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Abstract

This thesis presents certain recent methodologies and some new results for the statis-

tical analysis of probability distributions on non-Euclidean manifolds. The notions of

Fréchet mean and variation as measures of center and spread are introduced and their

properties are discussed. The sample estimates from a random sample are shown to

be consistent under fairly broad conditions. Depending on the choice of distance on

the manifold, intrinsic and extrinsic statistical analyses are carried out. In both cases,

sufficient conditions are derived for the uniqueness of the population means and for the

asymptotic normality of the sample estimates. Analytic expressions for the parame-

ters in the asymptotic distributions are derived. The manifolds of particular interest

in this thesis are the shape spaces of k-ads. The statistical analysis tools developed on

general manifolds are applied to the spaces of direct similarity shapes, planar shapes,

reflection similarity shapes, affine shapes and projective shapes. Two-sample non-

parametric tests are constructed to compare the mean shapes and variation in shapes

for two random samples. The samples in consideration can be either independent of

each other or be the outcome of a matched pair experiment. The testing procedures

are based on the asymptotic distribution of the test statistics, or on nonparametric

bootstrap methods suitably constructed. Real life examples are included to illustrate

the theory.
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Chapter 1

Introduction

The statistical analysis of shapes has diverse applications in biology, engineering sci-

ences, computer sciences and many other fields of study. In a wide variety of problems,

it is of great practical importance to measure, describe and compare the shapes of

objects. Although it is easy to describe ‘shape’, it is not a trivial matter to come up

with a formal mathematical definition of shape. Perhaps the earliest and the most

well known notion of shape is the similarity shape, that is all characteristics of the

object of study which remains after location, rotation and scale information is re-

moved. In his research, the author is mostly concerned with landmark based shape

analysis where a certain number of points or landmarks, say k, are picked from the

object whose shape we want to measure, usually with expert help. Such a set of k

points is called a k-ad or configuration of k points. One approach to study the shape

of a k-ad would be to extract features like ratio of distances, angles etc which are

invariant under similarity transformations and perform analysis on them. However it

is more efficient to work with the full geometry of the k-ad after removing the similar-

ity transformations. That way one has more information on the shape of the object

and the results obtained are easier to interpret. Hence in his dissertation, the author

works with the full shape of a k-ad. Among the pioneers of such landmark based

shape analysis, the author would like to mention Kendall (1977, 1984) and Bookstein

(1978). Bookstein’s approach is primarily registration based requiring two or three

landmarks to be brought into a standard position by translation, rotation and scaling

of the k-ad. For these shapes, the author has preferred Kendall’s more invariant view

of a shape identified with the orbit under rotation of the k-ad centered at the origin

and scaled to have unit size. The set of all shapes then is the quotient of the unit
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sphere under the group of rotations (in m-dimensions) and hence a quotient manifold.

In many applications of object recognition based on its shape, the notion of ‘sim-

ilarity shape’ is not found to be adequate. For example two triangles with labelled

vertices may not have the same similarity shape but are similar when one is reflected

about an axis. That is when one says that the triangles have the same reflection sim-

ilarity shape. Further, different photographs of the same object taken from different

angles may be related by a projective transformation which may not be a similarity.

Then the images have the same projective shape. Hence depending on the applica-

tion, the appropriate notion of shape of a k-ad has to be considered.

Statistical shape analysis is concerned with methodology for analysing shapes in

the presence of randomness. All the shape spaces studied in this thesis are quotient

manifolds, often the quotient of the unit sphere. Hence to carry out statistical shape

analysis, appropriate estimation and inference tools need to be developed on general

non-Euclidean manifolds which are to be applied to the shape space of interest. To

do nonparametric inference on manifolds, one uses parameters like mean and varia-

tion which are defined for a general probablity distribution on the manifold. Then

from a random sample on the manifold, the sample estimates are obtained and their

properties like consistency and asymptotic distribution are examined. Using the es-

timates, one carries out inference on the unknown population parameters and hence

on the underlying probability distribution either by asymptotic tests or by bootstrap

methods. Bootstrap methods are particularly useful when the sample sizes are not

too large for the asymptotic distribution approximation to hold good. This is true

for shape data, especially when there are too many landmarks. Effron’s bootstrap

(Effron (1982)) is one of the important tools proposed here for setting critical points

for two sample tests and for confidence regions for the parameters. However when

the number of landmarks on the sample k-ads is too high compared to the sample
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size, it may not be possible to construct a pivotal bootstrap confidence region. Then

one may set confidence regions for only the first few principle scores or use nonpiv-

otal bootstrap methods. In all the examples studied in this thesis, various bootstrap

methods and asymptotic tests yield consistent results (see Sections 7.10, 8.6 and 9.5).

One may also carry out paramteric inference where one assumes a specific form

for the underlying probability distribution with unknown parameters and carrys out

inference on the parameters by tests such as likelihood ratio tests. A fairly compre-

hensive account of parametric models on the planar shape space, with many references

to the literature, can be found in Dryden and Mardia (1998). However, the exist-

ing models do not seem to fit the shape data that occur in applications very well

and examples in Bhattacharya and Bhattacharya (2008a) suggest that appropriate

nonparametric methods detect differences in shape distributions better than their

parametric counterparts in the literature. Hence in his dissertation, the author has

focussed only on nonparametric inference methods.

Apart from comparing the means and variations, one may use more elaborate non-

paramteric inference procedures such as nonparametric density estimation. However

application of such procedures to the high dimensional shape spaces suffer from the

‘curse of dimensionality’ problem and hence have not been used in this thesis. Fur-

ther, in all the examples studied in this thesis and in articles like Bhattacharya and

Patrangenaru (2005), Bhattacharya and Bhattacharya (2008 a,c) and Bhattacharya

(2008a, b), the means and variations are found to be adequate for discrimination.

This thesis deals with landmark based shape analysis. Apart from that, there

is now a vast literature, especially in computer science and electrical engineering on

what is called continuous shape analysis. The continuous shape of an object or image

is defined by the actual boundary of the object or image, either as a closed contour



15

(in 2D) or by a compact surface (in 3D), modulo a group of transformations. This

view was pioneered by Grerenander (1993). In dealing with notions of continuous

shape, the infinite dimensional nature of these manifolds and their general lack of lo-

cal compactness conditions causes problems. In contrast, the landmark based shape

spaces are finite dimensional locally compact manifolds. If an adequate number of

landmarks are picked at important locations, they can capture most of the continuous

shape information. For the current state of research on continuous shapes, see Krim

and Yezzi (2006) and Joshi et. al. (2006).

The general nonparametric statistical approach based on Fréchet means is due to

Bhattacharya and Patrangenaru (2002, 2003, 2005). Some earlier work on this may

also be found in Patrangenaru (1998) and Hendricks and Landsman (1998). Among

the goals of the author in the present dissertation are (1) the resolution of a number of

geometric and mathematical issues that arise in the application of the above paradigm

to manifolds of interest in biology, medical imaging and machine vision, and (2) the

construction of proper asymptotic inference procedures such as two-sample tests for

discrimination among different distributions on manifolds of interest. Here is a brief

outline of the different chapters in this dissertation.

In chapter 2, the concepts of Fréchet mean and variation are introduced. The idea

is to define the Fréchet function of a probability distribution Q on a metric space M

as the integral (with respect to Q) of a positive convex function of the distance metric

on M and define the Frechet mean as the minimizer (if unique) of this Fréchet func-

tion and the Fréchet variation as the minimum value (if finite). Among all possible

convex functions, general powers of the distance are considered. This generalizes the

definition of the Fréchet function and hence Fréchet mean and variation from Bhat-

tacharya and Patrangenaru (2003). Conditions are derived for the consistency and

asymptotic normality of the sample estimates. It is to be noted that for the asymp-
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totic normality of the sample variation to hold, it is necessary to assume that there is

a unique population mean even though that is not required for the sample variation

to be consistent. Confidence regions for the population parameters are constructed

both by using the asymptotic distribution of the sample estimates and by pivotal

bootstrap methods. Using such confidence regions, one can identify the underlying

probability distribution from a random sample on the manifold M . This is called

Fréchet analysis on M .

Chapter 3 performs Fréchet analysis on Riemannian manifolds by using the geodesic

distance as the distance metric in the definition of the Fréchet function. The resulting

Fréchet parameters are called the intrinsic parameters and the corresponding statis-

tical analysis is called intrinsic analysis on a manifold M . In this chapter, sufficient

conditions are derived for the existence of a unique intrinsic mean and the asymp-

totic normality of the sample intrinsic mean. Two-sample nonparametric tests are

constructed to compare the sample intrinsic means and variations which can be used

to distinguish between the underlying probability distributions. Two different cases

are considered, firstly when the two samples are mutually independent and next for

matched pair samples, which arise for example when the X and Y observations cor-

respond to the same subjects.

Even though intrinsic analysis would seem to be the natural approach for statisti-

cal analysis on manifolds, broad conditions for the existence of the intrinsic mean are

not known. The known conditions require that the probability Q has support in a

convex geodesic ball. To avoid that, one may perform extrinsic analysis on manifolds

which is the subject of Chapter 4. This is also pursued when a natural Riemannian

structure on M is not in sight. For extrinsic analysis on M , one embeds it into some

higher dimensional Euclidean space and uses the distance induced by this embedding.

Then, as the results from Chapter 7 show, the corresponding analysis becomes a lot
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simpler both mathematically and computationally than its intrinsic counterpart. For

example, the extrinsic mean is known to exist under fairly broad conditions and it has

a closed form analytic expression in most cases (see Chapters 7, 8, 9 and 10). Also

the asymptotic normality of the sample extrinsic mean and variation hold under less

restrictive assumptions and analytic expressions for the parameters in the distribu-

tion are relatively easy to get. All this is presented in this chapter. In particular, the

extrinsic mean set comprises of all projections of the Euclidean mean of the image

of Q on the image manifold under the embedding. Hence there is a unique mean

iff there is a unique projection. For asymptotic normality of the sample mean and

variation, one requires that this projection map is smooth in a neighborhood of the

population mean (which is assumed to exist). The chapter concludes with two-sample

nonparametric tests to distinguish between two probbaility distributions by compar-

ing the sample extrinsic means and variations. As in Chapter 3, appropriate tests

are constructed both for mutually independent and matched pair samples. For the

extrinsic and intrinsic approaches to yield consistent results, it is important to choose

a ‘nice’ embedding. For that, an equivariant embedding is desirable, which preserves

a lot of the geometry of the manifold. The numerical examples in Chapter 7 show

that then the extrinsic and intrinsic means are very close to each other and the two

sample extrinsic and intrinsic tests yield similar results.

Since most of the shape spaces are quotients of the unit sphere, it is important to

understand how to carry out nonparamteric statistical analysis on this space. Hence

in both Chapters 3 and 4, the results are applied to the sphere.

In Chapter 5, the different notions of shapes that occur in this thesis are in-

troduced. They include direct similarity shapes, reflection similarity shapes, affine

shapes and projective shapes. For problems in biology like classification of species,

disease detection etc, similarity shape analysis has many uses, while for problems in
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machine vision and image analysis, affine and projective shape analysis is more ap-

propriate. All these shape spaces can be represented as the quotients of Riemannian

manifolds, often the Riemannian sphere. After removing some “singular shapes”, the

shape space has the natural structure of a Riemannian manifold, which can be used

to carry out an intrinsic analysis of shapes. If the shape space is embedded into some

Euclidean space via a preferably equivariant embedding, one can also carry out an

extrinsic analysis. For all the shape spaces considered in this thesis, the extrinsic

mean set and variation are found to depend on the eigenvalues and eigenvectors of

the Euclidean mean of the embedded probability distribution. Perturbation theory

arguements for eigenvalues and eigenvectors are used to get necessary and sufficient

conditions for the existence of a unique extrinsic mean and to prove the asymptotic

normality of the sample estimates.

In Chapters 6-10, the geometry of the shape spaces is discussed in more detail and

statistical analysis is performed on them using the methods of Chapters 3 and 4.

In particular, Chapter 6 provides an exposition of the geometry of the (direct)

similarity shape space of k-ads in m dimensions or Σk
m. The cases of interest include

m = 2 or 3. This space can be represented as the quotient of the unit sphere with

respect to all rotations (in m dimensions). It is shown that after removing some sin-

gularities, Σk
m is a Riemannian manifold. There are no such singularities when m = 2.

This chapter identifies the tangent space of Σk
m, exponential map and geodesic dis-

tance on Σk
m. Most of the results are taken from Kendall et al. (1999).

Chapter 7 considers in detail the similarity shape space when m = 2, which is also

called the planar shape space. This is a compact, connected Riemannian manifold

which can be identified with the complex projective space CP k−2, a well studied man-

ifold in differential geometry. After identifying Σk
2 with CP k−2, this chapter presents
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the geometry of this space, namely its tangent space, exponential and inverse expo-

nential maps, geodesic distance, cut locus, sectional curvature etc. The methods of

Chapter 3 are applied to carry out an intrinsic analysis on this space. In particular,

a probability distribution Q has a unique intrinsic mean if its support is contained

in a geodesic ball of radius π
4
. This result was shown in Kendall (1990). If the

support is also contained in a ball of radius π
3

around the intrinsic mean, then as

shown in Bhattacharya and Bhattacharya (2008b), the sample intrinsic mean has an

asymptotic Normal distribution. This result is used to construct a nonparametric

confidence region for the population mean shape from a random sample of planar

shapes. It is shown in this chapter that when the Fréchet function is defined as the

integrated geodesic distance cubed, then there is a unique Fréchet mean of Q and the

sample Fréchet mean is asymptotically Normally distributed whenever the support

of Q lies in a geodesic ball of radius π
4
. To carry out an extrinsic analysis, the planar

shape space is embedded into S(k,C), the space of all k × k complex Hermitian ma-

trices, via the Veronese-Whitney embedding. Using this embedding, expressions for

the extrinsic mean and variation are derived in this chapter. No support restriction

on Q is necessary for it to have a unique extrinsic mean. Analytic expressions for

the parameters in the asymptotic distribution of the sample extrinsic mean are de-

rived. This enables one to perform two-sample tests to compare the extrinsic means

and variations for two random sample of shapes and hence discriminate between the

underlying probability distributions. The results of extrinsic and intrinsic analyses

on Σk
2 are applied to two examples. In the first example, there are two samples of

2D images of 8 landmarks picked from male and female gorilla skulls. The sample

means and variations are computed for the planar shapes of both the sample images.

Two-sample tests are carried out to compare the means and variations and hence

distinguish between the shapes of skulls for the two sexes. The second example is

an application of schizophrenia detection. In this example, one considers the pla-

nar shapes of k-ads obtained from the brain scan of 14 schizophrenic and 14 normal
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children. As in example 1, the mean shapes and shape variations for the two group

of children are compared by bootstrap methods and asymptotic tests to detect any

difference in brain shape due to schizophrenia.

When m > 2, the similarity shape space Σk
m fails to be a complete manifold. It

has unbounded sectional curvatures. As a result, the results from Chapter 3 cannot

be applied to derive sufficient conditions for the existence of a unique intrinsic mean

which is necessary to carry out intrinsic analysis. If instead, one considers the reflec-

tion (similarity) shape, then it is possible to embed the resulting shape space into

the space of symmetric matrices S(k,R) and carry out an extrinsic analysis. This is

discussed in Chapter 8. Such an embedding of the reflection (similarity) shape space

RΣk
m was first obtained by Bandulasiri and Patrangenaru (2005) and later indepen-

dently by Dryden et al. (2007). However the correct computation of the extrinsic

mean eluded earlier authors until it was derived in Bhattacharya (2008). In this

chapter, that derivation is reproduced along with the condition for its uniqueness.

An expression for the extrinsic variation is also obtained. Two-sample tests are car-

ried out to distinguish between two probability distributions by comparing the sample

extrinsic means and variations. This enables one to extend nonparametric inference

on Kendall type shape spaces from 2D to higher dimensions. Other appropriate dis-

tances including the geodesic distance on RΣk
m are described which can be used to

carry out a Fréchet analysis on this space. The chapter concludes with an application

to Glaucoma detection. In this example, 3D k-ads are obtained from both the eyes

of 12 rhesus monkeys. One of their eyes is infected with Glaucoma while the other

one is kept normal. The 3D reflection shapes of the k-ads are considered. Using the

matched pair two-sample tests described in this chapter, the mean reflection shapes

and the shape variations for the two eyes are compared. The tests for comparing the

mean shapes, both the asymptotic chi-squared test and the pivotal bootstrap method

yield very small p-values, leading to the conclusion that the mean shapes for the two
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eyes are very different. Hence Glaucoma changes the shape of one’s eye, which can

be used for Glaucoma detection.

Chapter 9 focuses on methodologies for nonparametric inference on the affine

shape spaces AΣk
m. The affine shape of a k-ad x with landmarks in R

m is defined

as its orbit under all affine transformations, x 7→ Ax + b (A ∈ GL(m,R), b ∈ R
m).

The space of affine shapes of all centered k-ads whose columns span R
m is AΣk

m.

This shape space can be identified with the Grassmannian Gm(k− 1) of all m dimen-

sional subspaces of R
k−1, a result of Sparr (1992). For extrinsic analysis on AΣk

m,

one embeds it into S(k,R) via an equivariant embedding, as obtained in Dimitric

(1996). Using this embedding, expression for the extrinsic mean and condition for its

uniqueness are derived, which was first proved in Sughatadasa (2006). The results

from Chapter 4 are used to derive the asymptotic distribution for the sample extrin-

sic mean and variation which is used to construct two sample nonparametric tests to

compare two probability distributions. Expressions for the parameters in the asymp-

totic distribution, as obtained in Bhattacharya (2008a), are stated. Apart from affine

shapes, another notion of shape called the special affine shape is also introduced in

this chapter. One gets this shape by removing the effect of all affine transformations

Ax + b where det(A) > 0. This does not remove the effects of reflections (orthogo-

nal transformations with determinant = -1) and hence looks at the ‘oriented’ affine

shape. The affine shape space AΣk
m is the quotient of the special affine shape space

SAΣk
m with respect to reflection. The Riemannian geometry of SAΣk

m and AΣk
m are

described in this chapter which can enable one to perform intrinsic analysis on these

shape spaces. Towards the end of this chapter, an application to handwritten charac-

ter recognition is described. In this example, a random sample of 30 handwritten digit

‘3’ are collected so as to devise a scheme to automatically classify handwritten char-

acters. The sample extrinsic mean and variation are obtained for the affine shapes of

the sample k-ads. After removing some outliers, 95% confidence regions for the mean
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shape and variation in shape are obtained both by asymptotic and bootstrap methods.

Finally Chapter 10 presents methodologies for statistical analysis of projective

shapes. The chapter starts by explaining the connection between the projective shape

space PΣk
m and the real projective space RPm. To get the projective shape of a k-ad

with landmarks in R
m, one views it as a set of axes passing through a common origin

(for example the center of a camera) in R
m+1. In other words, the k-ad is assumed

to lie in (RPm)k. Such a k-ad looks like

[x] = ([x1], . . . , [xk]), [xj] ∈ RPm,

xj being a representative point in R
m+1. To get the projective shape of [x], one

first obtains its affine shape, namely the equivalence class (Ax1, . . . , Axk) for A ∈
GL(m+ 1,R), and then takes the corresponding equivalence classes of axes in RPm.

This defines a projective transformation α as

α[x] = ([Ax1], . . . , [Axk]), A ∈ GL(m+ 1,R).

Hence the projective shape space PΣk
m is the quotient of (RPm)k with respect to

all projective transformations. To give it a manifold structure, only those k-ads are

considered for which there exists a set of m + 2 axes, say {[xi1 ], . . . , [xim+2
]}, such

that the linear span of any m+ 1 points from the set is RPm, i.e. the linear span of

the corresponding representative points is R
m+1. Such a k-ad is said to be in general

position. The space of projective shapes of k-ads in general position is denoted as

P0Σ
k
m. In Mardia and Patrangenaru (2005), a diffeomorphism is obtained between

(RPm)k−m−2 and a dense open subset of P0Σ
k
m. The diffeomorphism is described in

this chapter. It enables one to develop statistical inference tools on projective shapes

by developing corresponding inference tools on RPm.

Apart from application in projective shape analysis, the real projective space RPm

has many other applications such as in observations on galaxies, on axes of crystals
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or on the line of geological fissure. This chapter describes the Riemannian structure

of RPm when identified as Sm modulo antipodal points. Expressions for geodesic dis-

tance, exponential and inverse exponential maps, cut-locus, sectional curvature and

injectivity radius are obtained. The Riemannian structure is used to carry out an

intrinsic analysis on this space. In particular, it follows from the analysis of Chapter

3, that a probability distribution Q on RPm with support in an open geodesic ball

of radius π
4

has a unique intrinsic mean. Using results from Chapter 3, expression

for the parameters in the asymptotic distribution of the sample intrinsic mean are

obtained. To carry out an extrinsic analysis on RPm, it is embedded into S(m+1,R)

via a Veronese-Whitney embedding, which was obtained by Watson (1983). Then

the expression for the extrinsic mean and conditions for its uniqueness are stated in

this chapter. The results from Chapter 4 are applied to derive expressions for the

parameters in the asymptotic distribution of the sample extrinsic mean. Using the

identification of the projective shape space as k−m− 2 copies of RPm, one can now

carry out extrinsic and intrinsic analysis on this shape space.

Real life examples have been included in various chapters to illusrate the appli-

cations of statistical shape analysis. These examples from biology, medical science,

image analysis and other fields of study have been taken from various sources such as

Anderson (1997), Bhattacharya and Patrangenaru (2005), Bookstein (1991), Derado

et al. (2004) and Dryden and Mardia (1998). The numerical calculations involved in

these examples have been carried out using Matlab software.

Since statistical analysis of landmark based shapes is still an emerging field of

science, many of the terms used in this thesis may be new to the readers. Hence

important concepts are highlighted in bold when introduced for the first time in dif-

ferent chapters.
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Many of the results presented in this dissertation may also be found in the author’s

recent articles.
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Chapter 2

FRÉCHET ANALYSIS ON METRIC SPACES

2.1 Introduction

To do nonparametric inference on manifolds, we need to introduce parameters which

can be defined for a general probability distribution on the manifold, and study their

properties. One approach is to extend the usual notion of mean and total variation

from Euclidean spaces to arbitrary manifolds. In this chapter, we introduce the

concepts of Fréchet mean and variation of probability distributions on manifolds and

study their properties. In fact in order to define the above parameters, we do not

need our space to be a manifold, the concepts of Fréchet mean and variation can be

defined on any metric space. A general notion of a mean of a probability distribution

on a metric space was first defined by Fréchet (1948). We generalize that definition

in Section 2.2.

