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1. Introduction

In this paper, we follow the method of Shankar Sen [3] by relating p-adic Galois represen-
tations with continuous cohomology groups and then developing a linear operator ϕ on such
a representation that encodes the semilinear action of the Galois group. We are particularly
interested in a Zp-extension of a local field K. That is, K is a field extension of Qp with as-
cending extensions Km such that the extension K∞ =

⋃
mKm has Galois group, which we will

denote Γ, that is isomorphic to Zp. We will focus on the particular Zp-extension of adjoining
p-power roots of unity to K, although it should be noted that all results follow in the more
general setting.

We will provide more formal definitions and notation to be fixed throughout the paper in
Section 2. In Section 3, we provide some preliminary results that take advantage of our Zp-
extension.

Denoting by C the completion of the algebraic closure of K and G the Galois group of

K/K, a lemma of Ax states that CH = K̂∞, the completion of K∞, where H is the Galois
group of K/K∞. In Section 4 we will reduce the cohomology group H1

cont(G,GLn(C)) first to

H1
cont(Γ,GLn(K̂∞)) by showing thatH1

cont(H,GLn(C)) is trivial, and then reduceH1
cont(Γ,GLn(K̂∞))

to H1
cont(Γ,GLn(K∞)) in a process known as decompletion.

We will then apply the results of Section 4 to C-representations in Section 5 to show that for

a C-reprentation W there are two representations Ŵ∞ and W∞ related to W . In particular,
W∞ is a K∞-representation with an action of Γ. We then develop Sen’s operator ϕ, showing
that it is a K∞-linear operator on W∞ that captures the action of Γ. This operator can then be
extended to W and G. We finish the section by showing that ϕ determines the representation
W up to isomorphism, at least in the appropriate sense.

2. Definitions & Notation

Let K be a local field whose residue field has characteristic p. The algebraic closure of K,
K, is not complete with respect to the p-adic valuation extended from K. We will denote the
completion of K as C. For two elements a, b ∈ C, the congruence a ≡ b mod pm will mean
that |a− b|p ≤ p−m where | |p is the absolute p-adic valuation on C normalized so that |p|p = 1.
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Similarly, two matrices are congruent modulo pm if each of their entries are congruent modulo
pm.

Definition 2.1. A Zp-extension of K is a set {Kn} of ascending finite Galois extensions of K
such that the Galois group Gal(Kn/K) is isomorphic to Z/pnZ. Denote their ascending union
by K∞. Then it follows that

Gal(K∞/K) ∼= lim←−
n

Z/pnZ

= Zp.

Equivalently, an extension K∞/K is a Zp-extension if Gal(K∞/K) ∼= Zp since one can take Kn

to be the fixed field of the subbgroup pnZp of the Galois group.

As an example, beginning with m = 0, let Km be the finite field extension of K containing
all of the pm+1 roots of unity. If m is the first integer where Km/K0 is not trivial, then
Gal(Km+n/Kn) ∼= Z/pnZ and K∞/K0 is a Zp-extension. We will therefore fix throughout the
paper a field K with a finite extension K0 and a Zp-extension K∞/K0.

Set G = Gal(K/K). The Galois group of K∞/K is isomorphic to ∆Zp where ∆ is a finite
group. We will denote this Galois group by Γ. Then for each m set Γm = Gal(K∞/Km). Define
the subgroup H of G to be H = Gal(K/K∞) so that G/H = Γ. The Ax-Sen-Tate Lemma
states, for our purposes, that the H-invariants of C, CH, is the completion of the fixed field of
H, so

CH = K̂∞.

See the original proof by Ax [1] and also remarks in [6].
That Γ0

∼= Zp is a key fact in the results that follow. To begin, it means that Γ0 is topologically
generated by an element γ ∈ Γ. In other words, the set of γm for m an integer is dense in Γ0,
where Γ0 is given the profinite topology. To put it another way, every σ ∈ Γ0 can be written as
σ = γt where t ∈ Zp. It then follows that Γm is the open subgroup of Γ topologically generated
by γp

m
. This also means that Γ itself is topologically generated by a finite number of elements.

Let χ be a cyclotomic character of G. Namely, a map χ : G → Z×p with infinite image and
where χ is trivial on H. In the case where K∞ is obtained by adjoining all p-power roots of
unity, χ is the cyclotomic character defined by σ(ζ) = ζχ(σ) for any σ ∈ G and ζ a p-power root
of unity.

The two main objects we will consider are continuous group cohomology and C-representations.
For the former, instead of focusing on the details of the cohomology, we will describe the prop-
erties pertinent to the paper.

