91/ud, then I is trivial on MN[1/w]/uM[1/w]. We note that it is
easy to see that uF'(M) = (uN[1/w]) N N since ulN = N, and thus for x € F(MN), it
follows that (z)—z is in both uM[1/w]| and N and so I is trivial on F'(M) /uF'(N). O

Lemma 5.3.3. Suppose that I is an ideal of G[1/w] that is stable by I'. Then I is
generated by an element of the form A = v’ [}, (@Y (E(u)))” for some nonnegative

ntegers 1, Jo, -, Jn-

Proof. This is a generalization of Lemma II1.8 in [10]. The ring &[1/w], which is the
localization of & at the prime ideal (u), is a principal ideal domain, so let f(u) be a
generator of I. By p-adic Weierstrass preparation theorem, [3] Section 7 Proposition
6, the power series f(u) = w™c(u)p(u), where m is an integer, c(u) is a unit, and p(u)
is a distinguished polynomial. So the zeros of f(u) are precisely the zeros of p(u) and
this is a finite subset of O%. Denote by V' this set of zeros. Since I is stable under
the action of T', we get that vf(u) = f([x(7)](u)) is divisible by f(u). But the roots
of v f(u) are precisely those of the form [x(7~1)](z) where z is a root of f(u). Hence,
V' is stable under the action of I' given by v - z = [x(7)](2).

Since V' is finite, there exists a v € I' with v # 1 such that if z € V, then

[X(7)](2) = z. But then [x(v) — 1](2) = 0 and we know x(v) — 1 = aw”" for some
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n > 1 and a € OF. Therefore, for any z € V, we have that [aw"|(z) = 0. But
l[aw™] = [a] o [w"] and [a] is an automorphism on O since a is a unit. Therefore,
[@"](2) = 0. If 2 = 0, then the minimal polynomial for z is u. Otherwise, there is a
smallest integer ¢ > 1 such that [@’|(z) = 0, in which case the minimal polynomial
for z is [@](u)/[@ " (u)] = ¢~ (E(u)). Therefore, let jo be the multiplicity of 0 as a
root of f and for ¢ > 1, let j; be the sum of the multiplicities of roots z € V' of f(u)

such that 7 is the smallest integer with [c’](z) = 0. Then we have that

and, at least up to a unit, A is p(u), so we can write f(u) = @w"c(u) for a unit c(u),
possibly different from before. Since w™c(u) is a unit in S[1/w], it follows that A is

a generator for I. O
Proposition 5.3.4. The functor ModZ" — Modg’gF is fully faithful.

Proof. The arguments given here are largely taken from [17]. However, after reducing
to the rank 1 case, we take a different approach as described by Cais-Lau in [8].
Suppose that 2, and 9y are object of Modé’F and set M; = O ®g M;. Let
f: My — Mj be a morphism of (¢, I')-modules over Og. Since O is flat over &, we
can view 9M; as a sub G&-module of M; and ¢y, is o, when restricted to 9t;. We
therefore have to show that f(9%;) C 9t,. The proof involves a set of reductions.
First, let 9V = f(9;) + My C M,. This is a finitely generated G-module with no
torsion. Further, 97 is stable under both ¢, and I' (since the actions are compatible
with f). If h is an integer at least as large as the E-heights of Mt and 9, and x € I,

then write x = f(y)+ 2z and note that for some s;,¢; € & and m; € 9 and m} € My,
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we get
E(u)"z = f(E(w)"y) + E(u)"2
= O sipam, (ma)) + Y tyom, (m))
= Z SiQOMQ(f(mi)) + Z tjpam, (m;)a
which is in the &-span of ¢y, (). So M has finite E-height. Also, since I' is trivial
on My /udy and My /udy, we have that for © = f(y) +2z € N and v € T, there exist
y € My and 2’ € My such that
v(@) =v(f(y) +7(2)
= F(v(®) +1(2)
=fly+uy)+z+7
= (f(v) +2) +ulf(y) + 7).

We then conclude that I' is trivial on 9t /u97. So using Lemma 5.3.2, the G-module
N:=FN) =N[1/w]|N (O ®e M)

is in Mod‘é’r. Note that since My C I, we get F(My) C N. Also, M, is a free
S-module and so F(9My) = M. Since N C Mo,

M C O RN C O ®s My = Ms.

The last equality relies on the equality Of ®g Og = Og¢ which is easy to see since O¢

is the w-adic completion of &[1/u]. Thus, we have
My = O ®e My € O ®e N C Op ®e My = M.

So we get O ®s N = M,. If we can show that 91 = 915, then this would imply that
FON) + My €N C My, or that f(IMy) C M, as desired.