2.2 Fréchet Mean and Variation

Let (M,ρ) be a metric space, ρ being the distance, and let α ≥ 1 be a given real

number. For a given probability measure Q on the Borel sigmafield of M , we define

the Fréchet function of Q as

F (p) =

∫

M

ρα(p, x)Q(dx), p ∈M. (2.2.1)

Definition 2.2.1. Suppose F (p) <∞ for some p ∈M . Then the set of all p for which

F (p) is the minimum value of F on M is called the Fréchet mean set of Q, denoted

by CQ. If this set is a singleton, say {µF}, then µF is called the Fréchet mean of Q.

If X1, X2, . . . , Xn are independent and identically distributed (iid) M -valued random

variables defined on some probability space (Ω,F , P ) with common distribution Q,
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and Qn
.
= 1

n

∑n
j=1 δXj

is the corresponding empirical distribution, then the Fréchet

mean set of Qn is called the sample Fréchet mean set, denoted by CQn
.

Definition 2.2.2. The infimum of F on M is called the Fréchet variation of Q, de-

noted by V and the Fréchet variation of Qn is called the sample Fréchet variation,

denoted by Vn.

Proposition 2.2.1 below shows that under mild assumptions, the infimum of F

on M is attained, thereby proving that the Fréchet mean set is nonempty and the

Fréchet variation is finite.

Proposition 2.2.1. Suppose every closed and bounded subset of M is compact. If the

Fréchet function F of Q is finite for some p ∈M , then CQ is nonempty and compact.

Proof. By triangular inequality on ρ and by convexity of the function u 7→ uα, u ≥ 0,

we get that

ρα(q, x) ≤ [ρ(p, q) + ρ(p, x)]α ≤ 2α−1[ρα(p, q) + ρα(p, x)] (2.2.2)

which implies that

F (q) ≤ 2α−1ρα(p, q) + 2α−1F (p). (2.2.3)

Hence if F (p) <∞ for some p, then F (q) <∞ ∀ q ∈M . Also

|F (p) − F (q)| ≤
∫

M

|ρα(p, x) − ρα(q, x)|Q(dx). (2.2.4)

As q → p, |ρα(p, x) − ρα(q, x)| → 0 and from equation (2.2.2), we get that

|ρα(p, x) − ρα(q, x)| ≤ (2α−1 + 1)ρα(p, x) + 2α−1ρα(p, q).

Hence by Lebesgue DCT, we conclude that as q → p, F (q) → F (p) and hence F is

continuous.

For any p1, p2 ∈M , by the triangular inequality, we get that

ρ(p1, p2) ≤ ρ(p1, x) + ρ(p2, x) ∀x ∈M



27

which implies that

ρ(p1, p2) ≤
∫

M

ρ(p1, x)Q(dx) +

∫

M

ρ(p2, x)Q(dx). (2.2.5)

Apply Jensen’s inequality to the Fréchet function, to get

[

∫

M

ρ(q, x)Q(dx)]α ≤
∫

M

ρα(q, x)Q(dx) ∀ q ∈M

which implies that
∫

M

ρ(q, x)Q(dx) ≤ [F (q)]1/α ∀ q ∈M. (2.2.6)

From equations (2.2.5) and (2.2.6), we get that

ρ(p1, p2) ≤ [F (p1)]
1/α + [F (p2)]

1/α. (2.2.7)

Since F is finite,

V = inf{F (q) : q ∈M} <∞.

Get a sequence {pn} such that F (pn) → V . Then from equation (2.2.7), we get that

ρ(pn, p1) ≤ [F (pn)]1/α + [F (p1)]
1/α.

Hence the sequence {pn} is bounded. Let B̄ denote its closure, which is closed and

bounded, and hence compact by the proposition hypothesis. Therefore there exists a

convergent subsequence {pnk
} such that pnk

→ p for some p ∈ M . By continuity of

F , F (pnk
) → F (p). Therefore F (p) = V and hence CQ is nonempty. From equation

(2.2.7), it is easy to show that CQ is compact.

We define the sample Fréchet mean as a measurable selection from the sample

Fréchet mean set CQn
. Proposition 2.2.2 below proves the strong consistency of the

sample Fréchet mean as an estimator of the Fréchet mean of Q if it exists.

Proposition 2.2.2. Suppose every closed and bounded subset of M is compact and

the Fréchet function F of a probability measure Q is finite. Given any ǫ > 0, there

exists an integer-valued random variable N = N(ω, ǫ) and a P -null set A(ǫ) such that

CQn
⊆ Cǫ

Q
.
= {p ∈M : ρ(p, CQ) < ǫ} ∀n ≥ N (2.2.8)
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outside of A(ǫ). In particular, if CQ = {µF}, then every measurable selection µFn

from CQn
is a strongly consistent estimator of µF .

Proof. For simplicity of notation, we write C = CQ, Cn = CQn
, µ = µF and µn =

µFn
. Choose ǫ > 0 arbitrarily. From the proof of Proposition 2.2.1, it follows that F

is continuous. Replace Q by Qn to conclude that Fn is also continuous.

Consider first the case when M is compact. If Cǫ = M , then equation (2.2.8)

holds with N = 1. If D = M \ Cǫ is nonempty, write

V = inf{F (p) : p ∈M} = F (q) ∀q ∈ C,

V + δ(ǫ) = inf{F (p) : p ∈ D}, δ(ǫ) > 0.

It is enough to show that

sup{|Fn(p) − F (p)| : p ∈M} −→ 0 a.s., as n→ ∞. (2.2.9)

For if equation (2.2.9) holds, then there exists N ≥ 1 such that, outside a P -null set

A(ǫ),

inf{Fn(p) : p ∈ C} ≤ V +
δ(ǫ)

3
, (2.2.10)

inf{Fn(p) : p ∈ D} ≥ V +
δ(ǫ)

2
, ∀n ≥ N. (2.2.11)

Clearly equations (2.2.10) and (2.2.11) imply (2.2.8). To prove equation (2.2.9),

choose and fix ǫ′ > 0, however small. Since F and Fn are continuous and M is

compact, hence they are uniformly continuous. Therefore there exists δ(ǫ′, n) > 0

such that

|F (p) − F (p′)| ≤ ǫ′

4
, |Fn(p) − Fn(p′)| ≤ ǫ′

4
(2.2.12)

if ρ(p, p′) < δ(ǫ′, n). Let {q1, . . . , qk} be a δ(ǫ′, n)-net of M , that is, ∀ p ∈ M there

exists q(p) ∈ {q1, . . . , qk} such that ρ(p, q(p)) < δ(ǫ′, n). By the strong law of large

numbers, there exists an integer-valued random variable N(ω, ǫ′) such that outside of
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a P -null set A(ǫ′), one has

|Fn(qi) − F (qi)| ≤
ǫ′

4
∀i = 1, 2, . . . , k; if n ≥ N(ω, ǫ′). (2.2.13)

From equations (2.2.12) and (2.2.13), we get

|F (p) − Fn(p)| ≤ |F (p) − F (q(p))| + |F (q(p)) − Fn(q(p))| + |Fn(q(p)) − Fn(p)|

≤ 3ǫ′

4
< ǫ′, ∀p ∈M,

if n ≥ N(ω, ǫ′) outside of A(ǫ′). This proves equation (2.2.9).

Next consider the case when M is non compact and hence unbounded. Let us

find a compact set M1 containing C and N1(ω) > 1 such that on M \M1,

F (p) ≥ V + δ(ǫ), Fn(p) ≥ V + δ(ǫ) a.s. ∀ n ≥ N1(ω).

Then we can show as in case of compact M , that

sup{|Fn(p) − F (p)| : p ∈M1} −→ 0 a.s., as n→ ∞

and conclude that equation (2.2.8) holds. To get such a M1, note that from equation

(2.2.7) it follows that for any p1 ∈ C and p ∈M

F (p) ≥ [ρ(p, p1) − V 1/α]α. (2.2.14)

Let

M1 = {p : ρ(p, C) ≤ 2(V + δ(ǫ))1/α + V 1/α}.

Then from equation (2.2.14), one can check that F (p) ≥ 2(V + δ(ǫ)) ∀ p ∈ M \M1.

Also from equation (2.2.7), we get for any p ∈M \M1

Fn(p) ≥ [ρ(p, p1) − (Fn(p1))
1/α]α. (2.2.15)

Since

ρ(p, p1) − (Fn(p1))
1/α a.s.−→ ρ(p, p1) − V 1/α ≥ 2(V + δ(ǫ))1/α

therefore there exists N1(ω) > 1 such that ∀ n ≥ N1(ω), Fn(p) ≥ V + δ(ǫ) almost

surely. This completes the proof.
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Remark 2.2.1. Proposition 2.2.2 generalizes Theorem 2.3 in Bhattacharya & Pa-

trenganeru (2003) where α is taken to be 2 in the definition of the Fréchet function.

For the case α = 2, the consistency of the sample Fréchet mean for compact metric

spaces, also follows from Ziezold (1977). We will mostly focus on this case but we

will consider other Fréchet functions as well (see Section 7.5). In Bhattacharya and

Bhattacharya (2008c), more general Fréchet functions are considered. However there

the consistency is proved only for compact metric spaces.

Proposition 2.2.3 below proves the consistency of the sample Fréchet variation as

an estimator of the Fréchet variation of Q.

Proposition 2.2.3. Suppose every closed and bounded subset of M is compact and

F is finite on M . Then the sample Fréchet variation Vn is a strongly consistent

estimator of the Fréchet variation V of Q.

Proof. In view of Proposition 2.2.2, for any ǫ > 0, there exists N = N(ω, ǫ) such

that

|Vn − V | = | inf
p∈M

Fn(p) − inf
p∈M

F (p)| ≤ sup
p∈Cǫ

Q

|Fn(p) − F (p)| (2.2.16)

for all n ≥ N almost surely. Also from the proof of Proposition 2.2.2, it follows that

for any compact set K ⊆M ,

sup
p∈K

|Fn(p) − F (p)| −→ 0 a.s. as n→ ∞.

Since Cǫ
Q is compact, it follows from equation (2.2.16) that

|Vn − V | −→ 0 a.s. as n→ ∞.

Remark 2.2.2. In view of Proposition 2.2.3, the sample variation is a consistent

estimator of the population variation even when the Fréchet function of Q does not

have a unique minimizer.
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Remark 2.2.3. From a generalization of the Hopf-Rinow theorem (see Hopf and

Rinow (1931)), it follows that a complete and locally compact metric space (M,ρ)

satisfies the topological hypothesis of Propositions 2.2.1, 2.2.2 and 2.2.3, that every

closed and bounded subset of M is compact. Most of our spaces of interest in this

thesis are compact metric spaces for which the hypothesis holds.

2.3 Asymptotic Distribution of the Sample Fréchet Mean

In this section we consider the asymptotic distribution of the sample Fréchet mean

µFn
. From now on, we assume M to be a differentiable manifold of dimension d. Let

ρ be a distance metrizing the topology of M . Theorem 2.3.1 below proves that under

appropriate assumptions, the coordinates of µFn
are asymptotically normal. Here we

denote by Dr the partial derivative with respect to the rth coordinate (r = 1, . . . , d)

and by D the vector of partial dervatives.

Theorem 2.3.1. Suppose the following assumptions hold:

A1 Q has support in a single coordinate patch, (U, φ). (φ : U −→ R
d smooth.) Let

X̃j = φ(Xj), j = 1, . . . , n.

A2 Fréchet mean µF of Q is unique.

A3 For all x, y 7→ h(x, y) = ρα (φ−1(x), φ−1(y)) is twice continuously differentiable in

a neighborhood of φ(µF ) = µ.

A4 E{Drh(X̃1, µ)}2 <∞ ∀r = 1, . . . , d.

A5 E{ sup
|u−v|≤ǫ

|DsDrh(X̃1, v) − DsDrh(X̃1, u)|} → 0 as ǫ→ 0 ∀ r, s.

A6 Λ = (( E{DsDrh(X̃1, µ)} )) is nonsingular.

Let µFn
be a measurable selection from the sample Fréchet mean set and define µn =

φ(µFn
). Then under the assumptions A1-A6,

√
n(µn − µ)

L−→ N(0,Λ−1Σ(Λ
′

)−1) (2.3.1)

where Σ = Cov[Dh(X̃1, µ)].
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Proof. Write ψ(r)(x, y) = Drh(x, y) ≡ ∂
∂yr
h(x, y) for x, y ∈ R

d. Let Qφ = Q ◦ φ−1.

Denote

F̃ (y) =

∫

Rd

ρα(φ−1(x), φ−1(y))Qφ(dx), F̃n(y) =
1

n

n
∑

j=1

ρα(φ−1(X̃j), φ
−1(y))

for y ∈ R
d. Then F̃ has unique minimizer µ while F̃n has minimizer µn. Therefore

0 =
1√
n

n
∑

j=1

ψ(r)(X̃j, µn) =
1√
n

n
∑

j=1

ψ(r)(X̃j, µ)

+
d
∑

s=1

√
n(µn − µ)s

1

n

n
∑

j=1

Dsψ
(r)(X̃j, µ)

+
d
∑

s=1

√
n(µn − µ)s(ǫn)rs, 1 ≤ r ≤ d, (2.3.2)

where (ǫn)rs =
1

n

n
∑

j=1

[Dsψ
(r)(X̃j, θn) − Dsψ

(r)(X̃j, µ)]

for some θn lying on the line segment joining µ and µn. Equation (2.3.2) implies that

[((

1

n

n
∑

j=1

DsDrh(X̃j, µ) + ǫn

))]

√
n(µn − µ) = − 1√

n

n
∑

j=1

Dh(X̃j, µ).

In view of assumptions A5 and A6, it follows that

√
n(µn − µ) = −Λ−1

(

1√
n

n
∑

j=1

Dh(X̃j, µ)

)

+ oP (1)

which implies

√
n(µn − µ)

L−→ −Λ−1N(0,Σ) = N(0,Λ−1Σ(Λ′)−1).

From Theorem 2.3.1, it follows that under assumptions A1-A6 and assuming Σ to

be nonsingular,

n(µn − µ)′Λ′Σ−1Λ(µn − µ)
L−→ X 2

d as n→ ∞.
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Here X 2
d denotes the chi-squared distribution with d degrees of freedom. This can be

used to construct an asymptotic confidence set for µF , namely

{µF : n(µn − µ)′Λ̂′Σ̂−1Λ̂(µn − µ) ≤ X 2
d (1 − θ)}. (2.3.3)

Here Λ̂ and Σ̂ are the sample estimates of Λ and Σ respectively and X 2
d (1− θ) is the

upper (1 − θ)-quantile of X 2
d distribution. The corresponding pivotal bootstrapped

confidence region is given by

{µF : n(µn − µ)′Λ̂′Σ̂−1Λ̂(µn − µ) ≤ c∗(1 − θ)} (2.3.4)

where c∗(1−θ) is the upper (1−θ) quantile of the bootstrapped values of the statistic

in equation (2.3.3).

2.4 Asymptotic Distribution of the Sample Fréchet Variation

Next we derive the asymptotic distribution of Vn when there is a unique population

Fréchet mean.

Theorem 2.4.1. Let M be a differentiable manifold. Using the notation of Theorem

2.3.1, under assumptions A1-A6 and assuming E[ρ2α(X1, µF )] <∞, one has

√
n(Vn − V )

L−→ N (0, var(ρα(X1, µF ))) . (2.4.1)

Proof. Let

F̃ (x) =

∫

M

ρα(φ−1(x),m)Q(dm), F̃n(x) =
1

n

n
∑

j=1

ρα(φ−1(x), Xj)

for x ∈ R
d. Let µFn

be a measurable selection from the sample Fréchet mean set and
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µn = φ(µFn
). Then

√
n(Vn − V ) =

√
n(F̃n(µn) − F̃ (µ))

=
√
n(F̃n(µn) − F̃n(µ)) +

√
n(F̃n(µ) − F̃ (µ)), (2.4.2)

√
n(F̃n(µn) − F̃n(µ)) =

1√
n

n
∑

j=1

d
∑

r=1

(µn − µ)rDrh(X̃j, µ)

+
1

2
√
n

n
∑

j=1

d
∑

r=1

d
∑

s=1

(µn − µ)r(µn − µ)sDsDrh(X̃j, θn) (2.4.3)

for some θn in the line segment joining µ and µn. By assumption A5 of Theorem 2.3.1

and because
√
n(µn − µ) is asymptotically normal, the second term on the right of

equation (2.4.3) converges to 0 in probability. Also

1

n

n
∑

j=1

Dh(X̃j, µ)
P−→ E

(

Dh(X̃1, µ)
)

= 0,

so that the first term on the right of equation (2.4.3) converges to 0 in probability.

Hence (2.4.2) becomes

√
n(Vn − V ) =

√
n(F̃n(µ) − F̃ (µ)) + oP (1)

=
1√
n

n
∑

j=1

(ρα(Xj, µF ) − E[ρα(X1, µF )]) + oP (1). (2.4.4)

By the C.L.T. for the iid sequence {ρα(Xj, µF )}, √n(Vn−V ) converges in distribution

to N(0, var(ρα(X1, µF )).

Remark 2.4.1. Although Proposition 2.2.2 does not require the uniqueness of the

Fréchet mean of Q for Vn to be a consistent estimator of V , Theorem 2.4.1 requires the

Fréchet mean of Q to exist for the sample variation to be asymptotically Normal. It

may be shown by examples (see Section 4.5) that it fails to give the correct distribution

when there is not a unique mean.

Using Theorem 2.4.1, we can construct the following confidence interval I for V :

I = {V ∈ [Vn − s√
n
Z(1 − θ

2
), Vn +

s√
n
Z(1 − θ

2
)]}. (2.4.5)
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The interval I has asymptotic confidence level of (1 − θ). Here s2 is the sample

variance of ρα(Xj, µFn
), j = 1, . . . , n and Z(1 − θ/2) denotes the upper (1 − θ

2
)-

quantile of standard Normal distribution. From the confidence interval I, we can also

construct a pivotal bootstrap confidence interval for V , the details of which are left

to the reader.
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Chapter 3

INTRINSIC ANALYSIS ON MANIFOLDS

3.1 Introduction

Let (M, g) be a complete connected Riemannian manifold of dimension d with metric

tensor g. Then the natural choice for the distance metric ρ in Chapter 2 is the geodesic

distance dg on M . The statistical analysis on M using this distance is called intrinsic

analysis. Unless otherwise stated, we consider α = 2 in the definition of the Fréchet

function in equation (2.2.1). However we will consider other Fréchet functions as well

for suitable α ≥ 1 (see Section 7.5).

3.2 Intrinsic Mean and Variation

Let Q be a probability distribution on M with finite Fréchet function

F (p) =

∫

M

d2
g(p,m)Q(dm). (3.2.1)

Let X1, . . . , Xn be an independent and identically distributed (iid) sample from Q.

Definition 3.2.1. The Fréchet mean set of Q under ρ = dg and a = 2 is called

the intrinsic mean set of Q and the Fréchet variation of Q is called the intrinsic

variation of Q. The Fréchet mean set of the empirical distribution Qn is called the

sample intrinsic mean set and the sample Fréchet variation is called the sample

intrinsic variation.

Before proceeding further, let us define a few technical terms related to Rieman-

nian manifolds which we will use extensively in this chapter. For details on Rieman-

nian Manifolds, see DoCarmo (1992), Gallot et al. (1993) or Lee (1997).
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1. Geodesic: These are curves γ on the manifold with zero acceleration. They

are locally length minimizing curves. For example, consider great circles on the

sphere or straight lines in R
d.

2. Exponential map: For p ∈ M , v ∈ TpM , we define expp(v) = γ(1), where γ

is a geodesic with γ(0) = p and γ̇(0) = v.

3. Cut locus: For a point p ∈ M , we define the cut locus C(p) of p as the set of

points of the form γ(t0), where γ is a unit speed geodesic starting at p and t0

is the supremum of all t > 0 such that γ is distance minimizing from p to γ(t).

For example, C(p) = {−p} on the sphere.

4. Sectional Curvature: Recall the notion of Gaussian curvature of two di-

mensional surfaces. On a Riemannian manifold M , choose a pair of linearly

independent vectors u, v ∈ TpM . A two dimensional submanifold of M is swept

out by the set of all geodesics starting at p and with initial velocities lying in

the two-dimensional section π spanned be u, v. The Gaussian curvature of this

submanifold is called the sectional curvature at p of the section π.

5. Injectivity Radius: We define the injectivity radius of M as

inj(M) = inf{dg(p, C(p)) : p ∈M}.

For example the sphere of radius 1 has injectivity radius equal to π.

6. Convex Set: A subset S of M is said to be convex if for any x, y ∈ S, there

exists a unique shortest geodesic in M joining x and y which lies entirely in S.

Also let r∗ = min{inj(M), π√
C
}, where C is the least upper bound of sectional cur-

vatures of M if this upper bound is positive, and C = 0 otherwise. The exponential

map at p is injective on {v ∈ Tp(M) : |v| < r∗}. By B(p, r) we will denote an open

ball with center p ∈M and radius r, and B̄(p, r) will denote its closure. It is known
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that B(p, r) is convex whenever r ≤ r∗
2
.

In case Q has a unique intrinsic mean µI , it follows from Proposition 2.2.2 and

Remark 1.2.3 that the sample intrinsic mean µnI , that is, a measurable selection

from the sample intrinsic mean set is a consistent estimator of µI . Broad conditions for

the existence of a unique intrinsic mean are not known. From results due to Karchar

(1977) and Le (2001), it follows that if the support of Q is in a geodesic ball of radius

r∗
4
, i.e. supp(Q) ⊆ B(p, r∗

4
), then Q has a unique intrinsic mean. This result has been

substantially extended by Kendall (1990) which shows that if supp(Q) ⊆ B(p, r∗
2
),

then there is a unique local minimum of the Fréchet function F in that ball. Then we

redefine the (local) intrinsic mean of Q as that unique minimizer in the ball. In that

case one can show that the (local) sample intrinsic mean is a consistent estimator of

the intrinsic mean of Q. This is stated in Proposition 3.2.1 below.

Proposition 3.2.1. Let Q have support in B(p, r∗
2
) for some p ∈ M . Then (a) Q

has a unique (local) intrinsic mean µI in B(p, r∗
2
) and (b) the sample intrinsic mean

µnI in B(p, r∗
2
) is a strongly consistent estimator of µI .

