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© Review

© Main Proof
@ Dyadic Decomposition
@ Showing dcap(B) = |N(B)|
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Review

Key Definitions

Suppose A C H is a bounded subset with the properties A =THN A
and H\ A simply-connected.

Definition. Let g4 : H\A — H with the normalization
ga(z) = z+ O(L) as z — co. We defined

hcap(A) = lim z(ga(z) - 2)

so
hcap(A)

V4

galz) =z + +---0(|2]7?)

as Zz — oQ.
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Review

Key Definitions

Definition. Let 2 be simply-connected and pick a point z5 € Q.
Define

Rad(Q, z) := |f/(0)],

where f : D — Q is conformal with f(0) = zy. Henceforth,
Rad(€2) = Rad(,0).

Definition. Let B C D with 0 ¢ B and D\ B simply-connected.
Define
dcap(B) := — log Rad(D\B)
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Review

Goal: Estimate H-Capacity

Scaling: hcap(rA) = r?hcap(A)  (suggests hcap(-) is like an area)

Areas from Yesterday: Let A = be a simple path in H.

A

A Lipschitz Funtion of Norm 1

A Hyperbolic Neighborhood
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Review

Goal: Estimate H-Capacity

Definition. Let Q C C be a domain. A Whitney square
decomposition of €2 is a collection W of squares {Q} such that

(a) {Q} are almost disjoint

(b) Q= Ugew @

(c) diam(Q) < d(Q,00Q)

Another Area: Let A= v be a simple path in H.

Whitney squares intersecting A
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Review

Theorem 1

Theorem 1. Let A C H be a hull. Then
hcap(A) = |N(A)];
where | - | = Euclidean area. ( Gi|N(A)| < hcap(A) < G|N(A)])
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Review

Theorem 2

Theorem 2. Take BC {z €D : 3 < |z| < 1} with D\B
simply-connected. Then

deap(B) = [N(B)|
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Review

Basic Strategy

Theorem 2 = Theorem 1

We will now prove Theorem 2. First, we need two propositions...
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Proposition 1

Fixa hull BC {z€D : } < |z| < 1}. For each interval

=[5, %] (n=1,2,--- and k=1,2,---,2") we define the

"dyadic square"

1
Qy={zeD: ﬁ € exp(2miJ) and 1 — |z| < ?}7
z

its "top half"
1
T(QJ) = {ZE Q_j 1 — |Z| > W}
and let

Q(B) := union of all dyadic squares Q such that T(Q)N B # &

(0 € D\Q(B) and D\ Q(B) is simply-connected)
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Dyadic Decomposition
Main Proof Showing dcap(B) =< |N(B)|

Proposition 1:
G1|B| < dcap(B) < dcap(Q(B)) < G|Q(B)|

T(Q)NB#2
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Proposition 1: ¢,|8| < deap(8) <|dcap(Q(B)) < G|Q(B)|

The first two inequalities were shown yesterday.

Third Inequality: Write Q(B) = U;2; Q; where {Q;} is a disjoint
(mod 9) family of dyadic squares arranged so that
‘Ql‘ Z ‘Qz‘ Z ---. We defined
Km = £ (Qm) C D,
where fp, 1 D — D\ U2 41 Q with f,(0) = 0.

We have shown

dcap(Km) < |Qm| for all m = dcap(Q(B)) < G|Q(B)|.
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Proposition 1: 8| < deap(8) <|dcap(Q(B)) < G|Q(B)|

Claim: dcap(Kp,) =< |Qm| for all m.

Idea of Proof. There exits concentric circular hulls U, V of
comparable size such that

UcCcK,cCV.
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Machinery

Theorem. (Beurling Projection) The probability that a Brownian
motion (in a disk starting at z = 0) hits a closed subset E is
greater than or equal to the probability that it hits its radial
projection, P(E) = {|z| : z € E}.
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Machinery

Suppose U C C is a domain and E C 0U. We fix the notation
w(z,U,E) :=P*(B;, € E)

for the harmonic measure in U from z. Here, B; is a Brownian
motion in U with By = z € U and 7y is the first exit time from U.