Definition 2.2. Let G be a topological group and M a topological G-module written multi-
plicatively, meaning that M is a topological group, not necessarily abelian, such that G acts
continuously on M with the expected properties: For any σ, τ ∈ G, x, y ∈M

(1): σ(1) = 1,
(2): σ(xy) = σ(x)σ(y),
(3): στ(x) = σ(τ(x)).
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Define C1(G,M) to be the set of all continuous maps U : G → M such that U(στ) =
U(σ)σ(U(τ)) for all σ, τ ∈ G. This is the set of 1-cocycles. Define an equivalence relation
on C1(G,M) where two cocycles U and U ′ are called cohomologous if there exists a B ∈ M
such that for every σ ∈ G, U ′(σ) = B−1U(σ)σ(B). Then the continuous cohomology set
H1

cont(G,M) is the set of equivalence classes of C1(G,M).

As an example (and the example we will be studying), let G = G with the Krull topology and
M = GLn(C) with the topology given by the valuation on C. The last fact should be stressed.
When the general linear group is given the discrete topology, then Hilbert’s Theorem 90 says
that H1

cont(Gal(L/K),GLn(L)) is trivial for any Galois extension of K, either finite or infinite.
But as we will show, the very non-trivial set H1

cont(G,GLn(C)) is in 1-1 correspondence with
H1

cont(Γ,GLn(K∞)) when given the valuation topology.

Definition 2.3. A C-representation W is a finite-dimensional C-vector space on which G
acts semi-linearly and continuously with respect to the Krull topology on G. In other words,
the map G ×W → W is continuous and

σ(cw) = σ(c)σ(w) for σ ∈ G, c ∈ C, and w ∈ W
σ(w1 + w2) = σ(w1) + σ(w2) for σ ∈ G and w1, w2 ∈ W.

It turns out that n-dimensional C-representations are related to the continuous cohomology
group H1

cont(G,GLn(C)). If we fix a basis for W , then there is a natural map U : G → GLn(C)
describing the action of G on W that is continuous by the continuity of the action of G.

Claim 2.4. U ∈ C1(G,GLn(C))

Let {e1, ..., en} be a basis for W . The semi-linearity of the action captures the cocycle
condition for U . Suppose σ, τ ∈ G, U(σ) = (a)i,j and U(τ) = (b)i,j. Then

σ(τ(ej)) = σ(
n∑
k=1

bk,jek)

=
n∑
k=1

σ(bk,j)σ(ek)

=
n∑
k=1

σ(bk,j)
n∑
i=1

ai,kei

=
n∑
i=1

n∑
k=1

ai,kσ(bk,j)ei,

and this shows that U(στ) = U(σ)σ(U(τ)). This shows the claim.
Similarly, changing the basis of W is equivalent to describing the action with another cocycle

U ′ that is cohomologous to W via the change-of-basis matrix B. Hence, the cocycles derived
from isomorphic C-representations have the same cohomology class and there is a 1− 1 corre-
spondence between H1

cont(G,GLn(C)) and C-representations of dimension n up to isomorphism.
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3. Preliminary Results

We begin with some Propositions that will be used in the theory to follow. One should note
that these results use the structure of K∞ and Γ, which is important but can end up hidden in
later proofs.

Proposition 3.1. Let L be a finite separable extension of K∞. Denote by OL its ring of integers
and mL its maximal ideal. Similarly define O∞ and m∞ for K∞. Then m∞ ⊂ TrL/K∞(OL).

Proof. We follow the proof first shown by Tate [6]. First, we can assume that L/K∞ is Galois.
To see this, let L′ be the Galois closure of L/K∞ and then note that TrL′/K∞ = TrL/K∞ ◦TrL′/L.
There exists (see [4] p.89 Lemma 6) a finite extension L0 of K (where it may be necessary to
replace K by some Kn) such that L = L0K∞, L0 is linearly disjoint from K∞, and it may be
further assumed that L0/K is Galois.

Let Lm = L0Km. The valuation of the different DLm/Km is given by

vp(DLm/Km) =

∫ ∞
−1

1

|Gal(Km/K)u|
− 1

|Gal(Lm/K)u|
du,

where Gu is the u-th ramification group of the Galois group G in the upper numbering. When
u is large enough (say, u ≥ h) so that Gal(L/K)u ⊂ Gal(L/L0), then Gal(L0/K)u = 1 and
Gal(Lm/K)u = Gal(Km/K)u for any m. Thus, we can say that

vp(DLm/Km) ≤
∫ h

−1

1

|Gal(Km/K)u|
du,

Set δm = vp(DLm/Km). By Herbrand’s Theorem, Gal(Km/K)u = Γum = ΓiΓm/Γm for some
i dependent only on u (namely where Γu = Γi). Therefore for a fixed u, as m → ∞,
|Gal(Km/K)| → ∞ and so δm → 0.