Proof. (a) Follows from Kendall (1990).

(b) Since supp(Q) is compact, supp(Q) ⊆ B(p, r) for some r < r∗
2
. It is shown in

Karchar (1977) that

gradF (q) = −2

∫

exp−1
q (m)Q(dm), q ∈ B̄(p,

r∗
2

).

It can be shown that if q ∈ B(p, r∗
2
) \B(p, r), then there exists a hyperplane in TqM

such that exp−1
q (m) lies on one side of that hyperplane for all m ∈ B(p, r) (see Lemma

1, Le (2001)). Hence gradF (q) cannot be equal to zero. Therefore µI ∈ B(p, r) and

it is the unique intrinsic mean of Q restricted to B̄(p, r). Now consistency follows by

applying Proposition 2.2.2 to the compact metric space B̄(p, r).



39

3.3 Asymptotic Distribution of the Sample Intrinsic Mean

For the asymptotic distribution of the sample intrinsic mean, we may use Theorem

2.3.1. For that we need to verify assumptions A1-A6. Theorem 3.3.1 which, as

proved in Bhattacharya and Bhattacharya (2008b), gives sufficient conditions for

those assumptions to hold. In the statement of the theorem, the usual partial order

A ≥ B between d × d symmetric matrices A, B, means that A − B is nonnegative

definite.

Theorem 3.3.1. Suppose supp(Q) ⊆ B(p, r∗
2
) for some p ∈ M . Let φ = exp−1

µI
:

B(p, r∗
2
) −→ TµI

M(≈ R
d). Then the map y 7→ h(x, y) = d2

g(φ
−1x, φ−1y) is twice

continuously differentiable in a neighborhood of 0 and in terms of normal coordinates

with respect to a chosen orthonormal basis for TµI
M ,

Drh(x, 0) = −2xr, 1 ≤ r ≤ d, (3.3.1)

[DrDsh(x, 0)] ≥
[

2{
(

1 − f(|x|)
|x|2

)

xrxs + f(|x|)δrs}
]

1≤r,s≤d

. (3.3.2)

Here x = (x1, . . . , xd)′, |x| =
√

(x1)2 + (x2)2 + . . . (xd)2 and

f(y) =























1 if C = 0
√
Cy cos(

√
Cy)

sin(
√

Cy)
if C > 0

√

−Cy cosh(
√

−Cy)

sinh(
√

−Cy)
if C < 0.

(3.3.3)

There is equality in equation (3.3.2) when M has constant sectional curvature C, and

in this case Λ has the expression:

Λrs = 2E{
(

1 − f(|X̃1|)
|X̃1|2

)

X̃r
1X̃

s
1 + f(|X̃1|)δrs}, 1 ≤ r, s ≤ d, (3.3.4)

Λ being positive definite if supp(Q) ⊆ B(µI ,
r∗
2
).

Proof. Let γ(s) be a geodesic, γ(0) = µI . Define c(s, t) = expm(texp−1
m γ(s)), s ∈

[0, ǫ], t ∈ [0, 1], as a smooth variation of γ through geodesics lying entirely in B(p, r∗
2
).
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Let T = ∂
∂t
c(s, t), S = ∂

∂s
c(s, t). Since c(s, 0) = m, S(s, 0) = 0; and since c(s, 1) =

γ(s), S(s, 1) = γ̇(s). Also 〈T, T 〉 = d2
g(γ(s),m) is independent of t, and the covariant

derivative DtT vanishes because t 7→ c(s, t) is a geodesic (for each s). Then

d2
g(γ(s),m) = 〈T (s, t), T (s, t)〉 =

∫ 1

0

〈T (s, t), T (s, t)〉dt.

Hence d2
g(γ(s),m) is C∞ smooth, and using the symmetry of the connection on a

parametrized surface (see Lemma 3.4, Do Carmo (19992)), we get

d

ds
d2

g(γ(s),m) = 2

∫ 1

0

〈DsT, T 〉dt = 2

∫ 1

0

d

dt
〈T, S〉dt

= 2〈T (s, 1), S(s, 1)〉 = −2〈exp−1
γ(s)m, γ̇(s)〉. (3.3.5)

Substituting s = 0 in equation (3.3.5), we get expressions for Drh(x, 0) as in equation

(3.3.1). Also

d2

ds2
d2

g(γ(s),m) = 2〈DsT (s, 1), S(s, 1)〉

= 2〈DtS(s, 1), S(s, 1)〉 = 2〈DtJs(1), Js(1)〉 (3.3.6)

where Js(t) = S(s, t). Note that Js is a Jacobi field along c(s, .) with Js(0) = 0,

Js(1) = γ̇(s). Let J⊥
s and J−

s be the normal and tangential components of Js. Let η

be a unit speed geodesic in M and J a normal Jacobi field along η, J(0) = 0. Define

u(t) =



















t if C̄ = 0
sin(

√
C̄t)√

C̄
if C̄ > 0

sinh(
√

−C̄t)√
−C̄

if C̄ < 0.

Then u′′(t) = −C̄u(t) and

(|J |′u− |J |u′)′(t) = (|J |′′ + C̄|J |)u(t).

By exact differentiation and Schwartz inequality, it is easy to show that |J |′′+ C̄|J | ≥
0, hence (|J |′u− |J |u′)′(t) ≥ 0 whenever u(t) ≥ 0. This implies that |J |′u− |J |u′ ≥ 0
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if t ≤ t0, where u is positive on (0, t0). Also |J |′ = 〈J ′,J〉
|J | . Therefore 〈J(t), DtJ(t)〉 ≥

u′(t)
u(t)

|J(t)|2 ∀ t < t0. If we drop the unit speed assumption on η, we get

〈J(1), DtJ(1)〉 ≥ |η̇|u
′

(|η̇|)
u(|η̇|) |J(1)|2 if |η̇| < t0. (3.3.7)

Here t0 = ∞ if C̄ ≤ 0 and equals π√
C̄

if C̄ > 0. When M has constant sectional

curvature C̄, J(t) = u(t)E(t) where E is a parallel normal vector field along η. Hence

〈J(t), DtJ(t)〉 = u(t)u
′

(t)|E(t)|2 =
u

′

(t)

u(t)
|J(t)|2.

If we drop the unit speed assumption, we get

〈J(t), DtJ(t)〉 = |η̇|u
′

(|η̇|t)
u(|η̇|t) |J(t)|2. (3.3.8)

Since J⊥
s is a normal Jacobi field along the geodesic c(s, .), from equations (3.3.7) and

(3.3.8), it follows that

〈J⊥
s (1), DtJ

⊥
s (1)〉 ≥ f(d(γ(s),m))|J⊥

s (1)|2 (3.3.9)

with equality in equation (3.3.9) when M has constant sectional curvature C̄, f being

defined in equation (3.3.3).

Next suppose J is a Jacobi field along a geodesic η, J(0) = 0 and let J−(t)

be its tangential component. Then J−(t) = λtη̇(t) where λt = 〈J(t),η̇(t)〉
|η̇|2 , λ being

independent of t. Hence

(DtJ)−(t) =
〈DtJ(t), η̇(t)〉

|η̇|2 η̇(t)

=
d

dt

(〈J(t), η̇(t)〉
|η|2

)

η̇(t) = λη̇(t) = Dt(J
−)(t) (3.3.10)

and

Dt|J−|2(1) = 2λ2|η̇|2 = 2
〈J(1), η̇(1)〉2

|η̇(1)|2
= Dt〈J, J−〉(1) = 〈DtJ(1), J−(1)〉 + |J−(1)|2
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which implies that

〈DtJ(1), J−(1)〉 = 2
〈J(1), η̇(1)〉2

|η̇(1)|2 − |J−(1)|2 =
〈J(1), η̇(1)〉2

|η̇(1)|2 . (3.3.11)

Apply (3.3.10) and (3.3.11) to the Jacobi field Js to get

Dt(J
−
s )(1) = (DtJs)

−(1) = J−
s (1) =

〈Js(1), T (s, 1)〉
|T (s, 1)|2 T (s, 1), (3.3.12)

〈DtJs(1), J−
s (1)〉 =

〈Js(1), T (s, 1)〉2
|T (s, 1)|2 . (3.3.13)

Using (3.3.9), (3.3.12) and (3.3.13), equation (3.3.6) becomes

d2

ds2
d2

g(γ(s),m) = 2〈DtJs(1), Js(1)〉

= 2〈DtJs(1), J−
s (1)〉 + 2〈DtJs(1), J⊥

s (1)〉

= 2〈DtJs(1), J−
s (1)〉 + 2〈Dt(J

⊥
s )(1), J⊥

s (1)〉

≥ 2
< Js(1), T (s, 1) >2

|T (s, 1)|2 + 2f(|T (s, 1)|)|J⊥
s (1)|2 (3.3.14)

= 2
〈Js(1), T (s, 1)〉2

|T (s, 1)|2 + 2f(|T (s, 1)|)|Js(1)|2

− 2f(|T (s, 1)|)〈Js(1), T (s, 1)〉2
|T (s, 1)|2

= 2f(dg(γ(s),m))|γ̇(s)|2

+ 2(1 − f(dg(γ(s),m))
〈γ̇(s), exp−1

γ(s)m〉2

d2
g(γ(s),m)

(3.3.15)

with equality in (3.3.14) when M has constant sectional curvature C̄. Substituting

s = 0 in equation (3.3.15), we get a lower bound for [DrDsh(x, 0)] as in equation (3.3.2)

and an exact expression for DrDsh(x, 0) when M has constant sectional curvature.

To see this, let γ̇(0) = v. Then writing m = φ−1(x), γ(s) = φ−1(sv), one has

d2

ds2
d2

g(γ(s),m)
∣

∣

s=0
=

d2

ds2
d2

g(φ
−1(x), φ−1(sv))

∣

∣

s=0

=
d2

ds2
h(x, sv)

∣

∣

s=0
=

d
∑

r,s=1

vrvsDrDsh(x, 0).
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Since d2(γ(s),m) is twice continuously differentiable and Q has compact support,

using the Lebesgue DCT, we get,

d2

ds2
F (γ(s))|s=0 =

∫

d2

ds2
d2(γ(s),m)|s=0Q(dm). (3.3.16)

Then (3.3.4) follows from (3.3.15). If supp(Q) ⊆ B(µI ,
r∗
2
), then the expression in

equation (3.3.15) is strictly positive at s = 0 for all m ∈ supp(Q), hence Λ is positive

definite. This completes the proof.

Corollary 3.3.2. Suppose supp(Q) ⊆ B(µI ,
r∗
2
), µI being the intrinsic mean of Q.

Let X1, . . . , Xn be an iid sample from Q and X̃j = φ(Xj), j = 1, . . . , n be the normal

coordinates of the sample with φ as in Theorem 3.3.1. Let µnI be the sample intrinsic

mean in B(µI ,
r∗
2
). Then E[X̃1] = 0 and

√
nφ(µnI)

L−→ N(0,Λ−1ΣΛ−1)

where Σ = 4E(X̃1X̃
′
1) and Λ being derived in Theorem 3.3.1.

Proof. Follows from Theorem 3.3.1 and Theorem 2.3.1.

As in Section 2.3, if Σ is nonsingular, we can construct asymptotic chi-squared

and pivotal bootstrapped confidence regions for µI . Σ is nonsingular if Q ◦ φ−1 has

support in no smaller dimensional subspace of R
d. That holds if for example Q has

a density with respect to the volume measure on M .

Alternatively one may consider the statistic

Tn = d2
g(µnI , µI).

Then Tn = ‖φ(µnI)‖2, hence from Corollary 3.3.2, it follows that

nTn
L−→

d
∑

i=1

λiZ
2
i
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where λ1 ≤ λ2 ≤ . . . ≤ λd are the eigen values of Λ−1ΣΛ−1 and Z1, . . . , Zd are iid

N(0, 1).

Using this statistic, an assymptotic level (1 − α) confidence set for µI can be given

by

{µI : nTn ≤ ĉ1−α} (3.3.17)

where ĉ1−α is the estimated upper (1 − α) quantile of the distribution of
∑d

i=1 λ̂iZ
2
i ,

λ̂i being the sample estimate of λi, i = 1, 2, . . . , d and (Z1, Z2, . . .) is a sample of iid

N(0, 1) random variables independent of the original sample X1, . . . , Xn.

The corresponding bootstrapped confidence region is given by

{µI : nTn ≤ c∗1−α} (3.3.18)

where c∗(1−α) is the upper (1−α) quantile of the bootstrapped values of the statistic

nTn. The advantage of using the confidence set in equation (3.3.18) over that in (2.3.4)

is that it is easier to compute and does not require Σ to be nonsingular. However

unlike (2.3.4), it is not a pivotal confidence region.

3.4 Example: Directional Space Sd

Consider the space of all directions in R
d+1. Since any direction has a unique point

of intersection with the unit sphere Sd in R
d+1, this space can be identified with Sd

which is

Sd = {p ∈ R
d+1 : ‖p‖ = 1}.

At each p ∈ Sd, we endow the tangent space

TpS
d = {v ∈ R

d+1 : v′p = 0}

with the metric tensor gp : TpS
d × TpS

d → R as the restriction of the scaler product

at p of the tangent space of R
d: gp(v1, v2) = v′1v2. Then g is a smooth metric tensor
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on the tangent bundle

TSd = {(p, v) : p ∈ Sd, v ∈ R
d+1 : v′p = 0}.

The geodesics are the great circles,

γp,v(t) = cos(t)p+ sin(t)v, −π < t ≤ π

Here γp,v(.) is the great circle starting at p at t = 0 in the direction of the unit vector

v. The exponential map, exp : TpS
d → Sd is given by

expp(0) = p,

expp(v) = cos(‖v‖)p+ sin(‖v‖) v

‖v‖ , v 6= 0.

The inverse of the exponential map on Sd \ {−p} into TpS
d has the expression

exp−1
p (q) =

arccos(p′q)
√

1 − (p′q)2
[q − (p′q)p] (q 6= p,−p),

exp−1
p (p) = 0.

The geodesic distance between p and q is given by

dg(p, q) = | arccos(p′q)|

which lies in [0, π]. Hence Sd has a injectivity radius of π. Also it has a constant

sectional curvature of 1, therefore r∗ = π.

Let Q be a probability distribution on Sd. It follows from Proposition 3.2.1 that

if supp(Q) lies in an open geodesic ball of radius π
2
, then it has a unique intrinsic

mean µI in that ball. If X1, . . . , Xn is an iid random sample from Q, then the sample

intrinsic mean µnI in that ball is a strongly consistent estimator of µI . From Corollary

3.3.2 it follows that
√
nφ(µnI)

L−→ N(0,Λ−1ΣΛ−1)
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where Σ = 4E[φ(X1)φ(X1)
′]. To get expression for φ, pick an orthonormal basis

{v1, . . . , vd} for TµI
Sd. For x ∈ Sd, |x′µI | < 1, we have

exp−1
µI

(x) =
arccos(x′µI)
√

1 − (x′µI)2
[x− (x′µI)µI ].

Then

φ(x) = y ≡ (y1, . . . , yd)′

where exp−1
µI

(x) =
∑d

r=1 y
rvr, so that

yr =
arccos(x′µI)
√

1 − (x′µI)2
(x′vr), r = 1, 2, . . . , d.

From Theorem 3.3.1, we get the expression for Λ as

Λrs = 2E[
1

[1 − (X ′
1µI)2]

(

1 − arccos(X ′
1µI)

√

1 − (X ′
1µI)2

(X ′
1µI)

)

(X ′
1vr)(X

′
1vs)

+
arccos(X ′

1µI)
√

1 − (X ′
1µI)2

(X ′
1µI)δrs], 1 ≤ r ≤ s ≤ d,

Λ being positive definite if supp(Q) ⊆ B(µI ,
π
2
).

3.5 Two Sample Intrinsic Tests

In this section, we will construct nonparametric tests to compare the intrinsic means

and variations of two probability distributions Q1 and Q2 on M . This can be used to

distinguish between the two distributions.

3.5.1 Independent Samples

Let X1, . . . , Xn1
and Y1, . . . , Yn2

be two iid samples from Q1 and Q2 respectively that

are mutually independent. Let µi and Vi denote the intrinsic means and variations

of Qi, i = 1, 2 respectively. Similarly denote by µ̂i and V̂i the sample intrinsic means

and variations.
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First we test the hypothesis, H0 : µ1 = µ2 = µ, say, against H1 : µ1 6= µ2. We

assume that under H0, both Q1 and Q2 have support in B(µ, r∗
2
), so that the normal

coordinates of the sample intrinsic means have asymtotic Normal distribution. Let

φ(µ̂i), i = 1, 2 where φ = exp−1
µ be the normal coordinates of the sample means in

TµM (≈ R
d). It follows from Corollary 3.3.2 that

√
niφ(µ̂i)

L−→ N(0,Λ−1
i ΣiΛ

−1
i ), i = 1, 2 (3.5.1)

as ni → ∞. Let n = n1 +n2 be the pooled sample size. Then if n1/n→ θ, 0 < θ < 1,

it follows from (3.5.1) assuming H0 to be true that,

√
n(φ(µ̂1) − φ(µ̂2))

L−→ N

(

0,
1

θ
Λ−1

1 Σ1Λ
−1
1 +

1

1 − θ
Λ−1

2 Σ2Λ
−1
2

)

. (3.5.2)

Estimate µ by the pooled sample intrinsic mean µ̂, coordinates φ by φ̂ ≡ exp−1
µ̂ , Λi

and Σi be their sample analogs Λ̂i and Σ̂i respectively. Denote by µni the coordinates

φ̂(µ̂i), i = 1, 2, of the two sample intrinsic means. Since under H0, µ̂ is a consistent

estimator of µ, it follows from equation (3.5.2) that the statistic

Tn1 = n(µn1 − µn2)
′Σ̂−1(µn1 − µn2) (3.5.3)

where

Σ̂ = n

(

1

n1

Λ̂−1
1 Σ̂1Λ̂

−1
1 +

1

n2

Λ̂−1
2 Σ̂2Λ̂

−1
2

)

converges in distribution to chi-squared distribution with d degrees of freedom, d

being the dimension of M , i.e.,

Tn1
L−→ X 2

d .

Hence we reject H0 at asymptotic level α if Tn1 > X 2
d (1 − α).

Next we test the hypothesis H0 : V1 = V2 = V , say, against H1 : V1 6= V2.

We assume that the hypothesis of Theorem 2.4.1 hold so that the sample intrinsic

variations have asymtotic Normal distribution. Then under H0, as ni → ∞,

√
ni(V̂i − V )

L−→ N(0, σ2
i ) (3.5.4)
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where σ2
i =

∫

M
(d2

g(x, µi)− V )2Qi(dx) , i = 1, 2. Suppose n1/n→ θ, 0 < θ < 1. Then

it follows from (3.5.4) assuming H0 to be true that,

√
n(V̂1 − V̂2)

L−→ N(0,

(

σ2
1

θ
+

σ2
2

1 − θ

)

)

so that

Tn2 =
V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

L−→ N(0, 1)

as n → ∞. Here s2
1 = 1

n1

∑n1

j=1(d
2
g(Xj, µ1) − V̂1)

2 and s2
2 = 1

n2

∑n2

j=1(d
2
g(Yj, µ2) − V̂2)

2

are the sample estimates of σ2
1 and σ2

2 respectively. For a test of asymtotic size α,

we reject H0 if |Tn2| > Z(1 − α
2
) where Z(1 − α

2
) is the upper

(

1 − α
2

)

-quantile of

standard Normal distribution.

3.5.2 Matched Pair Samples

Next consider the case when (X1, Y1), . . ., (Xn, Yn) is an iid sample from some dis-

tribution Q on M̄ = M ×M . Such a sample is called a matched pair sample and

arises when, for example, two different treatments are applied to each subject in the

sample. An example of a matched pair sample of shapes is considered in Chapter 8.

Let Xj’s come from some distribution Q1 while Yj’s come from some distribution

Q2 on M . Our objective is to distinguish between Q1 and Q2 by comparing the sam-

ple intrinsic means and variations. Since the X and Y samples are not independent,

we cannot apply the methods of Section 3.5.1. Instead we do our analyses on the Rie-

mannian manifold M̄ . As in Section 3.5.1, we will denote by µi and Vi the intrinsic

means and variations of Qi, i = 1, 2 respectively and by µ̂i and V̂i the sample intrinsic

means and variations.

First we test the hypothesis H0 : µ1 = µ2 = µ, say, against H1 : µ1 6= µ2. We

assume that under H0, both Q1 and Q2 have support in B(µ, r∗
2
). Consider the
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coordinate map Φ on M̄ given by

Φ(m1,m2) = (φ(m1), φ(m2)), m1,m2 ∈M

where φ = exp−1
µ . It follows from Corollary 3.3.2 that under H0,

√
n

(

φ(µ̂1)
φ(µ̂2)

)

L−→ N(0,Γ) (3.5.5)

where Γ = Λ−1ΣΛ−1 and Σ,Λ are obtained from Theore 3.3.1 as follows. For x =

(x1, x2)
′, y = (y1, y2)

′, x1, x2, y1, y2 ∈ R
d, define

H(x, y) = d2
g(Φ

−1(x),Φ−1(y))

= d2
g(φ

−1(x1), φ
−1(y1)) + d2

g(φ
−1(x2), φ

−1(y2))

= h(x1, y1) + h(x2, y2).

Then

Λ = E[(DrDsH(Φ(X1, Y1), 0))] =

(

Λ1 0
0 Λ2

)

and

Σ = Cov[(DrH(Φ(X1, Y1), 0))] =

(

Σ1 Σ12

Σ21 Σ2

)

.

Note that Λ1,Λ2,Σ1,Σ2 are as in Section 3.5.1 and

Σ12 = Σ′
21 = Cov[(Drh(φ(X1), 0)),Drh(φ(Y1), 0))].

Therefore

Γ = Λ−1ΣΛ−1 =

(

Λ−1
1 0
0 Λ−1

2

)(

Σ1 Σ12

Σ21 Σ2

)(

Λ−1
1 0
0 Λ−1

2

)

=

(

Λ−1
1 Σ1Λ

−1
1 Λ−1

1 Σ12Λ
−1
2

Λ−1
2 Σ21Λ

−1
1 Λ−1

2 Σ2Λ
−1
2

)

.

It follows from equation (3.5.5) that if H0 is true, then,

√
n(φ(µ̂1) − φ(µ̂1))

L−→ N(0, Σ̃)
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where

Σ̃ = Λ−1
1 Σ1Λ

−1
1 + Λ−1

2 Σ2Λ
−1
2 − (Λ−1

1 Σ12Λ
−1
2 + Λ−1

2 Σ21Λ
−1
1 ).