Example. If U =D and z =0, then w(0,D, E) / dt

Notation. We write x < y <= x < Cy for some constant C > 0.
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Proposition 2: dcap(N(B)) < Cdcap(B)

Let N(B) := N(B) U {complementary components not containing 0}

Define
N(B) := Hyperbolic neighborhood of B of radius €
and

N.(B) := N.(B) U {complementary components not containing 0}
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Claim: dcap(N.(B)) < dcap(B)

Claim. dcap(N.(B)) < dcap(B) for e > 0.

If we prove the claim, then
deap (N (Ne(B))) < deap(Ne(B)) (%)

dcap(N(B)) < LHS of () follows from yesterday's lemma:
Lemma. Given hulls Q C Q' C D (0 ¢ Q). Then dcap(Q2) <dcap(Q')

So Claim —> Proposition 2
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Claim: dcap(N.(B)) < dcap(B)

For n > 1 define

D,:={zeD: 1—]z\<—} and B,:=BND,

2n+1 —

If a€ D, and b € Dpya, then 27-1d(a, b) < dy(a, b) < 27+3d(a, b)
and
dh(Dna Dn+2) = 1.

Choose € > 0 so that for all n,

B(z,2¢) is contained in D,—1 U D, U Dpyq
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Claim: dcap(g) < dcap(B)

Proof of Claim. Let wy(z) := w(z,D\B, B,,) denote the measure of
B,. Let f: D — D\B with f(0) =0 and f’(0) > 0. The mean
value property for z — log | %] lets us write

log |F(0)| = 217r/()27r Iog|f(eit)|dt:/6D log |F(w)| w(0, D, dw) (%)

The fact 1 — x =< —log x for 3 < x < 1 along with (%) implies

() = ;/Bn(l ~le)(0.0\8, ) < 3 ”"2(:)).
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Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Claim: dcap(g) < dcap(B)

We have just shown that

dcap(B) = i wn(0)

n=1 2"
Additionally, we define
&n(2) = w(2,D\N.(B), Dy N Ni(B))

Following the same ideas, we have

o0

E)

dcap

~

where N.(B) = B.



Dyadic Decomposition
Main Proof Showing dcap(B) < |N(B)|

Claim: dcap(g) < dcap(B)

We show

Wn(2) S wn-1(2) + wa(2) + wnt1(2) (%)

for all n and z € D\B:
Harmonic in ]D)\E—i— max. principle = take z € 6ID>\.§.

If z ¢ D, = Wn(z) = 0. We assume z € D,,. Since Wp(z) <1, we
just need to show

wn-1(2) + wn(2) + wn+1(2) = w(z, Bp—1 U B, U By 1,D\B)

is bounded away from 0. This follows from the Beurling Projection
theorem. So (%) holds.
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Dyadic Decomposition
Main Proof

Showing dcap(B) < |N(B)|

Claim: dcap(g) < dcap(B)

We have shown @,(0) < wp—1(0) + wn(0) + wpt1(0) for all n

Divide by 2" and form a sum

> 27"@,(0) = deap( (N.(B)) <
n=1

22 wn(0) = fdcap(B).
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Dyadic Decomposition
Main Proof Showing dcap(B) =< |N(B)|

deap(B) = |N(B)

Prop. 1 Prop. 2

~

B < deap(B) < dcap(Q(B)) < |Q(B)|  dcap(N(B)) < dcap(B)

Proof of Theorem 2:

~

edcap(B) = deap(N(B)) 2 IN(B)| > N(B)|

~ ~

Prop. 2 Prop. 1

* deap(B) < dcap(Q(B)) < dcap(QN(B)) < |QIN(B))I S IN(B)|

Ol
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Dyadic Decomposition
Main Proof Showing dcap(B) =< |N(B)|
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