Now, TrLm/Km(OLm) ⊃ mj
Km

if and only if OLm ⊂ mj
Km
D−1Lm/Km

(c.f. [4]) and therefore if

DLm/Km = mdm
Lm

, then TrLm/Km(OLm) = mj
Km

where j =
⌊

dm
eLm/Km

⌋
amd where eLm/Km is the

ramification index of Lm/Km. In fact, we have

dm =
δm

vp(πLm)

=
δmeLm/Km

vp(πKm)

where πLm and πKm are uniformizers for OLm and OKm , respectively. But then we have that
πjLm
∈ TrLm/Km(OLm) ⊂ TrL/K∞(OL) and

vp(π
j
Km

) = jvp(πKm)

≤ dm
eLm/Km

vp(Km)

= δm.
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From this and δm → 0, it can be seen that TrL/K∞(OL) contains elements of arbitrarily small
positive valuation and thus contains all of m∞. �

Remarks 3.2. Note the following:

(1) As seen at the start of the previous proof, given a finite Galois extension L/K∞, one
can find an L0 such that L = L0K∞ and L0 is linearly disjoint from K∞. Thus, the
Ln = L0Kn form a Zp-extension of L/L0.

(2) The following generalization holds by the last remark: If M/K∞ is a finite subextension
of L/K∞, then TrL/M(OL) ⊃ mM .

(3) Proposition 3.1 is actually true for K∞ an infinite APF-extenstion of K, as shown in
[5].

Corollary 3.3. Let L be a finite separable extension of K∞ and M/K∞ a finite subextension.
Then there exists some c ∈ L such that vp(c) ≥ −1 and TrL/M(c) = 1.

Proof. By Proposition 3.1 and the remark that followed, there is an a ∈ OL such that TrL/M(a) =
p. Then set c = a

p
. Since vp(a) ≥ 0, it follows that vp(c) ≥ −1 and TrL/M(c) = 1

p
TrL/M(a) =

1. �

Define the map t : K∞ → K by

t(x) =
1

pn
TrKn/K(x), for x ∈ Kn.

By composition of trace maps and since Kn+1/Kn is totally ramified of degree p, it can be
shown that t(x) does not depend on the choice of n where x ∈ Kn.

Proposition 3.4. Let γ be a generator for Γ0. There exists a constant a > 0 such that for all
x ∈ K∞,

|x− t(x)|p ≤ a |γ(x)− x|p .

Proof. This is Proposition 6 of [6]. �

The above proposition shows that t is continuous on K∞ and so extends by continuity to the

completion, K̂∞.

Proposition 3.5. For a nonnegative integer m, let γm be a topological generator of Γm. Let

Ym = (γm − 1)K̂∞. Then

(a): K̂∞ = Km ⊕ Ym.
(b): There is an integer d > 0, independent of m, such that the congruence c+(γm−1)y ≡

0 mod pmd implies y ≡ 0 mod p(m−1)d for c ∈ Km and y ∈ Ym.
(c): γm − 1, which is 0 on Km, is bijective with a continuous inverse on Ym.
(d): If λ ∈ Km is a principal unit, meaning |λ− 1|p < 1 but λ is not a root of unity, then

γm − λ is bijective with a continuous inverse on K̂∞.
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Proof. Except for (b), this is Proposition 7 of [6] once one notes that the constant a in Propo-
sition 3.4 remains the same when replacing the ground field K with Km and that ker t = Ym.
For part (b), suppose we have a c ∈ Km and a y ∈ Ym with |c+ (γm − 1)y|p ≤ p−md. We can

assume that y ∈ K∞ since if yk is a sequence in K∞ approaching y with yk ≡ 0 mod p(m−1)d,
then y ≡ 0 mod p(m−1)d.

Using Proposition 3.4 twice, since t = 0 on Ym,

|y|p ≤ a |(γm − 1)y|p
≤ a2

∣∣(γm − 1)2y
∣∣
p
.

Let d be an integer with a2 ≤ pd. Then (γm − 1)(c+ (γm − 1)y) = (γm − 1)2y as γm(c) = c, so

|y|p ≤ a2 |(γm − 1)(c+ (γm − 1)y)|p
≤ a2 |c+ (γm − 1)y|p
≤ pdp−md

= p−(m−1)d,

which completes the proof. �

Proposition 3.6. If V ⊂ K̂∞ is a finite dimensional Km-vector space and V is Γm-stable, then
V ⊂ K∞.

Proof. Let γm be a generator of Γm. Since V is Γm stable, γm(V ) ⊂ V , and γm is Km-linear, so
γm can be viewed as a Km-linear transformation of V . Let E be the field obtained by adjoining
to Km all eigenvalues of γm. Setting E∞ = EK∞, the extension E∞/E has the same properties
hypothesized as K∞/K with Galois group Γ′. Moreover, restriction to K∞ gives an injective
map Γ′ ↪→ Γm ⊂ Γ0, so that γp

r

m generates the image of Γ′ for some r. Let γ′ be the generator
of Γ′ whose image is γp

r

m .
Let V ′ = EV with an action by Γ′ inherited from Γ. Then γ′(ev) = eγp

r

m (v) for any v ∈ V and
e ∈ E and hence V ′ is stable as an E-vector space under γ′. But this time, any eigenvalue of γ′

is a pr-power of an eigenvalue of γm and must therefore lie in E. Let λ ∈ E be an eigenvalue of
γ′ and v′ ∈ V ′ a corresponding eigenvector. Then γ′p

s
v′ = λp

s
v′ for any integer s. But γ′p

s → 1
as s→∞. As the action of Γ′ is continuous on E∞, it follows that λp

s → 1 as s→∞. But the
only way that is possible is if |λ− 1|p < 1, or in other words λ is a principal unit. Applying