Estimate φ(µ̂i) by µni, i = 1, 2, as in Section 3.5.1 and Σ̃ by its sample analog ˆ̃Σ.

Then, under H0, the test statistic

Tn3 = n(µn1 − µn2)
′ ˆ̃Σ−1(µn1 − µn2)

converges in distribution to chi-squared distribution with d degrees of freedom, i.e.

Tn3
L−→ X 2

d . Therefore one rejects H0 at asymptotic level α if Tn3 > X 2
d (1 − α).

Next we test the null hypothesis H0 : V1 = V2 against the alternative H1 : V1 6= V2.

From equation (2.4.4), it follows that

( √
n(V̂1 − V1)√
n(V̂2 − V2)

)

=
1√
n

( ∑n
j=1[d

2
g(Xj, µ1) − V1]

∑n
j=1[d

2
g(Yj, µ2) − V2]

)

+ oP (1)

L−→ N

(

0,

(

σ2
1 σ12

σ12 σ2
2

))

where σ2
1 = Var(d2

g(X1, µ1)), σ
2
2 = Var(d2

g(Y1, µ2)) and σ12 = Cov(d2
g(X1, µ1), d

2
g(Y1, µ2)).

Hence if H0 is true, then

√
n(V̂1 − V̂2)

L−→ N(0, σ2
1 + σ2

2 − 2σ12)

which implies that the statistic

Tn4 =

√
n(V̂1 − V̂2)

√

s2
1 + s2

2 − 2s12

has asymptotic standard Normal distribution. Here s2
1, s

2
2 and s12 are sample esti-

mates of σ2
1, σ

2
2 and σ12 respectively. Therefore we reject H0 at asymptotic level α if

|Tn4| > Z(1 − α
2
).
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Chapter 4

EXTRINSIC ANALYSIS ON MANIFOLDS

4.1 Introduction

In Chapter 2, we studied the properties of the Fréchet mean and variation of a prob-

ability Q on a Riemannian manifold M , using the geodesic distance in the expression

for the Fréchet function. To carry out nonparametric inference using the sample mean

and variation, it is necessary to assume that there is a unique population mean. How-

ever as we saw (Theorem 3.3.1, Corollary 3.3.2), broad conditions are not known for

the existence of the intrinsic mean and for asymptotic normality of the sample intrin-

sic mean. Also analytic expressions for the intrinsic mean are not available. There

are algorithms to compute the intrinsic mean numerically (see Le (2001)), however

sufficient conditions for these algorithms to converge put further restrictions on the

support of Q and they are computationally slow. In this chapter, we will get intro-

duced to another distance on M obtained from embedding it into some Euclidean

space and compute the Fréchet mean and variation. The corresponding statistical

analysis is called extrinsic analysis on M . As we shall see in the following sections

that it is often simpler both mathematically and computationally to carry out an

extrinsic analysis on M . The notion of extrinsic mean on a manifold was introduced

independently by Hendricks and Landsman (1998) and Patrangenaru (1998), and

later generalized in Bhattacharya and Patrangenaru (2003, 2005).

4.2 Extrinsic Mean and Variation

In this chapter, we assume that M is a differentiable manifold of dimension d. Con-

sider an embedding of M into some Euclidean space EN ≈ R
N via some map

J : M → EN such that both J and its derivative are injective. Then J induces
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the distance

ρ(x, y) = ‖J(x) − J(y)‖ (4.2.1)

on M , where ‖.‖ denotes the Euclidean norm

(‖u‖2 =
N
∑

i=1

ui
2 ∀ u = (u1, u2, .., uN)′).

The distance ρ is called the extrinsic distance on M . Given a probabilty distribu-

tion Q on M , we consider the Fréchet function

F (x) =

∫

M

ρ2(x, y)Q(dy) (4.2.2)

with ρ as in equation (4.2.1). This choice of Fréchet function makes the Fréchet mean

and variation computable in a number of important examples using Proposition 4.2.1.

Definition 4.2.1. Let (M,ρ), J be as above. Let Q be a probability distribution

with finite Fréchet function F . The Fréchet mean set of Q is called the extrinsic

mean set of Q and the Fréchet variation of Q is called the extrinsic variation

of Q. If Xi, i = 1, . . . , n are iid observations from Q and Qn = 1
n

∑n
i=1 δXi

is the

corresponding empirical distribution, then the Fréchet mean set of Qn is called the

sample extrinsic mean set and the Fréchet variation of Q is called the sample

extrinsic variation.

Among the possible embeddings, we seek out equivariant embeddings which

preserve many of the geometric features of M .

Definition 4.2.2. For a Lie groupH acting on a manifoldM , an embedding J : M →
R

N is H-equivariant if there exists a group homomorphism φ : H → GL(N,R) such

that

J(hp) = φ(h)J(p) ∀p ∈M, ∀h ∈ H.

Here GL(N,R) is the general linear group of all N ×N non-singular matrices.
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We say that Q has an extrinsic mean µE if the extrinsic mean set of Q is a

singleton. Proposition 4.2.1 as proved in Bhattacharya and Patrangenaru (2003),

gives a necessary and sufficient condition for Q to have an extrinsic mean. It also

provides an analytic expression for the extrinsic mean set and extrinsic variation of Q.

In the statement of the proposition, we assume that J(M) = M̃ is a closed subset of

EN . Then for every u ∈ EN , there exists a compact set of points in M̃ whose distance

from u is the smallest among all points in M̃ . We call this set the projection set of

u and denote it by

PM̃u = {x ∈ M̃ : ‖x− u‖ ≤ ‖y − u‖ ∀y ∈ M̃}. (4.2.3)

If this set is a singleton, u is said to be a nonfocal point of EN (w.r.t. M̃), otherwise

it is said to be a focal point of EN .

Proposition 4.2.1. Let Q̃ = Q◦J−1 be the image of Q in EN . (a) If µ̃ =
∫

EN uQ̃(du)

is the mean of Q̃, then the extrinsic mean set of Q is given by J−1(PM̃ µ̃). (b) The

extrinsic variation of Q equals

V =

∫

EN

‖x− µ̃‖2Q̃(dx) + ‖µ̃− µ‖2

where µ ∈ PM̃ µ̃. (c) If µ̃ is a nonfocal point of E
N , then the extrinsic mean of Q

exists.

We define the sample extrinsic mean µnE to be any measurable selection from

the sample extrinsic mean set. In case µ̃ is a nonfocal point, it follows from Proposi-

tion 2.2.2 that µnE is a strongly consistent estimator of µE.

4.3 Asymptotic Distribution of the Sample Extrinsic Mean

From now on we assume that the extrinsic mean µE of Q is uniquely defined. It

follows from Theorem 2.3.1 in Chapter 2 that under suitable assumptions, the co-

ordinates of the sample extrinsic mean µnE have asymptotic Gaussian distribution.
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However apart from other assumptions, the theorem requires Q to have support in a

single coordinate patch and the expression of the asymptotic dispersion depends on

what coordinates we choose. In this section, we derive the asymptotic Normality of

µnE in a different way, via Proposition 4.3.1, which is proved in Bhattacharya and

Patrangenaru (2005). This proposition makes lesser assumptions on Q and the ex-

pression for the asymptotic dispersion is easier to get, as we shall see in subsequent

chapters.

When the mean µ̃ of Q̃ is a nonfocal point of EN , the projection set in (4.2.3) is

a singleton and we can define a projection map

P : EN → M̃, ‖µ̃− P (µ̃)‖ = min
p∈M̃

‖µ̃− p‖ (4.3.1)

in a neighborhood of µ̃. Also in a neighborhood of a nonfocal point such as µ̃, P is

smooth. Let X̃ = 1
n

∑n
j=1 X̃j be the sample mean of X̃j = J(Xj), j = 1, 2, . . . , n.

Since X̃ converges to µ̃ almost surely, for sample size large enough X̃ is nonfocal, and

it can be shown by a second order Taylor expansion for P : EN → EN , that

√
n[P (X̃) − P (µ̃)] =

√
n(dµ̃P )(X̃ − µ̃) + oP (1) (4.3.2)

where dµ̃P is the differential (map) of the projection P , which takes vectors in the

tangent space of EN at µ̃ to tangent vectors of M̃ at P (µ̃). Since
√
n(X̃ − µ̃) has

an asymptotic Gaussian distribution and dµ̃P is a linear map, from (4.3.2) it follows

that
√
n[P (X̃) − P (µ̃)] has an asymptotic mean zero Gaussian distribution on the

tangent space of J(M) at P (µ̃). This is stated in Proposition 4.3.1 below.

Proposition 4.3.1. Suppose µ̃ is a nonfocal point of EN and P is continuously

differentiable in a neighborhood of µ̃. Denote by Tj, the vector of coordinates of

(dµ̃P )(X̃j − µ̃), j = 1, 2, . . . , n, with respect to some orthonormal basis for TP (µ̃)M̃ .

Then if Q ◦ J−1 has finite second moments,

√
nT̄

L−→ N(0,Σ)
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where Σ denotes the covariance matrix of T1.

Let Lµ̃ : EN → TP (µ̃)M̃ denote the linear projection on to TP (µ̃)M̃ . Then from

equation (4.3.2) and Proposition 4.3.1, it follows that

nLµ̃[P (X̃) − P (µ̃)]′Σ−1Lµ̃[P (X̃) − P (µ̃)]
L−→ X 2

d .

Using this we can construct the following confidence region for µE:

{µE = J−1[P (µ̃)] : nL[P (µ̃) − P (X̃)]′Σ̂−1L[P (µ̃) − P (X̃)] ≤ X 2
d (1 − α)} (4.3.3)

with asymptotic confidence level (1 − α). Here L : EN → T
P (X̃)

M̃ denotes the linear

projection on to T
P (X̃)

M̃ , Σ̂ is the sample estimate of Σ and X 2
d (1 − α) is the upper

(1− α)-quantile of the chi-squared distribution with d degrees of freedom (X 2
d ). The

corresponding pivotal bootstrap confidence region for µE is given by

{µE : nL[P (µ̃) − P (X̃)]′Σ̂−1L[P (µ̃) − P (X̃)] ≤ c∗(1 − α)}. (4.3.4)

Here c∗(1 − α) denotes the upper (1 − α)-quantile of the bootstrapped values of

nL[P (µ̃) − P (X̃)]′Σ̂−1L[P (µ̃) − P (X̃)].

4.4 Asymptotic Distribution of the Sample Extrinsic Varia-
tion

Let V and Vn denote the extrinsic variations of Q and Qn respectively. We can

deduce the asymptotic distribution of Vn from Theorem 2.4.1 in Chapter 2. However

for the hypotheis of that theorem to hold, we need to make a number of assumptions

including that Q has support in a single coordinate patch. Theorem 4.4.1 proves

the asymptotic normality of Vn under less restrictive assumptions. It was first proved

in Bhattacharya (2008a). In the statement of the theorem, ρ denotes the extrinsic

distance as defined in equation (4.2.1).
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Theorem 4.4.1. If Q has extrinsic mean µE and if Eρ4(X1, µE) <∞, then

√
n(Vn − V )

L−→ N(0,Var(ρ2(X1, µE))).

Proof. From definition of Vn and V , it follows that

Vn − V =
1

n

n
∑

j=1

ρ2(Xj, µnE) −
∫

M

ρ2(x, µE)Q(dx)

=
1

n

n
∑

j=1

ρ2(Xj, µnE) − 1

n

n
∑

j=1

ρ2(Xj, µE)

+
1

n

n
∑

j=1

ρ2(Xj, µE) − E[ρ2(X1, µE)] (4.4.1)

where µnE is the sample extrinsic mean, i.e. some measurable selection from the

sample extrinsic mean set. Now,

1

n

n
∑

j=1

ρ2(Xj, µnE) =
1

n

n
∑

j=1

‖Yj − P (Ȳ )‖2

=
1

n

n
∑

j=1

‖Yj − P (µ̃)‖2 + ‖P (µ̃) − P (Ȳ )‖2 − 2〈Ȳ − P (µ̃), P (Ȳ ) − P (µ̃)〉 (4.4.2)

Substitute (4.4.2) in (4.4.1) to get

Vn − V = ‖P (Ȳ ) − P (µ̃)‖2 − 2〈Ȳ − P (µ̃), P (Ȳ ) − P (µ̃)〉

+
1

n

n
∑

j=1

ρ2(Xj, µE) − E[ρ2(X1, µE)]

which implies that
√
n(Vn − V ) = T1 + T2 (4.4.3)

where

T1 =
√
n‖P (Ȳ ) − P (µ̃)‖2 − 2

√
n〈Ȳ − P (µ̃), P (Ȳ ) − P (µ̃)〉, (4.4.4)

T2 =
√
n

(

1

n

n
∑

j=1

ρ2(Xj, µE) − Eρ2(X1, µE)

)

(4.4.5)
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From the classical CLT, if Eρ4(X1, µE) <∞, then

T2
L−→ N(0,Var(ρ2(X1, µE))). (4.4.6)

Compare the expression of T1 with equation (4.3.2) to get

T1 = −2〈dµ̃P (Ȳ − µ̃), µ̃− P (µ̃)〉 + oP (1). (4.4.7)

From the definition of P , P (µ̃) = argminp∈M̃ ‖µ̃−p‖2. Hence the Euclidean derivative

of ‖µ̃− p‖2 at p = P (µ̃) must be orthogonal to TP (µ̃)M̃ , or

µ̃− P (µ̃) ∈ (TP (µ̃)M̃)⊥.

Since dµ̃P (Ȳ − µ̃) ∈ TP (µ̃)M̃ , the first term in the expression of T1 in (4.4.7) is 0, and

hence T1 = oP (1). From equations (4.4.3) and (4.4.6), we conclude that

√
n(Vn − V ) =

1√
n

n
∑

j=1

[ρ2(Xj, µE) − Eρ2(X1, µE)] + oP (1) (4.4.8)

L−→ N(0,Var(ρ2(X1, µE))).

This completes the proof.

Remark 4.4.1. Although Proposition 2.2.3 does not require the uniqueness of the

extrinsic mean of Q for Vn to be a consistent estimator of V , Theorem 4.4.1 breaks

down in the case of non-uniqueness. (see Section 4.5).

Using Theorem 4.4.1, one can construct the following confidence interval I for V :

I = {V ∈ [Vn − s√
n
Z(1 − α

2
), Vn +

s√
n
Z(1 − α

2
)]}. (4.4.9)

The interval I has asymptotic confidence level of (1 − α). Here s2 is the sample

variance of ρ2(Xj, µnE), j = 1, . . . , n and Z(1−α
2
) denotes the upper (1−α

2
)-quantile of

N(0, 1) distribution. From equation (4.4.9), one can also construct a pivotal bootstrap

confidence interval for V , the details of which are left to the reader.
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4.5 Extrinsic Analysis on the unit sphere Sd

Consider the inclusion map

i : Sd → R
d+1, i(x) = x.

as the embedding of Sd in R
d+1. The extrinsic mean set of a probability measure Q

on Sd is then the projection set of µ̃ =
∫

Rd xQ̃(dx) on Sd, where Q̃ is Q regarded as

a probability measure on R
d+1. Note that µ̃ is nonfocal iff µ̃ 6= 0. Then

P (µ̃) =
µ̃

‖µ̃‖

and if µ̃ = 0, then PSd(0) = Sd. The extrinsic variation of Q is

V =

∫

Rd+1

‖x− µ̃‖2Q̃(dx) + (‖µ̃‖ − 1)2

= 2(1 − ‖µ̃‖).

If Vn denotes the sample extrinsic variation, it is easy to check that
√
n(Vn − V ) is

asymptotically Normal iff µ̃ 6= 0.

4.6 Two Sample Extrinsic Tests

In this section, we will use the asymptotic distribution of the sample extrinsic mean

and variation to construct nonparametric tests to compare two probability distribu-

tions Q1 and Q2 on M .

4.6.1 Independent Samples

Let X1, . . . , Xn1
and Y1, . . . , Yn2

be two iid samples from Q1 and Q2 respectively that

are mutually independent. Let µiE and Vi denote the extrinsic means and variations

of Qi, i = 1, 2 respectively. Similarly denote by µ̂iE and V̂i the sample extrinsic means
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and variations. We want to test the hypothesis, H0 : Q1 = Q2.

We start by comparing the sample extrinsic means. Let X̃j = J(Xj), Ỹj = J(Yj)

be the embeddings of the sample points into EN . Let µi be the mean of Q̃i = Qi◦J−1.

Then under H0, µ1 = µ2 = µ (say). Let µ̂i, i = 1, 2 be the sample means of {X̃j} and

{Ỹj} respectively. Then from equation (4.3.2), it follows that

√
ni[P (µ̂i) − P (µ)] =

√
ni(dµP )(µ̂i − µ) + oP (1) i = 1, 2. (4.6.1)

Hence, if ni → ∞ such that ni

n1+n2
→ pi, 0 < pi < 1, p1 + p2 = 1, then

√
n(P (µ̂1) − P (µ̂2)) =

√
ndµP (µ̂1 − µ) −

√
ndµP (µ̂2 − µ) + oP (1)

L−→ N(0,
Σ1

p1

+
Σ2

p2

). (4.6.2)

Here n = n1 + n2 is the pooled sample size, Σi, i = 1, 2 are the covaraiance matrices

of the coordinates of dµP (X̃1 −µ) and dµP (Ỹ1 −µ) with respect to some chosen basis

for TµM̃ . We estimate µ by the pooled sample mean µ̂ = 1
n
(n1µ̂1 + n2µ̂2). Denote

the coordinates of {dµ̂P (X̃j − µ̂)}n1

j=1 and {dµ̂P (Ỹj − µ̂)}n2

j=1 by {S1
j }n1

j=1 and {S2
j }n2

j=1

respectively. Let Σ̂i i = 1, 2 denote the sample covariance matrices of {Si
j}ni

j=1 i = 1, 2

respectively. Then if H0 is true, the statistic

T1 = (S̄1 − S̄2)′
(

1

n1

Σ̂1 +
1

n2

Σ̂2

)−1

(S̄1 − S̄2) (4.6.3)

converges in distribution to X 2
d distribution, where d is the dimension of M . Hence

we reject H0 at asymptotic level α if T1 > X 2
d (1 − α).

Next we test the null hypothesis H0 : µ1E = µ2E against the alternative Ha :

µ1E 6= µ2E. From equation (4.3.2), it follows that

√
n[{P (µ̂1) − P (µ1)} − {P (µ̂2) − P (µ2)}]

=
√
ndµ1

P (µ̂1 − µ1) −
√
ndµ2

P (µ̂2 − µ2) + oP (1). (4.6.4)
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Since the samples are independent, equation (4.6.4) implies that, for µ̃ ∈M ,

Lµ̃

[√
n[{P (µ̂1) − P (µ1)} − {P (µ̂2) − P (µ2)}]

]

=L1µ̃[
√
ndµ1

P (µ̂1 − µ1)] − L2µ̃[
√
ndµ2

P (µ̂2 − µ2)] + oP (1)

L−→N(0,
1

p1

L1µ̃Σ1L
′
1µ̃ +

1

p2

L2µ̃Σ2L
′
2µ̃). (4.6.5)

In equation (4.6.5), Lµ̃ denotes the linear projection from EN on to Tµ̃M̃ , while Liµ̃,

i = 1, 2 denote the linear projections from Tµi
M̃ on to Tµ̃M̃ , and Σi, i = 1, 2, are

the covaraiance matrices of the coordinates of dµ1
P (X̃1 −µ1) and dµ2

P (Ỹ1 −µ2) with

respect to some chosen bases for Tµ1
M̃ and Tµ2

M̃ respectively. Hence if H0 is true,

then P (µ1) = P (µ2), and hence from equation (4.6.5), it follows that

Lµ̃[
√
n{P (µ̂1) − P (µ̂2)}] L−→ N(0,

1

p1

L1µ̃Σ1L
′
1µ̃ +

1

p2

L2µ̃Σ2L
′
2µ̃). (4.6.6)

Note that µ̃ can be any point on M̃ for (4.6.6) to hold. Using this one can construct

the test statistic

T2 = L[P (µ̂1) − P (µ̂2)]
′
(

1

n1

L1Σ̂1L
′
1 +

1

n2

L2Σ̂2L
′
2

)−1

L[P (µ̂1) − P (µ̂2)] (4.6.7)

to test if H0 is true. In the statistic T2, L is the linear projection from EN on to

TpM̃ , where p ∈ M̃ . Li, i = 1, 2 are the matrices of linear projection on to TpM̃

from TP (µ̂i)M̃ respectively. Again, p can be any point on M̃ , but tangent space anal-

ysis is expected to provide better approximation to the asymptotic limit if we choose

p = P (µ̂), µ̂ being the pooled sample mean. Here Σ̂i, i = 1, 2 denote the sample

covariance matrices of the coordinates of {dµ̂1
P (X̃j − µ̂1)}n1

j=1 and {dµ̂2
P (Ỹj − µ̂2)}n2

j=1

respectively with respect to some chosen basis for Tµ̂1
M̃ and Tµ̂2

M̃ . Under H0,

T2
L−→ X 2

d . Hence we reject H0 at asymptotic level α if T2 > X 2
d (1 − α). In our

examples from Chapter 7, the two statistics T1 and T2 yield values that are quite

close to each other.
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When the sample sizes are not too large, it is more efficient to construct a boot-

strap confidence region for P (µ1) − P (µ2) using the test statistic T2 in (4.6.7), and

use that to test if H0 is true. Let {X∗
j , j = 1, . . . , n1} and {Y ∗

j , j = 1, . . . , n2} denote

the bootstrap resamples from the original samples in M̃ . Denote by µ∗
i , i = 1, 2 the

bootstrap sample means, and by µ∗ the pooled sample mean. Let L∗
i , i = 1, 2, be

the matrices of projections from TP (µ∗

i )M̃ on to TP (µ∗)M̃ , L∗ be the linear projection

from EN on to TP (µ∗)M̃ , Σ∗
i , i = 1, 2, be the bootstrap sample covariance matrices

of the coordinates of {dµ∗

1
P (X∗

j − µ∗
1)} and {dµ∗

2
P (Y ∗

j − µ∗
2)} respectively. Then the

bootstrap version of T2 in (4.6.7) is

T ∗
2 = v∗′Σ∗−1v∗ (4.6.8)

where

v∗ = L∗[{P (µ∗
1) − P (µ̂1)} − {P (µ∗

2) − P (µ̂2)}] (4.6.9)

and

Σ∗ =
1

n1

L∗
1Σ̂

∗
1L

∗
1
′ +

1

n2

L∗
2Σ̂

∗
2L

∗
2
′. (4.6.10)

We reject H0 at level α if T2 > c∗(1−α), where c∗(1−α) is the upper (1−α) quantile

of the bootstrap distribution of T ∗
2 .