By replacing 91, with 91, we have therefore reduced to the case where 9ty C 9014,
and My = M, with f : M; — M, the identity. We need only show that 91, = 9.
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Since M, = My, we know 9; and 2y have the same rank as G-modules. Let ¢ be
the inclusion My — M. If we fix bases {ey, ...,eq} and {fi, ..., fa} for My and My,
then we just need to show that the determinant of the matrix of + under these bases
is a unit in &. For 9 € Modé’r, the wedge product 9t — AN is functorial in M.
Moreover, we have A2p*I = p* AN and Ady* I = v* AN for v € M since A? is
a quotient of a tensor product. Then AN € Modé’F by considering the G-linear
maps id ®p and id ®y under A?. We therefore have det: : AN, — AN, and
O R AN, = O ®s A¥N,. Thus, it suffices to just consider the case that 9%, and
9N, are rank one modules of Mod‘é’r.

In fact, because M; = F(IM;) = M;[1/w| N M; and M; = M,, we need only
show that 9% [1/w] = My[1/w]. Let I be the ideal of all A € &[1/w]| such that
AN [1/w] € My[1/w]. Now, I is non-zero since Msy[1/w] C My[1/w] and the two
modules have rank 1 over &[1/w| = Ko r[u]. Furthermore, if A € I and v € T,
then y(\) € I since y(A)m = y(Ay~'(m)) € My[1/w]. So I is stable under I'. We
can therefore apply Lemma 5.3.3 to conclude that [ is principally generated by an

element of the form

A=u [[e (E(u)” (5.3.2)

for some n and nonnegative integers jo,...,Jn. If {e} is a basis for 9 and {€'}
is a basis for My, then € = se for some s € & since My[1/w] C My[1/w]|. But
then this means s € I, so s is divisible by A. Therefore we can see that {\e} is a
basis for My[1/w]. Because My is one-dimensional, we can write oy, (¢) = sie for
some s; € &, and since 9 has finite E-height, we can write F(u)? = t;p9p, () for
some t; € & and nonnegative integer d. Therefore, E(u)? = t,s;, and since FE(u) is
irreducible in &, we can say that ooy, (¢) = ¢; E(u)%e for some integer d; > 0 and ¢
a unit in &. Likewise, oo, (Ae) = co F(u)®()e) for some integer dy > 0 and ¢y € &*.

But My C My, so we can also say that

o, (Ae) = om, (Ae) = crp(N) E(u)"e.
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Therefore, we have
A B(u)mp(N) = ey B(u)®2 ).

Let h = dy — dy. We will show that A = u”. If d; < dy, then since E(u) is irreducible,
we have that cyc;'A = E(u)™"p()\). But using the fact that p(u) = uF(u), we
calculate from (5.3.2) that o(\) = u® [[15 @' (F(u))’~*. We have thus written
both A and p(A) as a product of irreducibles, so by comparing terms it has to be the
case that n =1, j; = 0, and j; = jo — h. So we would have A = u", but \ € &[1/w],
so this would be a contradiction if h < 0. Therefore, dy < d; and we know that
coci ' E(u)"\ = (\). Similarly in this case, we conclude that n = 1,5; = 0 and
jo = j1 + h = h, so that \ = u".

Now consider a v € I' and note that v(\) = ([x(7)](u))" = x(7)"X modulo u*!
Under the bases of {e} and {Ae} for 9 [1/w] and My[1/w], respectively, we can
write the action of v as y(e) = bie and y(Ae) = byde for by, by € S. Now, using that
M [1/w] C My[1/w], we also get that y(Ae) = v(A)bre and so we have that

bo = biy(N). (5.3.3)

The fact that T' acts trivially on 9 /ud; forces b; to be congruent to 1 modulo
u. Therefore, comparing the u” terms of (5.3.3) shows that A = x(7)"\. So either
Xx(y) = 1 or h = 0, but since this must be true for all v, we conclude that h = 0.
Hence, A = 1 and 9 [1/w] = My[1/w]. O

We therefore have the following result.

Theorem 5.3.5. If G is a w-divisible Op-module such that T,G € RepF (G,
then the S-modules M(G) and Myr(G) are naturally isomorphic.

Proof. By Proposition 5.3.1, we know that T*(9M(G)) = T*(Mkr(G)) = T-G.
Therefore, by Theorem 5.1.8, the (¢, ')-modules O ®g M(G) and Of @ Mkr(G)
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are isomorphic. But then by Proposition 5.3.4, we know that 9(G) and Mg (G) are

isomorphic as objects of Modé’r. O
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