Proposition 3.5(d) to E∞/E, as (γ′−λ) is not bijective on Ê∞, since (γ′−λ)v′ = 0, it must be
that λ is in fact a root of unity and whose order is a power of p as λp

s → 1. Because this is true
for all eigenvalues of γ′, γ′p

s
is unipotent for some s. This means that (γ′p

s − 1) is nilpotent on
V ′ and so could not have an inverse on V ′. But using Proposition 3.5(c) with γ′p

s
, (γ′p

s − 1)

should be bijective on (γ′p
s − 1)Ê∞. This must mean that (γ′p

s − 1) is actually 0 on V ′. But

then (γp
i

m − 1) is 0 on V for some i, which implies that V ⊂ K∞. �
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4. Continuous Cohomology

The goal of this section is to reduce the problem of understanding H1
cont(G,GLn(C)) to

uderstanding H1
cont(Γ,GLn(K∞)) by showing that the two sets are in 1-1 correspondence.

Proposition 4.1. H1
cont(H,GLn(C)) is trivial.

Proof. Suppose U : H → GLn(C) is a cocycle. By continuity, there exists an open subgroup
H0 of H such that U(σ) ≡ 1 mod p2 for all σ ∈ H0. Consider the exact inflation-restriction
sequence

1→ H1
cont(H/H0,GLn(CH0))→ H1

cont(H,GLn(C))→ H1
cont(H0,GLn(C)).

The groupH/H0 is finite and so the corresponding field extension CH0/K̂∞ is finite. Any cocyle
of H/H0 is actually continuous when GLn is given the dicrete topology, but then as remarked
above (also p.151 Proposition 3 of [4]), all cocycles are cohomologous to the trivial cocycle. So
H1

cont(H/H0, GLn(CH0)) is trivial and hence it suffices to show that U restricted to H0 is trivial.
In other words, we want to find B ∈ GLn(C) such that B−1Uσσ(B) = 1 for all σ ∈ H0.

We’ll do so by constructing a sequence of matrices {Bm} and a sequence of cocycles {Um}
such that U1 = U , Bm ≡ 1 mod pm, Um+1(σ) = B−1m Um(σ)σ(Bm) and Um(σ) ≡ 1 mod pm+1

for all σ ∈ H0. As we already have U1, suppose we have Um. We will show that there exists
Bm ∈ GLn(C) such that Bm ≡ 1 mod pm and B−1m Um(σ)σ(Bm) ≡ 1 mod pm+2 for any σ ∈ H0.

By continuity of Um, there exists an open, normal subgroup H1 of H0 such that Um(σ) ≡ 1
mod pm+3 for all σ ∈ H1. Let T be a set of coset representatives of H0/H1. By Corollary 3.3
there exists c ∈ CH1 such that vp(c) ≥ −1 is integral and

∑
τ∈T τ(c) = 1.

Define Bm by

Bm =
∑
τ∈T

Um(τ)τ(c).

Since Um(τ) ≡ 1 mod pm+1 and vp(c) ≥ −1, it follows that Bm ≡
∑

τ∈T τ(c) mod pm ≡ 1
mod pm. Now fix σ ∈ H0. For any τ ∈ T , there exists a unique τ ′ ∈ T and σ′ ∈ H1 such that
στ = τ ′σ′. Then

Um(στ) = Um(τ ′σ′)

= Um(τ ′)τ ′(Um(σ′))

≡ Um(τ ′) mod pm+3
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since σ′ ∈ H1. Now,

σ(Bm) =
∑
τ∈T

σ(Um(τ))στ(c)

=
∑
τ∈T

Um(σ)−1Um(στ)στ(c)

=
∑
τ∈T

Um(σ)−1Um(τ ′σ′)τ ′σ′(c)

≡
∑
τ∈T

Um(σ)−1Um(τ ′)τ ′(c) mod pm+2

≡ Um(σ)−1Bm mod pm+2.

For the desired congruence, B−1m Um(σ)σ(Bm) ≡ 1 mod pm+2, we must use that fact that
B−1m exists as it is formally the geometric series 1 + (1 − Bm) + (1 − Bm)2 + ... which clearly
converges as it is Cauchy with respect to the p-adic valuation. Specifically, if Sk represents the
sum of the first k terms, then for any l ≥ k, Sl − Sk ≡ 0 mod pkm. Then the sequence of
entries {(Sk)i,j}n for any 1 ≤ i, j ≤ n is Cauchy with respect to ||p and so converges in C.