Next we test if Q1 and Q2 have the same extrinsic variations, i.e. H0 : V1 = V2.

From Theorem 4.4.1 and using the fact that the samples are independent, we get,

under H0,

√
n(V̂1 − V̂2)

L−→ N

(

0,
σ2

1

p1

+
σ2

2

p2

)

(4.6.11)

⇒ V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

L−→ N(0, 1)

where σ2
1 = Var (ρ2(X1, µ1E)), σ2

2 = Varρ2(Y1, µ2E) and s2
1, s

2
2 are their sample esti-
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mates. Hence to test if H0 is true, we can use the test statistic

T3 =
V̂1 − V̂2
√

s2
1

n1
+

s2
2

n2

. (4.6.12)

For a test of asymptotic size α, we reject H0 if |T3| > Z
(

1 − α
2

)

, where Z
(

1 − α
2

)

is

the upper
(

1 − α
2

)

-quantile of N(0, 1) distribution. We can also construct a bootstrap

confidence interval for V1 − V2 and use that to test if V1 −V2 = 0. The details of that

are left to the reader.

4.6.2 Matched Pair Samples

Next consider the case when (X1, Y1), . . ., (Xn, Yn) is an iid sample from some dis-

tribution Q on M̄ = M ×M . Such samples arise, when for example we have two

different observations from each subject (see Section 8.6).

Let Xj’s have distribution Q1 while Yj’s come from some distribution Q2 on M .

Our objective is to distinguish Q1 and Q2 by comparing the sample extrinsic means

and variations. Since the X and Y samples are not independent, we cannot apply

the methods of the earlier section. Instead we do our analyses on M̄ . Note that M̄

is a differentiable manifold which can be embedded into EN × EN via the map

J̄ : M̄ → EN × EN , J̄(x, y) = (J(x), J(y)).

Let Q̃ = Q ◦ J̄−1. Then if Q̃i has mean µi, i = 1, 2, then Q̃ has mean µ̄ = (µ1, µ2).

The projection of µ̄ on ˜̄M ≡ J̄(M̄) is given by P̄ (µ) = (P (µ1), P (µ2)). Hence if Qi

has extrinsic mean µiE, i = 1, 2, then Q has extrinsic mean µ̄E = (µ1E, µ2E). Denote

the paired sample as Zj ≡ (Xj, Yj), j = 1, . . . , n and let ˆ̄µ = (µ̂1, µ̂2), ˆ̄µE = (µ̂1E, µ̂2E)

be the sample estimates of µ̄ and µ̄E respectively. From equation (4.3.2), it follows

that
√
n(P̄ (ˆ̄µ) − P̄ (µ̄)) =

√
ndµ̄P̄ (ˆ̄µ− µ̄) + oP (1)
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which can be written as

√
n

(

P (µ̂1) − P (µ1)
P (µ̂2) − P (µ2)

)

=
√
n

(

dµ1
P (µ̂1 − µ1)

dµ2
P (µ̂2 − µ2)

)

+ oP (1) (4.6.13)

Hence if H0: µ1 = µ2 = µ, then under H0,

√
n

(

P (µ̂1) − P (µ)
P (µ̂2) − P (µ)

)

=
√
n

(

dµP (µ̂1 − µ)
dµP (µ̂2 − µ)

)

+ oP (1)

L−→ N(0,Σ =

(

Σ1 Σ12

Σ21 Σ2

)

). (4.6.14)

In (4.6.14), Σi, i = 1, 2 are the same as in (4.6.2) and Σ12 = (Σ21)′ is the covariance

between the coordinates of dµP (X̃1 − µ) and dµP (Ỹ1 − µ). From (4.6.14), it follows

that
√
ndµP (µ̂1 − µ̂2)

L−→ N(0,Σ1 + Σ2 − Σ12 − Σ21).

This gives rise to the test statistic

T1p = n(S̄1 − S̄2)′(Σ̂1 + Σ̂2 − Σ̂12 − Σ̂21)−1(S̄1 − S̄2) (4.6.15)

where S̄1, S̄2, Σ̂1 and Σ̂2 are as in (4.6.3) and Σ̂12 = (Σ̂21)′ is the sample covariance

between {S1
j }n

j=1 and {S2
j }n

j=1. If H0 is true, T1p converges in distribution to X 2
d dis-

tribution. Hence we reject H0 at asymptotic level α if T1p > X 2
d (1 − α).

If we are testing H0 : µ1E = µ2E, then from (4.6.13), it follows that, under H0,

√
n[P (µ̂1) − P (µ̂2)] =

√
ndµ1

P (µ̂1 − µ1) −
√
ndµ2

P (µ̂2 − µ2) + oP (1) (4.6.16)

which implies that, for any µ̃ ∈M ,

Lµ̃[
√
n{P (µ̂1) − P (µ̂2)}]

=L1µ̃[
√
ndµ1

P (µ̂1 − µ1)] − L2µ̃[
√
ndµ2

P (µ̂2 − µ2)] + oP (1)

L−→N(0,Σ) (4.6.17)

where

Σ = L1µ̃Σ1L
′
1µ̃ + L2µ̃Σ2L

′
2µ̃ − L1µ̃Σ12L

′
2µ̃ − L2µ̃Σ21L

′
1µ̃.
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In (4.6.17), Lµ̃, Liµ̃ and Σi, i = 1, 2 are the same as in (4.6.6), and Σ12 = Σ′
21 denotes

the covariance between the coordinates of dµ1
P (X̃1 − µ1) and dµ2

P (Ỹ1 − µ2). Hence

to test if H0 is true, one can use the test statistic

T2p = nL[P (µ̂1) − P (µ̂2)]
′Σ̂−1L[P (µ̂1) − P (µ̂2)] where (4.6.18)

Σ̂ = L1Σ̂1L
′
1 + L2Σ̂2L

′
2 − L1Σ̂12L

′
2 − L2Σ̂21L

′
1. (4.6.19)

In the statistic T2p; L, Li and Σ̂i, i = 1, 2 are as in (4.6.7) and Σ̂12 = (Σ̂12)
′ de-

notes the sample covariance between the coordinates of {dµ̂1
P (X̃j − µ̂1)}n

j=1 and

{dµ̂2
P (Ỹj − µ̂2)}n

j=1. Under H0, T2p
L−→ X 2

d . Hence we reject H0 at asymptotic level

α if T2p > X 2
d (1 − α). In the application considered in Section 8.6, the values for the

two statistics T1p and T2p are very close to each other.

One can also find a bootstrap confidence region for P (µ1) − P (µ2) and use that

to test if H0 is true. The details are left to the reader.

Let V1 and V2 denote the extrinsic variations of Q1 and Q2 and let V̂1, V̂2 be

their sample analogues. Suppose we want to test the hypothesis H0 : V1 = V2. From

(4.4.8), we get that,

( √
n(V̂1 − V1)√
n(V̂2 − V2)

)

=
1√
n

( ∑n
j=1[ρ

2(Xj, µ1E) − Eρ2(X1, µ1E)]
∑n

j=1[ρ
2(Yj, µ2E) − Eρ2(Y1, µ2E)]

)

+ oP (1)

L−→ N

(

0,

(

σ2
1 σ12

σ12 σ2
2

))

(4.6.20)

where σ12 = Cov(ρ2(X1, µ1E), ρ2(Y1, µ2E)), σ2
1 and σ2

2 are as in (4.6.11). Hence if H0

is true,
√
n(V̂1 − V̂2)

L−→ N(0, σ2
1 + σ2

2 − 2σ12).

This gives rise to the test statistic,

T3p =

√
n(V̂1 − V̂2)

√

s2
1 + s2

2 − 2s12

(4.6.21)
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where s2
1, s

2
2, s12 are sample estimates of σ2

1, σ
2
2, σ12 respectively. We reject H0 at

asymptotic level α if |T3p| > Z(1 − α
2
). We can also get a (1 − α) level confidence

interval for V1 − V2 using bootstrap simulations and use that to test if H0 is true.
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Chapter 5

INTRODUCTION TO SHAPE SPACES

5.1 Landmark Based Shape Spaces

The statistical analysis of shape distributions based on random samples is important

in many areas such as morphometrics (discrimination and classification of biological

shapes), medical diagnostics (detection of change or deformation of shapes in some

organs due to some disease, for example), machine vision (e.g., digital recording and

analysis based on planar views of 3-D objects) and robotics (for robots to visually

recognize a scene). Among the pioneers on foundational studies leading to such appli-

cations, we mention Kendall (1977, 1984) and Bookstein (1991). In this chapter and

the chapters that follow, we will be mostly interested in the analysis of shapes of land-

mark based data, in which each observation consists of k > m points in m-dimension,

representing k locations on an object, called a k-ad. The choice of landmarks is gen-

erally made with expert help in the particular field of application. Depending on the

way the data are collected or recorded, the appropriate shape of a k-ad is the maximal

invariant specified by the space of orbits under a group of transformations.

For example, one may look at k-ads modulo size and Euclidean rigid body mo-

tions of translation and rotation. The analysis of shapes under this invariance was

pioneered by Kendall (1977, 1984) and Bookstein (1978). Bookstein’s approach is

primarily registration-based requiring two or three landmarks to be brought into a

standard position by translation, rotation and scaling of the k-ad. For these shapes,

we would prefer Kendall’s more invariant view of a shape identified with the orbit

under rotation (in m-dimension) of the k-ad centered at the origin and scaled to have

unit size. The resulting shape spaces are called the similarity shape spaces. A fairly
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comprehensive account of parametric inference on these spaces, with many references

to the literature, may be found in Dryden and Mardia (1998). Once we consider the

orbits under all orthogonal transformations, we get the reflection shape spaces.

Recently there has been much emphasis on the statistical analysis of other notions

of shapes of k-ads, namely, affine shapes invariant under affine transformations, and

projective shapes invariant under projective transformations. Reconstruction of a

scene from two (or more) aerial photographs taken from a plane is one of the research

problems in affine shape analysis. Potential applications of projective shape analysis

include face recognition and robotics.

In this chapter, we will briefly describe the geometry of the above shape spaces

and return to them one by one in the subsequent chapters.

5.2 Geometry of Shape Manifolds

Many differentiable manifolds M naturally occur as submanifolds, or surfaces or hy-

persurfaces, of an Euclidean space. One example of this is the sphere Sd = {p ∈
R

d+1 : ‖p‖ = 1}. The shape spaces of interest here are not of this type. They are

quotients of a Riemannian manifold N under the action of a transformation group G,

i.e., M = N/G. A number of them are quotient spaces of N = Sd under the action of

a compact group G, i.e., the elements of the space are orbits in Sd traced out by the

application of G. Among important examples of this kind are the Kendall’s shape

spaces and reflection shape spaces. In some cases the action of the group is free,

i.e., gp = p only holds for the identity element g = e. Then the elements of the orbit

Op = {gp : g ∈ G} are in one-one correspondence with elements of G, and one can

identify the orbit with the group. The orbit inherits the differential structure of the

Lie group G. The tangent space TpN at a point p may then be decomposed into a ver-
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tical subspace Vp of dimension that of the group G along the orbit space to which p

belongs, and a horizontal subspace Hp which is orthogonal to it. The vertical sub-

space is isomorphic to the tangent space of G and the horizontal one can be identified

with the tangent space of M at the orbit Op. With this identification, M is a differ-

entiable manifold of dimension that of N minus the dimension of G. Further if G acts

as isometries of N , then the projection π, π(p) = Op is a Riemannian submersion

of N onto the quotient space M = N/G. In other words, 〈dπ(v), dπ(w)〉π(p) = 〈v, w〉p
for horizontal vectors v, w ∈ TpN , where dπ : TpN → Tπ(p)M denotes the differential,

or Jacobian, of the projection π. With this metric tensor, M has the natural structure

of a Riemannian manifold. This provides the framework for carrying out an intrinsic

analysis on M .

To carry out an extrinsic analysis on M , we use a smooth map J from N into

some Euclidean space E which is an embedding of M into that Euclidean space. Then

the image J(M) is a differentiable submanifold of E. The tangent space at J(π(p))

is dJ(Hp) where dJ is the differential of the map J : N → E. Among all possible

embeddings, we choose J to be equivariant under the action of a large group H on

M . In most cases, H is compact.

5.2.1 (Direct) Similarity Shape Spaces Σk
m

Consider a k-ad in 2D or 3D with not all landmarks identical. Its (direct) similar-

ity shape is what remains after removing the effects of translation, one dimensional

scaling and rotation. The space of all similarity shapes forms the (Direct) Similar-

ity Shape Space Σk
m, with m being the dimension of the Euclidean space where the

landmarks lie, which is usually 2 or 3. Similarity shape analysis finds many appli-

cations in morphometrics - classification of biological species based on their shapes,

medical diagnostics - disease detection based on change in shape of an organ due to
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disease or deformation, evolution studies - studying the change in shape of an organ

or organism with time, age etc, and many more. Some such applications will be

considered in subsequent chapters.

5.2.2 Reflection Similarity Shape Spaces RΣk
m

When one considers the reflection similarity shape of a k-ad, that is, features

invariant under translation, scaling and all orthogonal transformations, then it is

possible to embed the resulting shape space in some higher dimensional Euclidean

space and carry out an extrinsic analysis. The embedding was first considered by Ban-

dulasiri and Patrangenaru (2005) and later independently by Dryden et al. (2008).

Such an embedding which is equivariant under a large group action is known for

the similarity shape spaces only when m = 2. Thus considering the reflection shape

makes it possible to extend the results of nonparametric inference on shapes from 2

to m (in particular 3) dimensions. The correct computation of the mean reflection

shape was first carried out in Bhattacharya (2008a). For details, see Chapter 8 of

this book.

5.2.3 Affine Shape Spaces AΣk
m

An application in bioinformatics consists in matching two marked electrophoresis gels.

Proteins are subjected to stretches in two directions. Due to their molecular mass

and electrical charge, the amount of stretching depends on the strength and duration

of the electrical fields applied. For this reason, the same tissue analyzed by different

laboratories may yield different constellations of protein spots. The two configura-

tions differ by a change of coordinates that can be approximately given by an affine

transformation which may not be similarity.
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Another application of affine shape analysis is in scene recognition: to recon-

struct a larger image from partial views in a number of ariel images of that scene. For

a remote scene, the image acquisition process will involve a parallel projection, which

in general is not orthogonal. Two common parts of the same scene seen in different

images will essentially differ by an affine transformation but not a similarity.

5.2.4 Projective Shape Spaces PΣk
m

In machine vision, if images are taken from a great distance, affine shape analysis

is appropriate. Otherwise, projective shape is a more appropriate choice. If im-

ages are obtained through a central projection, a ray is received as a point on the

image plane. Since axes in 3D comprise the projective space RP 2, k-ads in this

view are valued in RP 2. To have invariance with regard to camera angles, one may

first look at the original 3D k-ad and achieve affine invariance by its affine shape

and finally take the corresponding equivalence class of axes in RP 2, to define the

projective shape of the k-ad invariant with respect to all projective transformations

on RP 2. Potential applications of projective shape analysis arise in robotics, partic-

ularly in machine vision for robots to visually recognize a scene, avoid an obstacle, etc.

For a remote view, the rays falling on the image plane are more or less parallel, and

then a projective transformation can be approximated by an affine transformation.

Further, if it is assumed that the rays fall perpendicular to the image plane, then

similarity or reflection similarity shape space analysis becomes appropriate.
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Chapter 6

KENDALL’S (DIRECT) SIMILARITY SHAPE

SPACES Σ
k
m.

6.1 Introduction

Kendall’s shape spaces are quotient spaces Sd/G, under the action of the special

orthogonal group G = SO(m) of m ×m orthogonal matrices with determinant +1.

Important cases include m = 2, 3.

For the case m = 2, consider the space of all planar k-ads (z1, z2, . . . , zk) (zj =

(xj, yj)), k > 2, excluding those with k identical points. The set of all centered and

normed k-ads, say u = (u1, u2, . . . , uk) comprise a unit sphere in a (2k − 2) dimen-

sional vector space and is, therefore, a (2k − 3) dimensional sphere S2k−3, called the

preshape sphere. The group G = SO(2) acts on the sphere by rotating each land-

mark by the same angle. The orbit under G of a point u in the preshape sphere

can thus be seen to be a circle S1, so that Kendall’s planar shape space Σk
2 can

be viewed as the quotient space S2k−3/G ∼ S2k−3/S1, a (2k − 4) dimensional com-

pact manifold. An algebraically simpler representation of Σk
2 is given by the complex

projective space CP k−2. For nonparametric inference on Σk
2, see Bhattacharya and

Patrangenaru (2003, 2005), Bhattacharya and Bhattacharya (2008a, 2008b). For

many applications in archaeology, astronomy, morphometrics, medical diagnostics

etc, see Bookstein (1986, 1997), Kendall (1989), Dryden and Mardia (1998), Bhat-

tacharya and Patrangenaru (2003, 2005), Bhattacharya and Bhattacharya (2008a, c)

and Small (1996). We will return back to this shape space in the next chapter.

When m > 2, consider a set of k points in R
m, not all points being the same.
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Such a set is called a k-ad or a configuration of k landmarks. We will denote a k-ad

by the m × k matrix, x = (x1, . . . , xk) where xi, i = 1, . . . , k are the k landmarks

from the object of interest. Assume k > m. The direct similarity shape of the

k-ad is what remains after we remove the effects of translation, rotation and scaling.

To remove translation, we substract the mean x̄ = 1
k

∑k
i=1 xi from each landmark to

get the centered k-ad u = (x1 − x̄, . . . , xk − x̄). We remove the effect of scaling by

dividing u by its euclidean norm to get

z = (
x1 − x̄

‖u‖ , . . . ,
xk − x̄

‖u‖ ) = (z1, z2, . . . , zk). (6.1.1)

This z is called the preshape of the k-ad x and it lies in the unit sphere Sk
m in the

hyperplane Hk
m = {z ∈ R

m×k : z1k = 0}. Hence

Sk
m = {z ∈ R

m×k : Trace(zz′) = 1, z1k = 0} (6.1.2)

Here 1k denotes the k × 1 vector of all ones. Thus the preshape sphere Sk
m may

be identified with the sphere Skm−m−1. Then the shape of the k-ad x is the orbit

of z under left multiplication by m × m rotation matrices. In other words Σk
m =

Sk
m/SO(m). One can also remove the effect of translation from the original k-ad x by

postmultiplying the centered k-ad u by a Helmert matrix H which is a k × (k − 1)

matrix satisfying H ′H = Ik−1 and 1′
kH = 0. The resulting k-ad ũ = uH lies in

R
m×(k−1) and is called the Helmertized k-ad. Then the preshape of x or ũ is

z̃ = ũ/‖ũ‖ and the preshape sphere is

Sk
m = {z ∈ R

m×(k−1) : Trace(zz′) = 1}. (6.1.3)

The advantage of using this representation of Sk
m is that there is no linear constraint

on the coordinates of z and hence analysis becomes simpler. However, now the

choice of the preshape depends on the choice of H which can vary. In most cases,

including applications, we will represent the preshape of x as in equation (6.1.1) and

the preshape sphere as in (6.1.2).



73

6.2 Geometry of Similarity Shape Spaces

In this section, we study the topological and geometrical properties of Σk
m represented

as Sk
m/SO(m). We are interested in the case when m > 2. The case m = 2 is studied

in Chapter 7.

For m > 2, the direct similarity shape space Σk
m fails to be a manifold. That is

because the action of SO(m) is not in general free. Indeed, the orbits of preshapes

under SO(m) have different dimensions in different regions (see, e.g., Kendall et al.

(1999) and Small (1996)). To avoid that, one may consider the shape of only those

k-ads whose preshapes have rank at least m− 1. Define

NSk
m = {z ∈ Sk

m : rank(z) ≥ m− 1}

as the nonsingular part of Sk
m and Σk

0m = NSk
m/SO(m). Then, since the action of

SO(m) on NSk
m is free, Σk

0m is a differentiable manifold of dimension km−m− 1 −
m(m−1)

2
. Also since SO(m) acts as isometries of the sphere, Σk

0m inherits the Rieman-

nian metric tesor of the sphere and hence is a Riemannnian manifold. However it is

not complete because of the ‘holes’ created by removing the singular part.

Consider the projection map

π : NSk
m → Σk

0m, π(z) = {Az : A ∈ SO(m)}.

This map is shown to be a Riemannian submersion (see Kendall et. al. (1999)).

This means that if we write TzS
k
m as the direct sum of the horizontal subspace Hz

and vertical subspace Vz, then dπ is a isometry from Hz into Tπ(z)Σ
k
0m. The tangent

space TzS
k
m is

TzS
k
m = {v ∈ Hk

m : Trace(vz′) = 0}.

The vertical subspace Vz consists of initial velocity vectors of curves in Sk
m starting

at z and remaining in the orbit π(z). Such a curve will have the form γ(t) = γ̃(t)z
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where γ̃(t) is a curve in SO(m) starting at the identity matrix Im. Geodesics in

SO(m) starting at Im have the form γ̃(t) = exp(tA) where

exp(A) = I + A+
A2

2
+
A3

3!
+ . . .

and A is skew-symmetric (A + A′ = 0). For such a curve, ˙̃γ(0) = A, therefore

γ̇(0) = Az which implies that

Vz = {Az : A+ A′ = 0}.

The horizontal subspace is its ortho-complement, which is

Hz = {v ∈ Hk
m : Trace(vz′) = 0, vz′ = zv′}.

Since π is a Riemannian submersion, Tπ(z)Σ
k
0m is isometric to Hz.

The geodesic distance between two shapes π(x) and π(y), where x, y ∈ Sk
m, is

given by

dg(π(x), π(y)) = min
T∈SO(m)

dgs(x, Ty).

Here dgs(., .) is the geodesic distance on Sk
m which is

dgs(x, y) = arccos(Trace(yx′)).

Therefore

dg(π(x), π(y)) = arccos( max
T∈SO(m)

Trace(Tyx′)). (6.2.1)

Consider the pseudo-singular value decomposition of yx′ which is

yx′ = UΛV ; U, V ∈ SO(m),

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . ≥ λm−1 ≥ |λm|, sign(λm) = sign(det(yx′)).

