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0 How are generalized barycentric coordinates used in FEM?
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Generalized barycentric coordinates applications

From the table of contents of the upcoming book:

“Generalized Barycentric Coordinates in Computer Graphics

Discrete Laplacians
Mesh parameterization
Shape deformation
Self-supporting surfaces
Extreme deformations
BEM-based FEM

Virtual element methods
....and much more!

and Computational Mechanics’

Chapters in preparation by various authors; to appear in 2017.

In this talk, we focus on the use of GBCs in finite element methods, although our

results apply to broader questions about interpolation quality.
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The generalized barycentric coordinate approach

Let P be a convex polytope with vertex set V. We say that

Av: P— R are generalized barycentric coordinates (GBCs) on P

if they satisfy

Av>00nP and L=) LW\, VL:P—Rlinear.

veV

Familiar properties are implied by this definition:

Z)\VE1

veV
—_———

partition of unity

> V(X)) =x Av; (V) = 0j
vev S~
interpolation

linear precision

traditional FEM

Bilinear Map

Reference
Element
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Some ‘degenerate’ geometry families

Ve
1 1 1
| - i)

large angle short edge many vertices vertex near
non-incident edge

Generalized barycentric coordinates help describe the relation between degenerate
element geometry and interpolation error. J
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e Deconstructing the ‘a priori’ estimate
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Bounded interpolation estimate pairs

Define:
. ¢, atype of generalized barycentric coordinates

« P, apolygon with vertices v, ...,V,
« h=diam(P)
« The interpolation procedure:

n

Tu= Z U(V,‘)qb,'

i=1

Suppose we can find a constant Cg; and class of polygons p such that

The we say the pair (¢, p) has a bounded interpolation estimate.

n

> u(vi)ei

i=1

< Caih||ullyepy U H(P), Pep

H'(P)
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The a priori error estimate

Fix a second order elliptic PDE.

Suppose (¢, p) has a bounded interpolation estimate:

n

> u(vi)ei

i=1

< Caih||ull e p
H'(P)

The a priori error estimate for a Galerkin FEM on a mesh of P € p is:

lu=tnllg < Cc |lu=TuUllyq < CcCieh |Ulpq)

N —— N——— N——
finite element error Cea'’s interpolation error 2nd order
Lemma oscillation

where 12
Cio = (c,%H (1 + C[‘;,) + c;‘;,)

Cpry from Bramble-Hilbert Lemma
Cp from bounded interpolation estimate

Our goal: Identify pairs (¢, p) with bounded interpolation estimates. )
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e Lessons from the triangle case
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Bounded interpolation pairs for triangles

Only choice for ¢ is regular barycentric coordinates.
Two classes of triangles to consider:
tmina All angles are bounded away from zero: a; > o, > 0
tmaxa All angles are bounded away from 180°: «; < o™ < 180°
We have
@ (&, tmina) = “minimum angle condition” = bounded interpolation
@ (¢, tmaxa) = “maximum angle condition” = bounded interpolation
(BABUSKA, Aziz 1976 and JAMET 1976)

@ Any class of triangles with bounded aspect ratio
(ratio of longest edge to radius of smallest inscribed circle)
can be described as a tyin, Class.

@ Any tming Class also excludes large angles,
so it can be described as a tmaxa class.

@ Raises the question: for a bounded interpolation estimate,
is tmaxa NOt only sufficient but necessary?
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A maximum angle condition is not strictly necessary

Example from “The maximum angle condition is not necessary for convergence of the
finite element method” HANNUKAINEN, KOROTOV, KRiZEK 2012:

Fig. 6 Family F; that does not satisfy the maximum angle condition

@ Key point: 74 C F3 and F3 satisfies a maximum angle condition.
@ Viewed another way: Fy is not the optimal triangulation of the lattice vertices.
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e Experiments: GBCs on degenerate geometry
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Large angle experiment

Ve

—_

<+

1

¢ | hm | wa

On a single element with a large angle:

« Set boundary values on domain shown from
u(x,y) = 0.77223(x — 0.331)% 4+ 1.1123(y + 0.177344)2

« Compute harmonic (hm), Wachspress (wa), mean value
(mv), discrete harmonic (dh), moving least squares (Is-*),
and maximum entropy (me-*) coordinates as e — 0

« Report |up™|,, and |up™ — uj |,

mv dh Is-1 Is-2 Is-3 me-t me-u

0.1600|1.3e0|2.6e-1
0.0400|1.3e0|1.3e0
0.0100(1.3e0|3.1e0
0.0025|1.3e0|6.4e0

6.0e-2 2.3e-1 1.8e-1 2.2e-2 54e-2 709e-2 5.1e-1
1.1e-1  1.5e0 3.6e-1 5.4e-2 1.2e-1 1.6e-1 2.2e0
1.3e-1 3.9e0 4.4e-1 6.5e-2 1.4e-1 1.9e-1 5.1e0
1.3e-1  8.3e0 4.5e-1 6.7e-2 1.4e-1 2.0e-1 9.3e0

0.0000(1.3e0| - 1.3e-1 - 45e-1 6.8e-2 1.5e-1 2.0e-1 -
Only some coordinates lose interpolation quality as the geometry degenerates.
(in this case, wa, dh, and me-u). J
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Short edge experiment