To complete the proof, let B = B1B2... be the product which again converges using the same
argument as above. Then for any positive integer m and any σ ∈ H0,

B−1U(σ)σ(B) ≡ B−1m−1...B
−1
1 U(σ)σ(B1)...σ(Bm−1) mod pm

≡ Um−1

≡ 1 mod pm.

And therefore B−1U(σ)σ(B) = 1 for all σ ∈ H0 and U is trivial on H0. �

Corollary 4.2. There is a bijection H1
cont(Γ,GLn(K̂∞))→ H1

cont(G,GLn(C)).

Proof. The exact inflation-restriction sequence for H ⊂ G gives

1→ H1
cont(Γ,GLn(K̂∞))→ H1

cont(G,GLn(C))→ H1
cont(H,GLn(C))

since G/H = Γ and CH = K̂∞. Then by Proposition 4.1, H1
cont(H,GLn(C)) = 1 andH1

cont(Γ,GLn(K̂∞))→
H1

cont(G,GLn(C)) is bijective. �

We now want to establish a bijection from H1
cont(Γ,GLn(K∞)) to H1

cont(Γ,GLn(K̂∞)) in a
process called decompletion.

Proposition 4.3. The inclusion GLn(K∞) ↪→ GLn(K̂∞) induces a bijection on cohomology:

H1
cont(Γ,GLn(K∞))→ H1

cont(Γ,GLn(K̂∞)).

Proof. We will prove injectivity and surjectivity separately. For each, we need a lemma.

Lemma 4.4. If U is a cocycle of Γ in GLn(K∞), then there exists an m such that U(σ) ∈
GLn(Km) for all σ ∈ Γ.
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Proof. Let m be large enough so that U(γ), U(σi) ∈ GLn(Km), where {γ, σ1, ..., σk} generate Γ
topologically. Then as Km is stable under γ and each σi, U(σ) ∈ GLn(Km) for any σ that is a
product of the generators by the cocyle condition. Finally, since these products are dense in Γ
and U is continuous, U(σ) is in the completion of GLn(Km) for any σ ∈ Γ. But GLn(Km) is
complete (as Km/K is a finite extension). So the image of U lies in GLn(Km). �

Now suppose that U and U ′ are cocyles of Γ in GLn(K∞) that are cohomologous in GLn(K̂∞).

That is, there exists an M ∈ GLn(K̂∞) such that U ′(σ) = M−1U(σ)σ(M)for every σ ∈ Γ. Or,
equivalently, that σ(M) = U(σ)−1MU ′(σ). Using the lemma, let m be large enough such that
the images of both U and U ′ lie in GLn(Km). Let V be the Km-vector space spanned by the
entries of M . It follows from this coboundary condition that V is stable under Γ. Then by
Proposition 3.6, V , and hence the entries of M , lie in K∞. So M ∈ GLn(K∞), U and U ′ are
cohomologous in GLn(K∞), and we have shown injectivity.

For surjectivity, suppose that U is a cocyle of Γ in GLn(K̂∞). We want to find a cocyle U ′

of Γ in GLn(K∞) that is cohomologous (in GLn(K̂∞)) to U . To do so, we repeat the strategy
of Proposition 4.1 by building up sequences of matrices.

Lemma 4.5. Let γr be a generator of Γr for a fixed r, d the constant of Proposition 3.5, and

A ∈ GLn(K̂∞), R ∈ GLn(Kr) such that A ≡ 1 mod p2d and A ≡ R mod pmd for some m ≥ 3.

Then there exists a B ∈ GLn(K̂∞) and an R′ ∈ GLn(Kr) such that B ≡ 1 mod p(m−1)d,
B−1Aγr(B) ≡ 1 mod p2d, and B−1Aγr(B) ≡ R′ mod p(m+1)d.

Proof. Parts (a) and (c) of Proposition 3.5 state that any element of K̂∞ is a sum of an element

in Kr and an element of Yr = (γr − 1)K̂∞. So A = R′ + (γr − 1)S for some R′ ∈ Mn(Kr) and

S ∈Mn(K̂∞) with entries in Yr. But then

A−R = (R′ −R) + (γr − 1)S

≡ 0 mod pmd.

Now Proposition 3.5(b) states that every entry of S is congruent to 0 modulo p(m−1)d. Let
B = 1 − S and write A = 1 + N where N is a matrix with N ≡ 0 mod p2d. Then B−1 =
1 + S + S2 + ..., S2 ≡ 0 mod p2(m−1)d, and NS ≡ 0 mod p(m+1)d. We can therefore say that

B−1Aγr(B) ≡ (1 + S)(1 +N)(1− γr(S)) mod p2(m−1)d

≡ 1 +N + S − γr(S) mod p(m+1)d

≡ A− (γr − 1)S mod p(m+1)d

≡ R′ mod p(m+1)d.