Then the value of T for which Trace(Tyx′) in equation (6.2.1) is maximized is T =

V ′U ′ and then

dg(π(x), π(y)) = arccos(Trace(Λ)) = arccos(
m
∑

j=1

λj)
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which lies between 0 and π
2
.

Define the singular part Dm−2 of Sk
m as the set of all preshapes with rank less than

m − 1. Then it is shown in Kendall et. al. (1999) that for x ∈ Sk
m \Dm−2 ≡ NSk

m,

the cut-locus of π(x) in Σk
0m is given by

C(π(x)) = π(Dm−2) ∪ C0(π(X))

where C0(π(X)) is defined to be the set of all shapes π(y) ∈ Σk
0m such that there

exists more than one length minimizing geodesic joining π(x) and π(y). It is also

shown that the least upper bound on all sectional curvatures of Σk
0m is +∞. Hence

we cannot apply the results of Chapter 3 to carry out intrinsic analysis on this space.

Once we remove the effects of reflections along with rotations from the preshapes,

we can embedd the shape space into a higher dimensional Euclidean space and carry

out extrinsic analysis of shapes. This is done in Chapter 8.
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Chapter 7

THE PLANAR SHAPE SPACE Σ
k
2

7.1 Introduction

Consider a set of k points on the plane, not all points being the same. We will assume

k > 2 and refer to such a set as a k-ad or a set of k landmarks. For convenience we will

denote a k-ad by k complex numbers (zj = xj + iyj, 1 ≤ j ≤ k), i.e., we will represent

k-ads on a complex plane. Then the similarity shape of a k-ad z = (z1, z2, . . . , zk)
′

represents the equivalence class, or orbit of z under translation, one dimensional

scaling and rotation. To remove translation, one substracts

〈z〉 ≡ (z̄, z̄, . . . , z̄)′ (z̄ =
1

k

k
∑

j=1

zj)

from z to get z − 〈z〉. Rotation of the k-ad by an angle θ and scaling by a factor

r > 0 are achieved by multiplying z − 〈z〉 by the complex number λ = reiθ. Hence

one may represent the shape of the k-ad as the complex line passing through z−〈z〉,
namely, {λ(z − 〈z〉) : λ ∈ C \ {0}}. Thus the space of similarity shapes of k-ads is

the set of all complex lines on the (complex (k−1)-dimensional) hyperplane, Hk−1 =

{w ∈ C
k \ {0} :

∑k
1 wj = 0}. Therefore the similarity shape space Σk

2 of planer k-ads

has the structure of the complex projective space CP k−2- the space of all complex

lines through the origin in C
k−1.

7.2 Geometry of the Planar Shape Space

When identified with CP k−2, Σk
2 is a compact connected Riemannian manifold of

(real) dimension 2k − 4. As in the case of CP k−2, it is convenient to represent the
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shape σ(z) of a k-ad z by the curve

σ(z) = π(u) = {eiθu : − π < θ ≤ π}, u =
z − 〈z〉
‖z − 〈z〉‖

on the unit sphere CSk−1 in Hk−1. The quantity u is called the preshape of the

shape of the original k-ad z and it lies on CSk−1 which is

CSk−1 = {u ∈ C
k :

k
∑

j=1

uj = 0, ‖u‖ = 1}.

The map π : CSk−1 → Σk
2 is a Riemannian submersion. Hence its derivative dπ is an

isometry from Hu into Tπ(u)Σ
k
2, where Hu is the horizontal subspace of the tangent

space TuCSk−1 of CSk−1 at u, which is

Hu = {v ∈ C
k : z

′

v̄ = 0, v′1k = 0}.

The preshape sphere CSk−1 can be identified with the real sphere of dimension 2k−3,

namely S2k−3. Hence if exp denotes the exponential map of CSk−1 as derived in

Chapter 3, then the exponential map of Σk
2 is given by

Expπ(u) : Tπ(u)Σ
k
2 → Σk

2, Expπ(u) = π ◦ expu ◦ dπ−1
u .

The geodesic distance between two shapes σ(x) and σ(y) is given by

dg(σ(x), σ(y)) = dg(π(z), π(w)) = inf
θ∈(−π,π]

dgs(z, e
iθw)

where x and y are two k-ads in C
k, z and w are their preshapes in CSk−1, and dgs(., .)

denotes the geodesic distance on CSk−1, which is given by dgs(z, w) = arccos(Re(w̄′z))

as mentioned in Section 3.4. Hence the geodesic distance on Σk
2 has the following

expression:

dg(π(z), π(w)) = inf
θ∈(−π,π]

arccos(Re(e−iθw̄′z))

= arccos sup
θ∈(−π,π]

Re(e−iθw̄′z) = arccos(|w̄′z|).
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Hence the geodesic distance between any pair of planar shapes lies between 0 and

π
2

which means that Σk
2 has an injectivity radius of π

2
. The cut-locus C(π(z)) of

z ∈ CSk−1 is given by

C(π(z)) = {π(w) : w ∈ CSk−1, dg(π(z), π(w)) =
π

2
} = {π(w) : w̄′z = 0}.

The exponential map Expπ(z) is invertible outside the cut-locus of z and its inverse is

given by

Exp−1
π(z) : Σk

2 \ C(π(z)) → Tπ(z)Σ
k
2, π(w) 7→ dππ(z)

{

r

sin(r)
(− cos(r)z + eiθw)

}

(7.2.1)

where r = dg(π(z), π(w)) and eiθ = w̄′z
|w̄′z| . It has been shown in Kendall (1984) that

Σk
2 has constant holomorphic sectional curvature of 4.

Given two preshapes u and v, the Procrustes coordinates of v with respect to

u is defined as

vP = eiθv

where θ ∈ (−π, π] is chosen so as to minimize the Euclidean distance between u and

eiθv, namely dP (θ) = ‖u − eiθv‖. In other words, one trys to rotate the preshape v

so as to bring it closest to u. Then

d2
P (θ) = 2 − 2Re(eiθū′v)

which is minimized when eiθ = v̄′u
|v̄′u| and then the minimum value of the Euclidean

distance turns out to be

dP = min
θ∈(−π,π]

dP (θ) =
√

2(1 − |v̄′u|).

This dP is a distance metric on Σk
2, called the Procrustes distance (see Dryden and

Mardia (1998) for details). The Procrustes coordinates can be particularly useful for

plotting shapes as we shall see in the next section.
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7.3 Examples

In this section, we discuss two applications of planar shape analysis. We will return

back to these examples in Section 7.10.

7.3.1 Gorilla Skulls

Consider eight locations on a gorilla skull projected on a plane. There are 29 male

and 30 female gorillas and the eight landmarks are chosen on the midline plane of

the 2D image of the skulls. The data can be found in Dryden and Mardia (1998).

It is of interest to study the shapes of the skulls and use that to detect difference

in shapes between the sexes. This finds application in morphometrics and other

biological sciences. To analyze the planar shapes of the k-ads, the observations lie in

Σk
2, k = 8. Figure 7.1(a) shows the Procrustes coordinates of the shapes of the female

gorilla skulls. The coordinates are obtained with respect to a preshape of the sample

extrinsic mean, which is defined in Section 7.7. Figure 7.1(b) shows the Procrustes

coordinates of the shapes of the male gorilla skulls with respect to a preshape of the

male sample extrinsic mean.

7.3.2 Schizophrenic Children

In this example from Bookstein (1991), 13 landmarks are recorded on a midsagittal

two-dimensional slice from a Magnetic Resonance brain scan of each of 14 schizophrenic

children and 14 normal children. It is of interest to study differences in shapes of

brains between the two groups which can be used to detect schizophrenia. This is an

application of disease detection. The shapes of the sample k-ads lie in Σk
2, k = 13.

Figure 7.2(a) shows the Procrustes coordinates of the shapes of the schizophrenic chil-

dren while Figure 7.2(b) shows the coordinates for the normal children. As in Section

7.3.1, the coordinates are obtained with respect to the preshapes of the respective

sample extrinsic means.
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(a)

(b)

Figure 7.1. (a) and (b) show 8 landmarks from skulls of 30 female and 29 male
gorillas respectively along with the respective sample mean shapes. * correspond to
the mean shapes’ landmarks.
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14 schizophrenic children 13 landmarks, along with the mean shape

(b)

Figure 7.2. (a) and (b) show 13 landmarks for 14 normal and 14 schizophrenic
children respectively along with the respective mean shapes. * correspond to the
mean shapes’ landmarks.
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7.4 Intrinsic Analysis on the Planar Shape Space

Let Q be a probability distribution on Σk
2. From Proposition 3.2.1, it follows that

if the support of Q is contained in a geodesic ball of radius π
4

then it has a unique

intrinsic mean in that ball. In this section we assume that, that is supp(Q) ⊆ B(p, π
4
)

for some p ∈ Σk
2. Let µI = π(µ) be the (local) intrinsic mean of Q in B(p, π

4
),

with µ being one of its preshapes. Let X1, . . . , Xn be an iid sample from Q on Σk
2

and let µnI be the (local) sample intrinsic mean in B(p, π
4
). From Proposition 3.2.1,

it follows that µnI is a consistent estimator of µI . Furthermore if we assume that

supp(Q) ⊆ B(µI ,
π
4
), then Theorem 3.3.1 implies that the coordinates of µnI have

asymptotic Normal distribution. However this theorem does not give expression for

the asymptotic parameter Λ because Σk
2 does not have constant sectional curvature.

Theorem 7.4.1 below shows us how to get the analytic expression for Λ and relaxes the

support condition for its positive definiteness. This theorem is stated in Bhattacharya

and Bhattacharya (2008b) and the following proof is taken from there.

Theorem 7.4.1. Let φ : B(p, π
4
) → C

k−2(≈ R
2k−4) be the coodinates of dπ−1

µ ◦Exp−1
µI

:

B(p, π
4
) → Hµ with respect to some orthonormal basis {v1, . . . , vk−2, iv1, . . . , ivk−2} for

Hµ (over R). Define h(x, y) = d2
g(φ

−1(x), φ−1(y)). Let ((Drh ))2k−4
r=1 and ((DrDsh))

2k−4
r,s=1

be the matrix of first and second order derivatives of y 7→ h(x, y). Let X̃j = φ(Xj) =

(X̃1
j , . . . , X̃

k−2
j ); j = 1, . . . , n be the coordinates of the sample observations. Define

Λ = E((DrDsh(X̃1, 0)))2k−4
r,s=1. Then Λ is positive definite if the support of Q is con-

tained in B(µI , R) where R is the unique solution of tan(x) = 2x, x ∈ (0, π
2
).

Proof. For a geodesic γ starting at µI , write γ = π ◦ γ̃, where γ̃ is a geodesic in

CSk−1 starting at µ. From the proof of Theorem 3.3.1, for m = π(z) ∈ B(p, π
4
),

d

ds
d2

g(γ(s),m) = 2〈T (s, 1), γ̇(s)〉 = 2〈T̃ (s, 1), ˙̃γ(s)〉 (7.4.1)

d2

ds2
d2

g(γ(s),m) = 2〈DsT (s, 1), γ̇(s)〉 = 2〈DsT̃ (s, 1), ˙̃γ(s)〉 (7.4.2)
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where T̃ (s, 1) = dπ−1
γ(s)(T (s, 1)). From equation (7.2.1), this has the expression

T̃ (s, 1) = − ρ(s)

sin(ρ(s))

[

− cos(ρ(s))γ̃(s) + eiθ(s)z
]

(7.4.3)

where eiθ(s) =
z̄′γ̃(s)

cos(ρ(s))
, ρ(s) = dg(γ(s),m).

The inner product in equations (7.4.1) and (7.4.2) is the Riemannian metric on

TCSk−1 which is 〈v, w〉 = Re(v′w̄). Observe that DsT̃ (s, 1) is d
ds
T̃ (s, 1) projected

onto Hγ̃(s). Since 〈µ, ˙̃γ(0)〉 = 0, we get

d2

ds2
d2

g(γ(s),m)|s=0 = 2〈 d
ds
T̃ (s, 1)|s=0, ˙̃γ(0)〉.

From equation (7.4.3) we have,

d

ds
T̃ (s, 1)|s=0 =

(

d

ds

(ρ(s) cos(ρ(s))

sin(ρ(s))

)∣

∣

s=0

)

µ+

(

ρ(s) cos(ρ(s))

sin ρ(s)

∣

∣

s=0

)

˙̃γ(0)

−
(

d

ds

( ρ(s)

sin(ρ(s)) cos(ρ(s))

)

|s=0

)

(z̄′µ)z

−
(

ρ(s)

sin(ρ(s)) cos(ρ(s))

∣

∣

s=0

)

(z̄′ ˙̃γ(0))z

and along with equation (7.4.1), we get

d

ds
ρ(s)|s=0 =

−1

sin(r)
〈 ˙̃γ(0),

z̄′µ

cos(r)
z〉

where r = dg(m,µI). Hence

〈 d
ds
T̃ (s, 1)|s=0, ˙̃γ(0)〉 = r

cos(r)

sin(r)
‖ ˙̃γ(0)‖2 −

(

1

sin2 r
− r

cos(r)

sin3(r)

)

(Re(x))2

+
r

sin(r) cos(r)
(Im(x))2 (7.4.4)

where

x = eiθz
′ ˙̃γ(0), eiθ =

z̄′µ

cos(r)
. (7.4.5)

The value of x in equation (7.4.5) and hence the expression in equation (7.4.4) depend

on z only through m = π(z). Also if γ = π(γ1) = π(γ2), γ1 and γ2 being two
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geodesics on CSk−1 starting at µ1 and µ2 respectively, with π(µ1) = π(µ2) = π(µ),

then γ1(t) = λγ2(t), where µ2 = λµ1, λ ∈ C. Now it is easy to check that the

expression in (7.4.4) depends on µ only through π(µ) = µI . Note that

|x|2 < 1 − cos2(r).

So when |γ̇(0)| = 1, (7.4.4) becomes

r
cos(r)

sin(r)
−
(

1

sin2(r)
− r

cos(r)

sin3(r)

)

(Re(x))2 +
r

sin(r) cos(r)
(Im(x))2

>r
cos(r)

sin(r)
−
(

1

sin2(r)
− r

cos(r)

sin3(r)

)

sin2(r)

=
2r − tan(r)

tan(r)
(7.4.6)

which is strictly positive if r ≤ R where

tan(R) = 2R, R ∈ (0,
π

2
).

Therefore if supp(Q) ⊆ B(µI , R), then d2

ds2d
2(γ(s),m)|s=0 > 0 and hence Λ is positive

definite.

Remark 7.4.1. It can be shown that R ∈ (π
3
, 2π

5
). It is approximately 0.37101π.

From Theorems 2.3.1 and 7.4.1, we conclude that if supp(Q) ⊆ B(p, π
4
)∩B(µI , R)

and if Σ is nonsingular (e.g., if Q is absolutely continuous), then the coordinates of the

sample mean shape from an iid sample have an asymptotically Normal distribution

with nonsingular dispersion. Note that the coordinate map φ in Theorem 7.4.1 has

the form

φ(m) = (m̃1, . . . , m̃k−2)′, m̃j =
r

sin(r)
eiθv̄j

′z

where m = π(z), µI = π(µ), r = arccos(|z̄′µ|) and eiθ = z̄′µ
|z̄′µ| . Corollary 7.4.2 below

derives expressions for Λ and Σ in terms of φ. It is proved in Bhattacharya and

Bhattacharya (2008b).
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Corollary 7.4.2. Consider the same set up as in Theorem 7.4.1. If Q has support

in a geodesic ball of radius π
4
, then Λ has the following expression:

Λ =

[

Λ11 Λ12

Λ′
12 Λ22

]

(7.4.7)

where for 1 ≤ r, s ≤ k − 2,

(Λ11)rs = 2E
[

d1 cot(d1)δrs −
(1 − d1 cot(d1))

d2
1

(Re(X̃r
1))(Re(X̃s

1))

+
tan(d1)

d1

(Im(X̃r
1))(Im(X̃s

1))
]

,

(Λ22)rs = 2E
[

d1cot(d1)δrs −
(1 − d1cot(d1))

d2
1

(ImX̃r
1)(ImX̃

s
1)

+
tan(d1)

d1

(ReX̃r
1)(ReX̃s

1)
]

,

(Λ12)rs = −2E
[ (1 − d1 cot(d1))

d2
1

(Re(X̃r
1))(Im(X̃s

1))

+
tan(d1)

d1

(Im(X̃r
1))(Re(X̃s

1))
]

with d1 = dg(X1, µI). If we define Σ = Cov((Drh(X̃1, 0))2k−4
r=1 , then it can be expressed

as

Σ =

[

Σ11 Σ12

Σ′
12 Σ22

]

(7.4.8)

where for 1 ≤ r, s ≤ k − 2,

(Σ11)rs = 4E(Re(X̃r
1)Re(X̃s

1)),

(Σ12)rs = 4E(Re(X̃r
1)Im(X̃s

1)),

(Σ22)rs = 4E(Im(X̃r
1)Im(X̃s

1)).

Proof. With respect to the orthonormal basis {v1, . . . , vk−2, iv1, . . . , ivk−2} for Hµ,

X̃j has coordinates

(Re(X̃1
j ), . . . ,Re(X̃k−2

j ), Im(X̃1
j ), . . . , Im(X̃k−2

j )).
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in R
2k−4. Now the expression for Σ follows from Corollary 3.3.2. If one writes Λ as

in (7.4.7) and if ˙̃γ(0) =
∑k−2

j=1 x
jvj +

∑k−2
j=1 y

j(ivj), then

E

(

d2

ds2
d2

g(γ(s), X1)

)

∣

∣

∣

s=0
= x′Λ11x+ y′Λ22y + 2x′Λ12y

where x = (x1, . . . , xk−2)′ and y = (y1, . . . , yk−2)′. Now expressions for Λ11, Λ12 and

Λ22 follow from the proof of Theorem 7.4.1.

Using the expressions for Λ and Σ from Corollary 7.4.2, one can construct con-

fidence regions for the population intrinsic mean as in Sections 2.3 and 3.3. Also

one may carry out two sample tests as in Section 3.5 to distinguish between two

probability distributions on Σk
2 by comparing the sample intrinsic means.

7.5 Other Fréchet Functions

Consider the general definition of Fréchet function as in equation (2.2.1) with ρ being

the geodesic distance on Σk
2, that is

F (p) =

∫

Σk
2

dα
g (p,m)Q(dm).

In this section we investigate conditions for existence of a unique Fréchet mean.

Suppose the support of Q is contained in a convex geodesic ball B(p, π
4
). Let

m ∈ B(p, π
4
). Let γ(s) be a geodesic in B̄(p, π

4
). Then it is is easy to show that

d

ds
dα

g (γ(s),m) =
α

2
dα−2

g (γ(s),m)
d

ds
d2

g(γ(s),m),

d2

ds2
dα

g (γ(s),m) =
α

2
(
α

2
− 1)dα−4

g (γ(s),m)
d

ds
d2

g(γ(s),m)

+
α

2
dα−2

g (γ(s),m)
d2

ds2
d2

g(γ(s),m).
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We can get expressions for d
ds
d2

g(γ(s),m) and d2

ds2d
2
g(γ(s),m) from equations (7.4.1)

and (7.4.2). For example when α = 3,

d

ds
d3

g(γ(s),m) = −3dg(γ(s),m)〈Exp−1
γ(s)m, γ̇(s)〉

d2

ds2
d3

g(γ(s),m) = 3d2 cos(d)

sin(d)
|γ̇(s)|2 + 3d2 cos(d)

sin3(d)
(Re(z))2 +

3d2

sin(d) cos(d)
(Im(z))2

where d = dg(γ(s),m), z = eiθm̃
′ ˙̃γ(s), eiθ =

¯̃m′γ̃(s)
cos(d)

, m = π(m̃) and γ(s) = π(γ̃(s)).

The expression for d2

ds2d
3
g(γ(s),m) is strictly positive if m 6= γ(s). Hence the Fréchet

function of Q is strictly convex in B(p, π
4
) and hence has a unique minimizer which is

called the (local) Fréchet mean of Q and denoted by µF . Replace Q by the empirical

distribution Qn to get the (local) sample Fréchet mean µnF . This proves the following

theorem.

Theorem 7.5.1. Suppose supp(Q) ⊆ B(p, π
4
). Consider the Fréchet function of Q

F (q) =

∫

Σk
2

d3
g(q,m)Q(dm).

Then (a) Q has a unique (local) Fréchet mean µF in B(p, π
4
) and if µnF denotes the

(local) sample Fréchet mean from an iid random sample from Q, then (b)
√
nφ(µnF )

has a asymptotic mean zero Normal distribution, φ being defined in Theorem 7.4.1.

In Theorems 7.4.1 and 7.5.1, we differentiate the Fréchet function pointwise by

constructing a geodesic variation. To construct this smooth geodesic variation, we

required that the support of Q is contained in some convex ball. In case we differ-

entiate the Fréchet function with respect to some coordinate chart, then it may be

possible to extend Theorem 7.5.1 to show that there is a unique Fréchet mean even

when Q has full support. Such an extension will be considered in a later article.

7.6 Extrinsic Analysis on the Planar Shape Space

For extrinsic analysis on the planar shape space, we embed it into the space S(k,C) of

all k× k complex Hermitian matrices. Here S(k,C) is viewed as a (real) vector space
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with respect to the scaler field R. The embedding is called the Veronese-Whitney

embedding and is given by

J : Σk
2 → S(k,C),

J(σ(z)) = J(π(u)) = uu∗ (u = (u1, . . . , uk)
′ ∈ CSk−1)

= ((uiūj))1≤i,j≤k

where u = z−〈z〉
‖z−〈z〉‖ is the preshape of the planar k-ad z. Define the extrinsic distance

ρ on Σk
2 by that induced from this embedding, namely,

ρ2(σ(z), σ(w)) = ‖uu∗ − vv∗‖2, u
.
=

z − 〈z〉
‖z − 〈z〉‖ , v

.
=

w − 〈w〉
‖w − 〈w〉‖

where for arbitrary k × k complex matrices A and B,

‖A−B‖2 =
∑

j,j′

‖ajj′ − bjj′‖2 = Trace[(A−B)(A−B)∗]

is just the squared euclidean distance between A and B regarded as elements of C
k2

(or R
2k2

). Hence we get

ρ2(σ(z), σ(w)) = 2(1 − |u∗v|2).

The image of Σk
2 under the Veronese-Whitney embedding is given by

J(Σk
2) = {A ∈ S+(k,C) : rank(A) = 1, Trace(A) = 1, A1k = 0}.