On a quadrilateral with a very short edge:

<+

1

e | hm | wa mv dh Is-1 Is-2 Is-3 me-t  me-u
0.1600 7.5e-1 {1.1e-1  4.0e-2 2.3e-1 2.2e-1 3.4e-2 6.5e-2 25e-1 7.3e-1
0.0400 8.5e-1 [3.9e-2 1.2e-2 8.3e-2 9.0e-2 1.3e-2 29e-2 9.6e-2 4.6e-1
0.0100 8.9e-1 [1.2e-2 3.2e-3 1.6e-1 29e2 4.3e-3 1.0e-2 3.0e-2 2.5e-1
0.0025 9.1e-1 [3.3e-3 6.7e-4 3.7e-3 7.9e-3 1.2e-3 3.2e-3 8.9e-3 9.9e-2

In this case, none of the coordinates lose interpolation quality as the geometry
degenerates! J
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Large vertex count experiment

On a regular polygon with n vertices:

n hm wa mv dh Is-1 Is-2 Is-3 me-t me-u
4 1.5e0 [0.0e0 4.5e-2 0.0e0 1.1e-1 8.3e-3 1.2e-2 0.0e0 0.0e0
8 1.9e0 5.0e-2 1.0e-2 5.0e-2 1.3e-1 9.9e-3 23e-2 7.5e-2 1.3e-1
16 | 1.9e0 [7.9e-2 4.2e-2 7.9e-2 1.7e-1 55e-3 4.0e-2 8.2e2 1.7e-1
32| 2.0e0 B.8e-2 4.3e-2 8.8e-2 1.7e-1 23e-3 43e2 6.8¢e-2 1.8e-1
64 | 2.0e0 9.1e-:2 4.3e-2 9.1e-2 1.7e-1 9.7e-4 43e-2 5.2e-2 -
128 2.0e0 9.2e-2 4.3e-2 9.2e-2 1.8e-1 5.8e4 4.4e-2 3.9e-2 -
256 2.0e0 P.2e-2 4.3e-2 9.2e-2 1.8e-1 5.0e-4 4.4e2 29e-2 -

Again, none of the coordinates lose interpolation quality as the geometry
degenerates. . . but computing them becomes expensive. J
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Non-convex experiment

1
On a non-convex polygon:
B T E—
1
e | hm* | mv Is-1 Is-2 Is-3 me-t
0.1600 | 2.4e0 | 8.2e-1 23e-0 4.2e-1 89e-1 1.4e-0
0.0400 | 2.2e0 | 7.4e-1 2.3e-0 3.0e-1 8.7e-1 1.4e-0
0.0100 | 2.4e0 | 7.6e-1 2.4e-0 2.6e-1 8.6e-1 1.6e-0
0.0025 | 2.6e0 | 8.2e-1 2.6e-0 2.4e-1 1.1e0 1.7e-0
Again, none of the coordinates lose interpolation quality as the geometry
degenerates. . . but some are not defined! J
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e Comparison to theoretical results
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Classes of polygons and polytopes

On polygons:
pmina All interior angles are bounded away from zero: «; > . > 0.
pmaxa All interior angles are bounded away from 180°: «; < o* < 180°.

On d-polytopes:

pex P is convex.
diam(P)

io i : <~
Par The aspect ratio is bounded radius of max. insc. d-ball. — '
pnv  The number of vertices is bounded: n < n*.
Peage The ratio of diameter to the shortest edge is bounded: % <e.
i

pv—r The value of h, is bounded away from zero: h.(P) > h, > 0 where

h.(P) := min dist from a vertex to hyper-plane of a non-incident face

psimp  Every vertex is incident to exactly d other vertices
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Theoretical results

The following pairs have bounded interpolation estimates. . .

... on polygons:

Wachspress:
Sibson:
Mean Value:
Triangulation:

Harmonic:

(Awa, Pevx N Par N Peage N Pmaxa)
(¢sibs Povx N Par N Pedge)

(dmv, Povx N Par N Pedge)

(&tris Pmaxa)

(Shms Pevx N Par)

(see G., RAND, BAaJAy, 2012, RAND, G., BAJAJ, 2013, G., RAND, 2016)

... on d-polytopes:

Wachspress:

(dwa, Pevx N Py—f N Psimp)

(see FLOATER, G., SUKUMAR, 2014.)
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Experiments reveal more work to do

Ve
1 1 1

pcvx v v v X
Par v v v v
Pov v v X v

Pedge ve X X v
Pmina v v v v
Pmaxa X v X v
Pv—f X X X X
wa X v v n/a
myv v v v v
dh X v v n/a
Is-% v v v v
me-t v v v n/a
me-u X v n/a n/a

Andrew Gillette - U. Arizona GBCs for degenerate geometry MAFELAP June 2016 22/23



Acknowledgments

Research Funding

Supported in part by the National Science Foundation grant DMS-1522289.

Collaborators on this work

Chandrajit Bajaj UT Austin computer science

Michael Floater  U. Oslo math
Alexander Rand CD-adapco industry
N. Sukumar UC Davis civil engineering

Slides and pre-prints
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Forthcoming book chapter:

“Shape Quality for Generalized Barycentric Interpolation”
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