Furthermore, modulo p2d, B−1Aγr(B) is congruent to A which is congruent to 1 and this
compeltes the proof. �

Now, for our cocycle U , let r be such that U(σ) ≡ 1 mod p3d for any σ ∈ Γr, which we
can do by continuity of the action of Γ. Let γr be a generator for Γr. Beginning with m = 3,
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let A3 = U(γr) and R3 = 1. By the lemma, we have sequences of matrices Am, Bm, Rm with
Am+1 = B−1m Amγr(Bm), Am ≡ Rm mod pmd, and Bm ≡ 1 mod p(m−1)d for any m.

Let B = B3B4... =
∞∏
m=3

Bm. For a fixed m0, Am ≡ Am0 ≡ Rm0 mod p(m0−1)d for any m ≥ m0.

Hence, Am and Rm both converge to R ∈ GLn(Kr), and furthermore B−1U(γr)γr(B) = R.
Define the cocyle U ′ as U ′(σ) = B−1U(σ)σ(B). Fix a σ ∈ Γ. Using the cocycle condition and

the fact that γrσ = σγr for any σ ∈ Γ, it follows that γr(U
′(σ)) = (U ′(γr))

−1U ′(σ)σ(U ′(γr)).
But then the entries of U ′(σ) span a Kr-vector space that is stable under γr and hence all of
Γr. Then by Proposition 3.6, U ′(σ) has entries in GLn(K∞). Thus U ′ is a cocyle in GLn(K∞)
that is cohomologous to U via the matrix B, which proves surjectivity. �

5. Representations and Sen’s Operator

We now apply the results of the previous section to study C-representations. To begin, define,
using suggestive notation, the H-invariants of a C-representation W by

Ŵ∞ = {w ∈ W : σ(w) = w for all σ ∈ H}.

Ŵ∞ can clearly be viewed as a K̂∞-vector space.

Theorem 5.1. The natural map Ŵ∞ ⊗K̂∞
C→ W is an isomorphism.

Proof. Suppose W corresponds to a cocycle G → GLn(C) given by some basis of W . By
Proposition 4.1, this cocycle restricted to H is cohomologous to the trivial cocycle. In other
words, there is a basis {e1, ..., en} for W on which H acts trivially. Therefore, these basis

elements are contained in Ŵ∞ and the map Ŵ∞ ⊗K̂∞
C→ W is surjective.

It now suffices to show that the elements {e1, ..., en} span Ŵ∞ as a K̂∞-vector space. So
suppose w ∈ W is fixed by H and w =

∑
ciei with ci ∈ C. Then for σ ∈ H, σ(w) =∑

σ(ci)ei = w and so each ci must also be fixed by H, hence in K̂∞. So w is in the K̂∞-span
of {e1, ..., en}. �

Since Ŵ∞ is fixed by H, Ŵ∞ has a continuous and K̂∞-semilinear action by Γ. As before,

we want to decomplete to K∞. Define, again suggestively, W∞ as the set of all vectors in Ŵ∞
whose orbits under Γ generate a finite dimensional K-vector space. Equivalently, W∞ is the set
of vectors whose stabilizers have finite index in Γ. Any such vector is called K-finite. As any
single element of K∞ lies in a finite extension of K, W∞ is a K∞-vector space.

Theorem 5.2. The natural map W∞ ⊗K∞ K̂∞ → Ŵ∞ is an isomorphism.

Proof. The surjectivity of Proposition 4.3 shows that there is a basis {e1, ..., en} of Ŵ∞ such
that σ(ei) lies in the K∞-span of {e1, ..., en} for any i and any σ ∈ Γ. Let U : Γ→ GLn(K∞) be
the corresponding cocycle. Furthermore, as in Lemma 4.4, there is a finite extension Km such
that U(σ) ∈ GLn(Km) for all σ ∈ Γ. As Km is stable under Γ, we deduce that Kme1⊕...⊕Kmen
is stable under Γ. This means that the Γ-orbit of each ei generates a finite dimensional K-vector
space and so each ei ∈ W∞.
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Again, it remains to prove that each w ∈ W∞ can be written as a K∞-linear combination

of the ei’s. Suppose w =
∑
ciei with ci ∈ K̂∞. As each of w, e1, ..., en are K-finite, they have

stabilizers with finite index in Γ. Therefore, their intersection, H, also has finite index in Γ.
But then for any σ ∈ H,

σ(w) =
n∑
i=1

σ(ci)ei

= w,

and so it must be that σ(ci) = ci for each i. Because ci is fixed by H and H has finite index in
Γ, it follows that ci ∈ Kr for some r. Hence, we can conclude that ci ∈ K∞ for all i. �

While we have simplified the study of C-representations W to the space W∞, the action of
Γ is still semilinear. But as it turns out, there is a linear operator on W∞, and which can be
extended to all of W , that encapsulates the action of Γ. This is known as Sen’s operator ϕ.