Here S+(k,C) is the space of all complex positive semidefinite matrices, “rank” de-

notes the complex rank and 1k is the k dimensional vector of all ones. Thus the image

is a compact submanifold of S(k,C) of (real) dimension 2k−4. Kendall (1984) shows

that the embedding J is equivariant under the action of the special unitary group

SU(k) = {A ∈ GL(k,C) : AA∗ = I, det(A) = 1}

which acts on the left: Aπ(u) = π(Au). Indeed, then

J(Aπ(u)) = Auu∗A∗ = φ(A)J(π(u))



89

where

φ(A) : S(k,C) → S(k,C), φ(A)B = ABA∗

is an isometry.

7.7 Extrinsic Mean and Variation

Let Q be a probability measure on the shape space Σk
2, let X1, X2, . . . , Xn be an

iid sample from Q and let µ̃ denote the mean vector of Q̃
.
= Q ◦ J−1, regarded as

a probability measure on C
k2

(or R
2k2

). Note that µ̃ belongs to the convex hull of

M̃ = J(Σk
2) and therefore is positive semidefinite and satisfies

µ̃1k = 0, Trace(µ̃) = 1, rank(µ̃) ≥ 1.

Let T be a matrix in SU(k) such that

T µ̃T ∗ = D = Diag(λ1, λ2, . . . , λk),

where λ1 ≤ λ2 ≤ . . . ≤ λk are the eigenvalues of µ̃ in ascending order. Then, writing

v = Tu with u ∈ CSk−1, we get

‖uu∗ − µ̃‖2 = ‖vv∗ −D‖2 =
k
∑

j=1

(|vj|2 − λj)
2 +

∑

j 6=j′

|vjvj′ |2

=
∑

λj
2 +

k
∑

j=1

|vj|4 − 2
k
∑

j=1

λj|vj|2 +
k
∑

j=1

|vj|2.
k
∑

j′=1

|vj′|2 −
k
∑

j=1

|vj|4

=
∑

λj
2 + 1 − 2

k
∑

j=1

λj|vj|2

which is minimized (on J(Σk
2)) by taking v = ek = (0, . . . , 0, 1)′, i.e., u = T ∗ek- a unit

eigenvector of µ̃ having the largest eigenvalue λk. This implies that the projection set

of µ̃ on M̃ , as defined in Section 4.2, consists of all µµ∗ where µ is a unit eigenvector

of µ̃ corresponding to λk. The projection set is a singleton, in other words µ̃ is a

nonfocal point of S(k,C), if and only if the eigenspace for the largest eigenvalue of µ̃
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is (complex) one dimensional, that is when λk > λk+1, or λk is a simple eigen value.

Then Q has a unique extrinsic mean µE, say, which is given by µE = π(µ). This is

proved in Bhattacharya and Patrangenaru (2003).

If one writes Xj = π(Zj), j = 1, 2, . . . , n where Zj is a preshape of Xj in CSk−1,

then from Proposition 4.2.1 it follows that the extrinsic variation of Q has the ex-

pression

V = E
[

‖Z1Z
∗
1 − µ̃‖2

]

+ ‖µ̃− µµ∗‖2

= 2(1 − λk).

Therefore, we have the following consequence of Propositions 2.2.2 and 2.2.3.

Corollary 7.7.1. Let µn denote a unit eigenvector of 1
n

∑n
j=1 ZjZ

∗
j having the largest

eigenvalue λkn. (a) If the largest eigenvalue λk of µ̃ is simple, then the sample extrinsic

mean π(µn) is a strongly consistent estimator of the extrinsic mean π(µ) of Q. (b)

The sample extrinsic variation Vn = 2(1 − λkn) is a strongly consistent estimator of

the extrinsic variation V = 2(1 − λk) of Q.

7.8 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume that Q has a unique extrinsic mean µE = π(µ) where µ is a

unit eigen vector corresponding to the largest eigen value of the mean µ̃ of Q◦J−1. To

get the asymptotic distribution of the sample extrinsic mean µnE using Proposition

4.3.1, we need to differentiate the projection map

P : S(k,C) → J(Σk
2), P (µ̃) = µµ∗

in a neighborhood of a nonfocal point such as µ̃. We consider S(k,C) as a linear

subspace of C
k2

(over R) and as such a regular submanifold of C
k2

embedded by the
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inclusion map, and inheriting the metric tensor

〈A,B〉 = Re (Trace(AB∗)) .

The (real) dimension of S(k,C) is k2. An orthonormal basis for S(k,C) is given by

{va
b : 1 ≤ a ≤ b ≤ k} and {wa

b : 1 ≤ a < b ≤ k}, defined as

va
b =

{

1√
2
(eae

t
b + ebe

t
a), a < b

eae
t
a, a = b

wa
b = +

i√
2
(eae

t
b − ebe

t
a), a < b

where {ea : 1 ≤ a ≤ k} is the standard canonical basis for R
k. One can also take

{va
b : 1 ≤ a ≤ b ≤ k} and {wa

b : 1 ≤ a < b ≤ k} as the (constant) orthonormal frame

for S(k,C). For any U ∈ SU(k) (UU∗ = U∗U = I, det(U)=+1), {Uva
bU

∗ : 1 ≤ a ≤
b ≤ k}, {Uwa

bU
∗ : 1 ≤ a < b ≤ k} is also an orthonormal frame for S(k,C). We view

dµ̃P : S(k,C) → TP (µ̃)J(Σk
2). Choose U ∈ SU(k) such that U∗µ̃U = D,

U = (U1, . . . , Uk) and D = Diag(λ1, . . . , λk).

Here λ1 ≤ . . . ≤ λk−1 < λk are the eigenvalues of µ̃ and U1, . . . , Uk are corresponding

eigenvectors. Choose the orthonormal basis frame {Uva
bU

∗, Uwa
bU

∗} for S(k,C). Then

it can be shown that

dµ̃P (Uva
bU

∗) =

{

0 if 1 ≤ a ≤ b < k, a = b = k,

(λk − λa)
−1Uva

kU
∗ if 1 ≤ a < k, b = k.

dµ̃P (Uwa
bU

∗) =

{

0 if 1 ≤ a < b < k

(λk − λa)
−1Uwa

kU
∗ if 1 ≤ a < k, b = k.

(7.8.1)

The proof is similar to that for the real projective shape which is considered in Section

10.6. Let X̃j = J(Xj), j = 1, 2, . . . , n, where X1, . . . , Xn is an iid random sample

from Q. Write

X̃j − µ̃ =
∑∑

1≤a≤b≤k

〈(X̃j − µ̃), Uva
bU

∗〉Uva
bU

∗

+
∑∑

1≤a<b≤k

〈(X̃j − µ̃), Uwa
bU

∗〉Uwa
bU

∗. (7.8.2)
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Since X̃j1k = µ̃1k = 0, hence λ1 = 0 and one can choose U1 = α1k where |α| = 1/
√
k.

Therefore

〈(X̃j − µ̃), Uv1
bU

∗〉 = 〈(X̃j − µ̃), Uw1
bU

∗〉 = 0, 1 ≤ b ≤ k.

Then from equations (7.8.1) and (7.8.2), it follows that

dµ̃P (X̃j − µ̃)

=
k−1
∑

a=2

〈(X̃j − µ̃), Uva
kU

∗〉(λk − λa)
−1Uva

kU
∗

+
k−1
∑

a=2

〈(X̃j − µ̃), Uwa
kU

∗〉(λk − λa)
−1Uwa

kU
∗.

=
k−1
∑

a=2

√
2Re(U∗

a X̃jUk)(λk − λa)
−1Uva

kU
∗

+
k−1
∑

a=2

√
2Im(U∗

a X̃jUk)(λk − λa)
−1Uwa

kU
∗. (7.8.3)

From equation (7.8.3), it is easy to check that the vectors

{Uva
kU

∗, Uwa
kU

∗ : a = 2, . . . , k − 1} (7.8.4)

form an orthonormal basis for TP (µ̃)M̃ . Further dµ̃P (X̃j − µ̃) has coordinates

Tj(µ̃) ≡ (T 1
j (µ̃), . . . , T 2k−4

j (µ̃))′

with respect to this orthonormal basis, where

T a
j (µ̃) =

{√
2(λk − λa)

−1Re(U∗
a+1X̃jUk) if 1 ≤ a ≤ k − 2,√

2(λk − λa)
−1Im(U∗

a−k+3X̃jUk) if k − 1 ≤ a ≤ 2k − 4.
(7.8.5)

It follows from Proposition 4.3.1 that

√
nT̄

L−→ N(0,Σ)

where Σ = Cov(T1).
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7.9 Two Sample Extrinsic Tests on the Planar Shape Space

Suppose Q1 and Q2 are two probability distributions on the planar shape space. Let

X1, . . . , Xn1 and Y1, . . . , Yn2 be two iid samples from Q1 and Q2 respectively that are

mutually independent. One many detect differences between Q1 and Q2 by compar-

ing the sample extrinsic mean shapes or the sample extrinsic variations. This puts us

in the same set up as in Section 4.6.1.

To compare the extrinsic means, one may use the statistics T1 or T2 defined

through equations (4.6.3) and (4.6.7) respectively. To get the expression for T1, one

needs to find the coordinates of dµ̂P (X̃j − µ̂) and dµ̂P (Ỹj − µ̂) which are obtained

from equation (7.8.5) by replacing µ̃ by µ̂. For the statistic T2, which is

T2 = L[P (µ̂1) − P (µ̂2)]
′Σ̂−1L[P (µ̂1) − P (µ̂2)]

where

Σ̂ =
1

n1

L1Σ̂1L
′
1 +

1

n2

L2Σ̂2L
′
2, (7.9.1)

we need expressions for the linear projections L, L1 and L2. With respect to the

orthonormal basis in equation (7.8.4) for TP (µ̃)J(Σk
2), the linear projection L(A) of a

matrix A ∈ S(k,R) on to TP (µ̃)J(Σk
2) has coordinates

L(A) = {〈A,Uva
kU

∗〉, 〈A,Uwa
kU

∗〉 : a = 2, . . . , k − 1}

=
√

2{Re(U∗
aAUk), Im(U∗

aAUk) : a = 2, . . . , k − 1}.

For A1, A2 ∈ S(k,R), if we label the bases for TP (Ai)J(Σk
2) as {vi

1, . . . , v
i
d}, i = 1, 2,

then it is easy to check that the linear projection matrix L1 from TP (A1)J(Σk
2) on to

TP (A2)J(Σk
2) is the d× d matrix with coordinates

(L1)ab = 〈v2
a, v

1
b 〉 1 ≤ a, b ≤ d.

When the sample sizes are smaller than the dimension d (see Section 7.10.2), the

standard error Σ̂ in equation (7.9.1) may be singular or close to singular. Then it
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becomes more effective to estimate it from bootstrap simulations. When the sample

sizes are small, we can also perform a bootstrap test using the test statistic T ∗
2 defined

in equation (4.6.8), which is

T ∗
2 = v∗′Σ∗−1v∗.

However due to not enough observations, Σ∗ may be singular or close to singular in

most simulations. Then we may compare only the first few principal scores of the

coordinates of the means. If d1 < d is the number of principal scores that we want to

compare, then the appropriate test statistic to be used is given by

T21 = L[P (µ̂1) − P (µ̂2)]
′Σ̂−1

11 L[P (µ̂1) − P (µ̂2)] (7.9.2)

where Σ̂ = UΛU ′, U = (U1, . . . , Ud) ∈ SO(d), Λ = diag(λ1, . . . , λd), λ1 ≥ . . . ≥ λd is

a s.v.d. for Σ̂ and

Σ̂−1
11

.
=

d1
∑

j=1

λ−1
j UjU

′
j.

Then T21 has an asymptotic X 2
d1

distribution. We can construct its bootstrap ana-

logue, say T ∗
21 and compare the first d1 principal scores by a pivotal bootstrap test.

Alternatively, we may use a nonpivotal bootstrap test statistic

T ∗∗
2 = w∗′Σ∗∗−1w∗ (7.9.3)

for comparing the mean shapes, where

w∗ = L[{P (µ∗
1) − P (µ̂1)} − {P (µ∗

2) − P (µ̂2)}]

and Σ∗∗ is the sample covariance of w∗ values, estimated from the bootstrap resamples.

To compare the sample extrinsic variations, one may use the statistic T3 defined

through equation (4.6.12). If λ̂i denotes the largest eigenvalue of µ̂i, i = 1, 2, then

T3 = 2
λ̂2 − λ̂1
√

s2
1

n1
+

s2
2

n2

. (7.9.4)
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The bootstrap version of T3 is given by

T ∗
3 = 2

(λ∗2 − λ̂2) − (λ∗1 − λ̂1)
√

s∗
1
2

n1
+

s∗
2
2

n2

where λ∗i and s∗i are the bootstrap analogues of λ̂i and si, i = 1, 2, respectively.

7.10 Applications

In this section, we record the results of two sample tests carried out in the two

examples from Section 7.3.

7.10.1 Gorilla Skulls

Consider the data on gorilla skull images from Section 7.3.1. There are 30 female and

29 male gorillas giving rise to two independent samples of sizes 30 and 29 respectively

on Σk
2, k = 8. To detect difference in the shapes of skulls between the two sexes, one

may compare the sample mean shapes or variations in shape.

Figure 7.3 shows the plots of the sample extrinsic means for the two sexes along

with the pooled sample extrinsic mean. Infact, the Procrustes coordinates for the

two means with respect to a preshape of the pooled sample extrinsic mean have been

plotted. The coordinates are

µ̂1 =
(−0.37, −0.33; 0.35, 0.28; 0.09, 0.35; −0.00, 0.24;
−0.17, 0.00; −0.28, −0.30; 0.05, −0.24; 0.32, −0.01)

µ̂2 =
(−0.36, −0.35; 0.35, 0.27; 0.11, 0.34; 0.02, 0.26;
−0.18, 0.01; −0.29, −0.32; 0.05, −0.22; 0.30, 0.01)

µ̂ =
(−0.36, −0.34; 0.35, 0.28; 0.10, 0.34; 0.01, 0.25;
−0.17, 0.01; −0.29, −0.31; 0.05, −0.23; 0.31, 0.00)

where µ̂i, i = 1, 2, denotes the Procrustes coordinates of the extrinsic mean shapes

for the female and male samples respectively, and µ̂ is a preshape of the pooled

sample extrinsic mean. The x and y coordinates for each landmark are separated
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by comma, while the different landmarks are separated by semicolons. The sample

intrinsic means are very close to their extrinsic counterparts, the geodesic distance

between the intrinsic and extrinsic means being 5.54 × 10−7 for the female sample

and 1.96 × 10−6 for the male sample.

The value of the two sample test statistic defined through equation (3.5.3) for

comparing the intrinsic mean shapes and the asymptotic p-value for the chi-squared

test are

Tn1 = 391.63, p-value = P (X 2
12 > 391.63) < 10−16.

Hence we reject the null hypothesis that the two sexes have the same intrinsic mean

shape.

The two sample test statistics defined through equations (4.6.3) and (4.6.7) for com-

paring the extrinsic mean shapes and the corresponding asymptotic p-values are

T1 = 392.6, p-value = P (X 2
12 > 392.6) < 10−16,

T2 = 392.0585, p-value < 10−16.

Hence we reject the null hypothesis that the two sexes have the same extrinsic mean

shape. We can also compare the mean shapes by pivotal bootstrap method using the

test statistic T ∗
2 defined in equation (4.6.8). The p-value for the bootstrap test using

105 simulations turns out to be 0.

The sample extrinsic variations for the female and male samples are 0.0038 and

0.005 respectively. The value of the two sample test statistic in (7.9.4) for testing

equality of extrinsic variations is 0.923, and the asymptotic p-value is

P (|Z| > 0.923) = 0.356 where Z ∼ N(0, 1).

Hence we accept the null hypothesis that the two underlying distributions have the
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Figure 7.3. The sample extrinsic means for the 2 groups along with the pooled
sample mean, corresponding to Figure 7.1.

same extrinsic variation. However since the mean shapes are different, it is possible

to distinguish between the distribution of shapes for the two sexes.

7.10.2 Schizophrenia Detection

In this example from Section 7.3.2, we have two independent random samples of size

14 each on Σk
2, k = 13. To distinguish between the underlying distributions, we com-

pare the mean shapes and shape variations.

Figure 7.4 shows the Procrustes coordinates of the sample extrinsic means for the

two group of children along with a preshape for the pooled sample extrinsic mean.

The coordinates for the two sample means have been obtained with respect to the
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pooled sample mean’s preshape. The coordinates for the three means are

µ̂1 = (0.14, 0.01;−0.22, 0.22; 0.01, 0.21; 0.31, 0.30; 0.24,−0.28; 0.15,−0.06; 0.06,−0.19;

− 0.01,−0.33;−0.05,−0.04;−0.09,−0.19;−0.20, 0.02;−0.39, 0.32; 0.04,−0.00)

µ̂2 = (0.16, 0.02;−0.22, 0.22; 0.02, 0.22; 0.31, 0.31; 0.24,−0.28; 0.15,−0.07; 0.06,−0.18;

− 0.01,−0.33;−0.06,−0.04;−0.09,−0.20;−0.19, 0.03;−0.39, 0.30; 0.03, 0.00)

µ̂ = (0.15, 0.01;−0.22, 0.22; 0.02, 0.22; 0.31, 0.30; 0.24,−0.28; 0.15,−0.06; 0.06,−0.19;

− 0.01,−0.33;−0.05 − 0.04;−0.09,−0.19;−0.20, 0.03;−0.39, 0.310.03, 0.00)

Here µ̂i, i = 1, 2, denotes the Procrustes coordinates of the extrinsic mean shape for

the sample of normal and schizophrenic children respectively, and µ̂ is the preshape

of the pooled sample extrinsic mean.

As in case of the gorilla skull images from the last section, the sample intrinsic

means are very close to their extrinsic counterparts, the geodesic distance between

the intrinsic and extrinsic means being 1.65 × 10−5 for the normal children sample

and 4.29 × 10−5 for the sample of schizophrenic children.

The values of the two sample test statistic in equation (4.6.3) for testing equality

of the population intrinsic mean shapes, along with the asymptotic p-values are

Tn1 = 95.4587, p-value = P (X 2
22 > 95.4587) = 3.97 × 10−11.

The values of the two sample test statistics defined through equations (4.6.3) and

(4.6.7) for comparing the extrinsic mean shapes and the corresponding asymptotic

p-values are

T1 = 95.5476, p-value = P (X 2
22 > 95.5476) = 3.8 × 10−11,

T2 = 95.2549, p-value = 4.3048 × 10−11.

Hence we reject the null hypothesis that the two groups have the same mean shape

(both extrinsic and intrinsic) at asymptotic levels greater than or equal to 10−10.
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Table 7.1. Percent of variation (P.V.) explained by different Principal Components
(P.C.) of Σ̂

P.C. 1 2 3 4 5 6 7 8 9 10 11
P.V. 21.6 18.4 12.1 10.0 9.9 6.3 5.3 3.6 3.0 2.5 2.1
P.C. 12 13 14 15 16 17 18 19 20 21 22
P.V. 1.5 1.0 0.7 0.5 0.5 0.3 0.2 0.2 0.1 0.1 0.0

Next we compare the extrinsic means by bootstrap methods. Since the dimension 22

of the underlying shape space is much higher than the sample sizes, it becomes difficult

to construct a bootstrap test statistic as in the earlier section. That is because, the

bootstrap estimate of the standard error Σ̂ defined in equation (7.9.1) tends to be

singular in most simulations. Hence we only compare the first few principal scores of

the coordinates of the sample extrinsic means. Table 7.1 displays the percentage of

variation explained by each principal component of Σ̂. The value of T21 from equation

(7.9.2) for comparing the first five principal scores of L[P (µ̂1) − P (µ̂2)] with 0 and

the asymptototic p-value are

T21 = 12.1872, p-value = P (X 2
5 > 12.1872) = 0.0323.

The bootstrap p-value from 104 simulations equals 0.0168 which is fairly small.

When we use the nonpivotal bootstrap test statistic T ∗∗
2 from equation (7.9.3), the

p-value for testing equality of the extrinsic mean shapes from 104 simulations equals

0. The value of T2 with Σ̂ replaced by its bootstrap estimate Σ∗∗ equals 105.955 and

the asymptotic p-value using X 2
22 approximation is 5.7798 × 10−13. Hence we again

reject H0 and conclude the extrinsic mean shapes are different.

Next we test equality of extrinsic variations for the two group of children. The

sample extrinsic variations for patient and normal samples turn out to be 0.0107 and

0.0093 respectively. The value of the two sample test statistic in equation (7.9.4)

for testing equality of population extrinsic variations is 0.9461 and the asymptotic

p-value using standard Normal approximation is 0.3441. The bootstrap p-value with
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Figure 7.4. The sample extrinsic means for the 2 groups along with the pooled
sample mean, corresponding to Figure 7.2.

104 simulations equals 0.3564. Hence we conclude at levels of significance less than

or equal to 0.3 that the extrinsic variations in shapes for the two distributions are

equal.

Since the mean shapes are different, we conclude that the probability distributions

of the shapes of brain scans of normal and schizophrenic children are distinct.
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Chapter 8

REFLECTION (SIMILARITY) SHAPE SPACES

RΣ
k
m

8.1 Introduction

The reflection (similarity) shape of a k-ad as defined in Section 5.2.2, is its orbit

under translation, scaling and all orthogonal transformations. Let x = (x1, . . . , xk)

be a configuration of k points in R
m, and let z denote its preshape in Sk

m as defined

in equation (6.1.1). Then the reflection (similarity) shape of the k-ad x is given by

the orbit

σ(x) = σ(z) = {Az : A ∈ O(m)} (8.1.1)

where O(m) is the group of all m×m orthogonal matrices (with determinants either

+1 or -1). For the action of O(m) on Sk
m to be free and the reflection shape space

to be a Riemannian manifold, we consider only those shapes where the columns of z

span R
m. The set of all such z is called the nonsingular part of Sk

m and denoted by

NSk
m. Then the reflection (similarity) shape space is

RΣk
m = {σ(z) : z ∈ Sk

m, rank(z) = m} = NSk
m/O(m) (8.1.2)

which is a Riemannian manifold of dimension km−m− 1 −m(m− 1)/2. Note that

RΣk
m = Σk

0m/G where Σk
0m = NSk

m/SO(m)- a dense open subset of the similarity

shape space Σk
m (see Section 6.2) and G is the group of reflections which maps a

similarity shape to the shape of its reflected configuration. Since G is generated by a

single element in O(m) with determinant −1, therefore RΣk
m is locally like Σk

0m with

the same tangent space and Riemannian metric.
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8.2 Extrinsic Analysis on the Reflection Shape Space

It has been shown that the map

J : RΣk
m → S(k,R), J(σ(z)) = z′z (8.2.1)

is an embedding of the reflection shape space into S(k,R) (see Bandulasiri and Pa-

trangenaru (2005), Bandulasiri et al. (2008), and Dryden et al. (2008)). It induces

the extrinsic distance

ρ2
E(σ(z1), σ(z2)) = ‖J(σ(z1)) − J(σ(z2))‖2 = Trace(z′1z1 − z′2z2)

2

= Trace(z1z
′
1)

2 + Trace(z2z
′
2)

2 − 2Trace(z1z
′
2z2z

′
1), z1, z2 ∈ Sk

m

on RΣk
m. The embedding J is H-equivariant where H = O(k) acts on the right:

Aσ(z)
.
= σ(zA′), A ∈ O(k). Indeed, then

J(Aσ(z)) = Azz′A′ = φ(A)J(σ(z))

where

φ(A) : S(k,R) → S(k,R), φ(A)B = ABA′

is an isometry.