Let γ be a generator for Γ0 so that any element of Γ0 is γt for some t ∈ Zp. Informally,
imagine defining an operator ψ on W∞ by

ψ(w) = lim
t→0

γt(w)− w
t

In other words, ψ is in essence the derivative (with respect to t) of t 7→ γt at t = 0, i.e.
ψ = log γ. In addition, notice that for any c ∈ K∞, c is fixed by some open subset of Γ and
hence, for t small enough, γt(cw) = cγt(w). Then it follows that ψ(cw) = cψ(w). The end
result is a K∞-linear operator on W∞ that encodes the action of γ (and hence Γ) on the space.

Of course, the key word is ‘Informally’, so we need to show that this limit exists and that
the result is the logarithm of γ. Moreover, we would prefer to have an operator that does not
depend on the choice of generator γ. Suppose that γ′ = γs is another generator of Γ0. Then in
the above, we would have log(γs) = s log(γ). The correction is to consider the character χ of
G, and divide ψ by log(χ(γ)). Then log(χ(γs)) = s log(χ(γ)), which removes the dependence
on the choice of generator.

Theorem 5.3. There exists a K∞-linear operator ϕ on W∞ such that, for every w ∈ W∞,
there exists an open subgroup Γw of Γ such that

σ(w) = exp(ϕ logχ(σ))w

for all σ ∈ Γw

Proof. As in the proof of Theorem 5.2, there exists a basis e1, ..., en of W∞ such that Wm =
Kme1 ⊕ ... ⊕ Kmen is stable under Γ. Then the action of Γm on Wm is linear, and so can be
given by a linear homomorphism ρ : Γm → GLn(Km).

Let r ∈ Zp be small enough so that γr ∈ Γm and ρ(γr) ≡ 1 mod p and replace Γm by an
open subgroup if necessary so that γr generates Γm. Define the logarithm on Mn(Km) by

log(A) =
∞∑
k=1

(−1)k+1(A− 1)k

k
,
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which will converge when A ≡ 1 mod p. In particular, log ρ(γr) makes sense. Note also that
for B ≡ 0 mod p, the exponential function defined as

exp(B) =
∞∑
k=1

Bk

k!

also makes sense. Finally, log(A) ≡ 0 mod p and exp(log(A)) = A for A ≡ 1 mod p. For
more details, see [2].

Now define the operator ϕ on Wm by

ϕ =
log ρ(γr)

logχ(γr)
,

which is Km-linear since γr ∈ Γm. It is then clear that the formula of the theorem holds on Wm

using Γw = Γm.
Extend ϕ by linearity to all of W∞ and suppose w ∈ W∞. Write w as

∑
λiei. Then there

is an open subgroup Γ′ of Γ that fixes all of the λi. Let Γw = Γm ∩ Γ′. Then for any σ ∈ Γw,
σ = (γr)t for some t ∈ Zp. Then

exp(ϕ logχ(σ)) = exp(
log ρ(γr)

logχ(γr)
logχ(γr)t)

= exp(t log ρ(γr))

= ρ(γr)t

= ρ((γr)t)

= ρ(σ).

For uniqueness, suppose ϕ′ also satisfies the formula. Then there exists a t such that (γr)t ∈
Γei for each basis element ei. But then it follows that

ρ((γr)t) = exp(ϕ′ logχ((γr)t)),

or that

ϕ′ =
log ρ(γr)t

logχ((γr)t)

=
log ρ(γr)

logχ(γr)

= ϕ.

�
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As a remark, notice that

1

logχ(γ)
lim
t→0

γt(w)− w
t

=
1

logχ(γ)
lim
t→0

(exp(tϕ logχ(γ))− 1)(w)

t

=
1

logχ(γ)
logχ(γ)ϕ(w)

= ϕ(w)

Finally, one can continue to extend ϕ by linearity to all of W , via Theorem 5.1, though the
formula of the theorem does not hold for all of W .

To end the section, we want to show that two C-representations are isomorphic if and only
if they have Sen Operators that are similar to each other. We will need a couple of facts about
the operator ϕ to continue.

First, as the action of Γ on W∞ is continuous, it is clear from the definition of ϕ (and the
fact that Γ is abelian) that the actions of ϕ and Γ commute. Moreover, by the extension of ϕ
to W , it follows that the actions of ϕ and G commute.

Proposition 5.4. Suppose that W1 and W2 are C-representations with respective Sen operators
ϕ1 and ϕ2. The C-vector space W = HomC(W1,W2) also has an action of G:

(σ · f)(w) = σ(f(σ−1(w))).

Then the Sen Operator for W is given by ϕ : f 7→ ϕ2 ◦ f − f ◦ ϕ1.

Proof. For a fixed w ∈ (W1)∞, consider γt(f(γ−tw))− f(w). For simplicity, assume (as we will
be taking t→ 0) that γ = γr, where γr can define both ϕ1 and ϕ2 as in the proof of Theorem
5.3. The matrix representation of γ under both W1 and W2 is within the radius of convergence
for the logarithm. Again for simplicity denote these by log1 γ and log2 γ, respectively. Then by
Taylor expansion around t = 0,

γt(f(γ−tw))− f(w) = (1 + t log2 γ)(f(γ−tw)) +O(t2)f(γ−tw)− f(w)

= (1 + t log2 γ)f((1− t log1 γ)w +O(t2)w) +O(t2)f(w +O(t)w)− f(w)

= f(w)− tf(log1 γ w) + t log2 γ f(w) +O(t2)f(w)− f(w)

= t log2 γ f(w)− tf(log1 γ w) +O(t2)f(w).

Now, if ϕ is a Sen Operator for W , then

ϕ(f)(w) =
1

logχ(γ)
lim
t→0

γt · f(w)− f(w)

t

=
1

logχ(γ)

(
lim
t→0

t log2 γ f(w)

t
− lim

t→0

tf(log1 γ w)

t

)
=

1

logχ(γ)

(
lim
t→0

γtf(w)− f(w)

t
− lim

t→0

f(γt(w))− f(w)

t

)
= (ϕ2 ◦ f − f ◦ ϕ1)(w).

�
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Finally, one more proposition about the kernel of ϕ:

Proposition 5.5. The kernel of ϕ on W is the C-subspace generated by the G invariants of
W .

Proof. First, any element of W fixed by G is fixed by H and hence in Ŵ∞, but is also fixed by
Γ and so is in W∞. But from the limit definition of ϕ, or via properties of the exponential, it
follows that ϕ of any such element is zero.

Now consider kerϕ. Since ϕ and G commute, if w ∈ kerϕ, then ϕ(σ(w)) = σ(ϕ(w)) = 0 for
any σ ∈ G and therefore kerϕ is stable under G. As the Sen Operator of a subspace is just the
restriction to that subspace, we can assume that W = kerϕ with Sen Operator ϕ = 0. Suppose
w ∈ W∞. Then since ϕ = 0, w is fixed by Γw, where Γw is as in Theorem 5.3. Then the orbit
of Γ on w is the same as the orbit of Γ/Γw on w, which is finite as Γ/Γw is finite. But then the
action of Γ on W∞ is continuous for the discrete topology of W∞. Hilbert’s Theorem 90 states
that the group cohomology in this case is trivial. Then similar to the proof of Theorem 5.1,
there exists a basis {e1, ..., en} of W∞, such that each of the ei’s are fixed by Γ. This implies
that the ei’s are G-invariant and these generate the C-space W = kerϕ. �

We are now ready to prove our desired result.

Theorem 5.6. Let W1 and W2 be two C-representations, and ϕ1 and ϕ2 their respective op-
erators. Then W1 and W2 are isomorphic as C-representations if and only if ϕ1 and ϕ2 are
similar.

Proof. First, suppose that F : W1 → W2 is an isomorphism of C-representations. This means
that σ ◦ F = F ◦ σ for every σ ∈ G. Put another way σ ◦ F ◦ σ−1 = F , which is to say
that F is G-invariant. Let W = HomC(W1,W2). By Proposition 5.4, its operator is given by
ϕ : g → ϕ2 ◦ g − g ◦ ϕ1. Since F is also a morphism of C-vector spaces, F ∈ W . But F is also
G-invariant, so by Proposition 5.5 ϕ(F ) = 0. That is, ϕ2 ◦ F − F ◦ ϕ1 = 0, so ϕ1 = F−1ϕ2F .

The other direction nearly follows the same idea, except that ϕ1 being similar to ϕ2 implies
that there is a C-vector space isomorphism f : W1 → W2 such that ϕ2 ◦ f = f ◦ ϕ1. The issue
is that f may not be a morphism of C-representations. That is, it may not be the case that
σ ◦ f = f ◦σ for every σ ∈ G. However, as we will see, f gives rise to another morphism F that
does commute with G.

Using the same W as above, f ∈ W , and the similarity condition means f is killed by ϕ.
Now by Proposition 5.5, f is the C-linear combination of G-invariant elements f1, ..., fm of W .
Let f = c1f1 + ...+ cmfm. Viewing the fi as matrices via fixed bases of W1 and W2, because f
is an isomorphism,

det(c1f1 + ...+ cmfm) 6= 0.

Moreover, this means that the polynomial in m variables, t1, ..., tm, given by det(t1f1+...+tmfm)
is not zero. As K is an infinite field, there exist elements λ1, ..., λm ∈ K such that

det(λ1f1 + ...+ λmfm) 6= 0.
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Let F = λ1f1 + ...+λmfm. Each fi is G-invariant, i.e. σ◦fi ◦σ−1 = fi, meaning that each fi is a
morphism of C-representations. Since the λi ∈ K are also fixed by G, F is a C-representation.
Finally, by the non-zero determinant condition, F is an isomorphism between W1 and W2. �
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