Define Mk
m as the set of all k × k positive semi-definite matrices of rank m and

trace 1. Then the image of RΣk
m under the embedding J in (8.2.1) is

J(RΣk
m) = {A ∈Mk

m : A1k = 0}. (8.2.2)

If we represent the preshape sphere Sk
m as in (6.1.3), then Mk

m = J(RΣk+1
m ). Hence

Mk
m is a submanifold (not complete) of S(k,R) of dimension km− 1 −m(m− 1)/2.

Propsition 8.2.1 below identifies the tangent and normal spaces of Mk
m. The proof is

taken from Bhattacharya (2008a).
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Proposition 8.2.1. Let A ∈Mk
m. (a) The tangent space of Mk

m at A is given by

TA(Mk
m) = {U

(

T S
S ′ 0

)

U ′ : T ∈ S(m,R), Trace(T ) = 0} (8.2.3)

where A = UDU ′ is a singular value decomposition (s.v.d.) of A, U ∈ SO(m) and

D = Diag(λ1, . . . , λk). (b) The orthocomplement of the tangent space in S(k,R) or

the normal space is given by

TA(Mk
m)⊥ = {U

(

λIm 0
0 T

)

U ′ : λ ∈ R, T ∈ S(k −m,R)} (8.2.4)

Proof. Represent the preshape of a (k + 1)−ad x by the m × k matrix z where

‖z‖2 = Trace(zz′) = 1 and let Sk+1
m be the preshape sphere,

Sk+1
m = {z ∈ R

m×k : ‖z‖ = 1}.

Let NSk+1
m be the nonsingular part of Sk+1

m , i.e.,

NSk+1
m = {z ∈ Sk+1

m : rank(z) = m}.

Then RΣk+1
m = NSk+1

m /O(m) and Mk
m = J(RΣk+1

m ). The map

J : RΣk+1
m −→ S(k,R), J(σ(z)) = z′z = A

is a embedding. Hence

TA(Mk
m) = dJσ(z)(Tσ(z)RΣk+1

m ). (8.2.5)

Since RΣk+1
m is locally like Σk+1

0m , Tσ(z)RΣk+1
m can be identified with the horizontal

subspace Hz of TzS
k+1
m obtained in Section 6.2, which is

Hz = {v ∈ Rm×k : trace(zv′) = 0, zv′ = vz′}. (8.2.6)

Consider the map

J̃ : NSk+1
m → S(k,R), J̃(z) = z′z. (8.2.7)
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Its derivative is a isomorphism between the horizontal subspace of TNSk+1
m ≡ TSk+1

m

and TMk
m. The derivative is given by

dJ̃ : TSk+1
m → S(k,R), dJ̃z(v) = z′v + v′z. (8.2.8)

Hence

TAM
k
m = dJ̃z(Hz) = {z′v + v′z : v ∈ Hz}. (8.2.9)

From the description of Hz in equation (8.2.6), and using the fact that z has full row

rank, it follows that

Hz = {zv : v ∈ R
k×k, trace(z′zv) = 0, zvz′ ∈ S(m,R)}. (8.2.10)

From equations (8.2.9) and (8.2.10), we get that

TAM
k
m = {Av + v′A : AvA ∈ S(k,R), trace(Av) = 0}. (8.2.11)

Let A = UDU ′ be a s.v.d. of A as in the statement of the proposition. Using the fact

that A has rank m, (8.2.11) can be written as

TAM
k
m = {U(Dv + v′D)U ′ : DvD ∈ S(k,R), trace(Dv) = 0}

= {U
(

T S
S ′ 0

)

U ′ : T ∈ S(m,R), Trace(T ) = 0}. (8.2.12)

This proves part (a). From the definition of orthocomplement and (8.2.12), we get

that

TAM
k
m

⊥
= {v ∈ S(k,R) : trace(v′w) = 0 ∀ w ∈ TAM

k
m}

= {U
(

λIm 0
0 R

)

U ′ : λ ∈ R, R ∈ S(k −m,R)} (8.2.13)

where Im is the m×m identity matrix. This proves (b) and completes the proof.

For a k × k positive semi definite matrix µ with rank atleast m, its projection on

to Mk
m is defined as

P (µ) = {A ∈Mk
m : ‖µ− A‖2 = argmin

x∈Mk
m

‖µ− x‖2} (8.2.14)



105

if this set is non empty. The following theorem, as proved in Bhattacharya (2008a),

shows that the projection set is nonempty and derives formula for the projection

matrices.

Theorem 8.2.2. P (µ) is non empty and consists of

A =
m
∑

j=1

(λj − λ̄+
1

m
)UjU

′
j (8.2.15)

where λ1 ≥ λ2 ≥ . . . ≥ λk are the ordered eigen values of µ; U1, U2, . . . , Uk are some

corresponding orthonormal eigen vectors and λ̄ = 1
m

∑m
j=1 λj.

Proof. Let

f(x) = ‖µ− x‖2, x ∈ S(k,R). (8.2.16)

If f has a minimizer A in Mk
m then (grad f)(A) ∈ TA(Mk

m)⊥ where grad denotes the

Euclidean derivative operator. But (grad f)(A) = 2(A−µ). Hence if A minimizes f ,

then

A− µ = UA

(

λIm 0
0 T

)

UA′
(8.2.17)

where UA = (UA
1 , U

A
2 , . . . , U

A
k ) is a k×k matrix consisting of an orthonormal basis of

eigen vectors of A corresponding to its ordered eigen values λA
1 ≥ λA

2 ≥ . . . ≥ λA
m >

0 = . . . = 0. From (8.2.17) it follows that

µUA
j = (λA

j − λ)UA
j ; j = 1, 2, . . . ,m. (8.2.18)

Hence {λA
j −λ}m

j=1 are eigen values of µ with {UA
j }m

j=1 as corresponding eigen vectors.

Since these eigen values are ordered, this implies that there exists a singular value

decomposition of µ: µ =
∑k

j=1 λjUjU
′
j, and a set of indices S = {i1, i2, . . . , im},

1 ≤ i1 < i2 < . . . < im ≤ k such that

λA
j − λ = λijand (8.2.19)

UA
j = Uij , j = 1, . . . ,m. (8.2.20)
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Add the equations in (8.2.19) to get λ = 1
m
− λ̄ where λ̄ =

P

j∈S λj

m
. Hence

A =
∑

j∈S

(λj − λ̄+
1

m
)UjU

′
j. (8.2.21)

Since
∑k

j=1 λj = 1, hence λ̄ ≤ 1/m and λj − λ̄+ 1
m
> 0 ∀j ∈ S. So A is positive semi

definite of rank m. It is easy to check that trace(A)=1 and hence A ∈ Mk
m. It can

be shown that among the matrices A of the form (8.2.21), the function f defined in

equation (8.2.16) is minimized when

S = {1, 2, . . . ,m}. (8.2.22)

Define Mk
≤m as the set of all k × k positive semi-definite matrices of rank ≤ m and

trace = 1. This is a compact subset of S(k,R). Hence f restricted to Mk
≤m attains

a minimum value. Let A0 be a corresponding minimizer. If rank(A0) < m, say

= m1, then A0 minimizes f restricted to Mk
m1

. Mk
m1

is a Riemannian manifold (it is

J(RΣk+1
m1

)). Hence A0 must have the form

A0 =

m1
∑

j=1

(λj − λ̄+
1

m1

)UjU
′
j (8.2.23)

where λ̄ =
Pm1

j=1
λj

m1
. But if one defines

A =
m
∑

j=1

(λj − λ̄+
1

m
)UjU

′
j (8.2.24)

with λ̄ =
Pm

j=1
λj

m
, then it is easy to check that f(A) < f(A0). Hence A0 cannot be

a minimizer of f over Mk
≤m, that is, a minimizer must have rank = m. Then it lies

in Mk
m and from equations (8.2.21) and (8.2.22), it follows that it has the form as in

equation (8.2.24). This completes the proof.

Let Q be a probability distribution on RΣk
m and let µ̃ be the mean of Q̃ ≡ Q◦J−1

in S(k,R). Then µ̃ is positive semi definite of rank atleast m and µ̃1k = 0. Theorem

8.2.2 can be used to get the formula for the extrinsic mean set of Q. This is obtained

in Corollary 8.2.3.
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Corollary 8.2.3. (a) The projection of µ̃ into J(RΣk
m) is given by

PJ(RΣk
m)(µ̃) = {A : A =

m
∑

j=1

(λj − λ̄+
1

m
)UjUj

′} (8.2.25)

where λ1 ≥ . . . ≥ λk are the ordered eigen values of µ̃, U1, . . . , Uk are corresponding

orthonormal eigen vectors and λ̄ =
Pm

j=1
λj

m
. (b) The projection set is a singleton

and Q has a unique extrinsic mean µE iff λm > λm+1. Then µE = σ(F ) where

F = (F1, . . . , Fm)′, Fj =
√

λj − λ̄+ 1
m
Uj.

Proof. Since µ̃1k = 0, therefore U ′
j1k = 0 ∀j ≤ m. Hence any A in (8.2.25) lies in

J(RΣk
m) Now part (a) follows from Theorem 8.2.2 using the fact that J(RΣk

m) ⊆Mk
m.

For simplicity, let us denote λj−λ̄+ 1
m

, j = 1, . . . ,m by λ∗j . To prove part (b), note that

if λm = λm+1, clearly A1 =
∑m

j=1 λ
∗
jUjUj

′ and A2 =
∑m−1

j=1 λ∗jUjUj
′ + λ∗mUm+1U

′
m+1

are two distinct elements in the projection set of (8.2.25). Consider next the case

when λm > λm+1. Let µ̃ = UΛU ′ = V ΛV ′ be two different s.v.d. of µ̃. Then

U ′V consists of orthonormal eigen vectors of Λ = Diag(λ1, . . . , λk). The condition

λm > λm+1 implies that

U ′V =

(

V11 0
0 V22

)

(8.2.26)

where V11 ∈ SO(m) and V22 ∈ SO(k −m). Write

Λ =

(

Λ11 0
0 Λ22

)

.

Then ΛU ′V = U ′V Λ implies Λ11V11 = V11Λ11 and Λ22V22 = V22Λ22. Hence

m
∑

j=1

λ∗jVjV
′
j

=U
m
∑

j=1

(

λ∗j(V11)j(V11)
′
j 0

0 0

)

U ′

=U

(

Λ11 + ( 1
m
− λ̄)Im 0

0 0

)

U ′

=
m
∑

j=1

λ∗jUjU
′
j.
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This proves that the projection set in (8.2.25) is a singleton when λm > λm+1. Then

for any F in part (b) and A in the projection set of equation (8.2.25), A = F ′F =

J(σ(F )). This proves part (b) and completes the proof.

From Proposition 4.2.1 and Corollary 8.2.3, it follows that the extrinsic variation

of Q has the following expression:

V =

∫

J(RΣk
m)

‖x− µ̃‖2Q̃(dx) + ‖µ̃− A‖2, A ∈ PJ(RΣk
m)(µ̃).

=

∫

J(RΣk
m)

‖x‖2Q̃(dx) +m(
1

m
− λ̄)2 −

m
∑

j=1

λ2
j . (8.2.27)

Remark 8.2.1. From the proof of Theorem 8.2.2 and Corollary 8.2.3, it follows

that the extrinsic mean set CQ of Q is also the extrinsic mean set of Q restricted to

Mk
≤m. Since Mk

≤m is a compact metric space, from Proposition 2.2.1, it follows that

CQ is compact. Let X1, X2, . . . , Xn be an iid sample from Q and let µnE and Vn be

the sample extrinsic mean and variation. Then from Proposition 2.2.3, it follows that

Vn is a consistent estimator of V . From Proposition 2.2.2, it follows that if Q has a

unique extrinsic mean µE, then µnE is a consistent estimator of µE.

8.3 Asymptotic Distribution of the Sample Extrinsic Mean

Let X1,. . ., Xn be an iid sample from some probability distribution Q on RΣk
m and let

µnE be the sample extrinsic mean (any measurable selection from the sample extrinsic

mean set). In the last section, we saw that if Q has a unique extrinsic mean µE, that

is, if the mean µ̃ of Q̃ = Q ◦ J−1 is a nonfocal point of S(k,R), then µnE converges

a.s. to µE as n → ∞. Also from Proposition 4.3.1 it follows that if the projection

map P ≡ PJ(RΣk
m) is continuously differentiable at µ̃, then

√
n[J(µnE) − J(µE)] has

asymptotic mean zero Gaussian distribution on TJ(µE)J(RΣk
m). To find the asymp-

totic dispersion, we need to compute the differential of P at µ̃ (if it exists).
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Consider first the map P : N(µ̃) → S(k,R), P (µ) =
∑m

j=1(λj(µ) − λ̄(µ) +

1/m)Uj(µ)Uj(µ)′ as in Theorem 8.2.2. Here N(µ̃) is an open neighborhood of µ̃

in S(k,R) where P is defined. Hence for µ ∈ N(µ̃), λm(µ) > λm+1(µ). It can be

shown that P is smooth on N(µ̃) (see Theorem 8.3.1). Let γ(t) = µ̃ + tv be a curve

in N(µ̃) with γ(0) = µ̃ and γ̇(0) = v ∈ S(k,R). Let µ̃ = UΛU ′, U = (U1, . . . , Uk),

Λ = Diag(λ1, . . . , λk) be a s.v.d. of µ̃ as in Corollary 8.2.3. Then

γ(t) = U(Λ + tU ′vU)U ′ = Uγ̃(t)U ′ (8.3.1)

where γ̃(t) = Λ + tU ′vU . Then γ̃(t) is a curve in S(k,R) starting at Λ. Say ṽ =

˙̃γ(0) = U ′vU . From equation (8.3.1) and from the definition of P , we get that

P [γ(t)] = UP [γ̃(t)]U ′. (8.3.2)

Differentiate equation (8.3.2) at t = 0, noting that d
dt
P [γ(t)]|t=0 = dµ̃P (v) and

d
dt
P [γ̃(t)]|t=0 = dΛP (ṽ), to get

dµ̃P (v) = UdΛP (ṽ)U ′. (8.3.3)

Let us find d
dt
P [γ̃(t)]|t=0. For that without loss of generality, we may assume that

λ1 > λ2 > . . . > λk. That is because, the set of all such matrices forms an open dense

set of S(k,R). Then we can choose a s.v.d. for γ̃(t): γ̃(t) =
∑k

j=1 λj(t)ej(t)ej(t)
′

such that {ej(t), λj(t)}k
j=1 are some smooth functions of t satisfying ej(0) = ej and

λj(0) = λj, where {ej}k
j=1 is the canonical basis for R

k. Since ej(t)
′ej(t) = 1, we get

by differentiating,

e′j ėj(0) = 0, j = 1, . . . , k. (8.3.4)

Also since γ̃(t)ej(t) = λj(t)ej(t), we get that

ṽej + Λėj(0) = λj ėj(0) + λ̇j(0)ej, j = 1, . . . , k. (8.3.5)

Consider the orthonormal basis (frame) for S(k,R): {Eab : 1 ≤ a ≤ b ≤ k} defined as

Eab =

{

1√
2
(eae

t
b + ebe

t
a) if a < b

eae
t
a if a = b.

(8.3.6)
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Let ṽ = Eab, 1 ≤ a ≤ b ≤ k. From equations (8.3.4) and (8.3.5), we get that

ėj(0) =











0 if a = b or j /∈ {a, b}
2−1/2(λa − λb)

−1eb if j = a < b

2−1/2(λb − λa)
−1ea if j = b > a.

(8.3.7)

and

λ̇j(0) =

{

1 if j = a = b

0 o.w.
(8.3.8)

Since

P [γ̃(t)] =
m
∑

j=1

[λj(t) − λ̄(t) +
1

m
]ej(t)ej(t)

′

where λ̄(t) = 1
m

∑m
j=1 λj(t), therefore

˙̄λ(0) =
1

m

m
∑

j=1

λ̇j(0),

d

dt
P [γ̃(t)]|t=0 =

m
∑

j=1

[λ̇j(0) − ˙̄λ(0)]eje
′
j

+
m
∑

j=1

[λj − λ̄+
1

m
][ej ėj(0)′ + ėj(0)e′j]. (8.3.9)

Take ˙̃γ(0) = ṽ = Eab, 1 ≤ a ≤ b ≤ k in equation (8.3.9). From equations (8.3.7) and

(8.3.8), we get that

d

dt
P [γ̃(t)]|t=0 = dΛP (Eab) =



















Eab if a < b ≤ m,

Eaa − 1
m

∑m
j=1Ejj if a = b ≤ m,

(λa − λ̄+ 1
m

)(λa − λb)
−1Eab if a ≤ m < b ≤ k,

0 if m < a ≤ b ≤ k.

(8.3.10)

Then from equations (8.3.3) and (8.3.10), we get that

dµ̃P (UEabU
′) =























UEabU
′ if a < b ≤ m,

U
(

Eaa − 1
m

∑m
j=1Ejj

)

U ′ if a = b ≤ m,

(λa − λ̄+ 1
m

)(λa − λb)
−1UEabU

′ if a ≤ m < b ≤ k,

0 if m < a ≤ b ≤ k.

(8.3.11)
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From the description of the tangent space TP (µ̃)M
k
m in Proposition 8.2.1, it is clear

that

dµ̃P (UEabU
′) ∈ TP (µ̃)M

k
m ∀a ≤ b.

Let us denote by

Fab = UEabU
′, 1 ≤ a ≤ m, a < b ≤ k, (8.3.12)

Fa = UEaaU
′, 1 ≤ a ≤ m. (8.3.13)

Then from equation (8.3.11), we get that

dµ̃P (UEabU
′) =



















Fab if 1 ≤ a < b ≤ m,

Fa − F̄ if a = b ≤ m,
(

λa − λ̄+ 1
m

)

(λa − λb)
−1Fab if 1 ≤ a ≤ m < b ≤ k,

0 o.w.

(8.3.14)

where F̄ = 1
m

∑m
a=1 Fa. Note that the vectors {Fab, Fa} in equations (8.3.12) and

(8.3.13) are orthonormal and
∑m

a=1 Fa − F̄ = 0. Hence from equation (8.3.14), we

conclude that the subspace spanned by

{dµ̃P (UEabU
′) : 1 ≤ a ≤ b ≤ k}

has dimension

m(m− 1)

2
+m− 1 +m(k −m) = km−m− m(m− 1)

2

which is the dimension of Mk
m. This proves that

TP (µ̃)M
k
m = Span{dµ̃P (UEabU

′)}a≤b.

Consider the orthonormal basis {UEabU
′ : 1 ≤ a ≤ b ≤ k} of S(k,R). Define

F̃a =
m
∑

j=1

HajFj, 1 ≤ a ≤ m− 1 (8.3.15)

where H is a (m− 1)×m Helmert matrix, that is HH ′ = Im−1 and H1m = 0. Then

the vectors {Fab} defined in equation (8.3.12) and {F̃a} defined in (8.3.15) together

form an orthonormal basis of TPµ̃M
k
m. This is proved in Theorem 8.3.1. It is taken

from Bhattacharya (2008a).
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Theorem 8.3.1. Let µ̃ be a nonfocal point in S(k,R). Let µ̃ = UΛU ′ be a s.v.d.

of µ̃. (a) The projection map P : N(µ̃) → S(k,R) is smooth and its derivative

dP : S(k,R) → TMk
m is given by equation (8.3.11). (b) The vectors (matrices)

{Fab : 1 ≤ a ≤ m, a < b ≤ k} defined in equation (8.3.12) and {F̃a : 1 ≤ a ≤
(m−1)} defined in equation (8.3.15) together form an orthonormal basis of TP (µ̃)M

k
m.

(c) Let A ∈ S(k,R) ≡ Tµ̃S(k,R) have coordinates ((aij))1≤i≤j≤k with respect to the

orthonormal basis {UEijU
′} of S(k,R). That is,

A =
∑∑

1≤i≤j≤k

aijUEijU
′,

aij = 〈A,UEijU
′〉 =

{√
2U ′

iAUj if i < j

U ′
iAUi if i = j.

Then dµ̃P (A) has coordinates

aij, 1 ≤ i < j ≤ m,

ãi, 1 ≤ i ≤ (m− 1),
(

λi − λ̄+
1

m

)

(λi − λj)
−1aij, 1 ≤ i ≤ m < j ≤ k

w.r.t. the orthonormal basis {Fij : 1 ≤ i < j ≤ m}, {F̃i : 1 ≤ i ≤ (m − 1)} and

{Fij : 1 ≤ i ≤ m < j ≤ k} of TP (µ̃)M
k
m. Here

a ≡ (a11, a22, . . . , amm)′,

ã ≡ (ã1, ã2, . . . , ãm−1)
′ = Ha.

Proof. Let µ ∈ N(µ̃) have ordered eigen values λ1(µ) ≥ λ2(µ) ≥ . . . ≥ λk(µ)

with corresponding orthonormal eigen vectors U1(µ), U2(µ), . . . , Uk(µ). Then from

Perturbation theory, it follows that if λm(µ) > λm+1(µ), then

µ 7→ Span(U1(µ), . . . , Um(µ)),
m
∑

i=1

λi(µ)
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are smooth maps into their respective codomains (see Dunford and Schwartz (1958),

p. 598). Write

P (µ) =
m
∑

j=1

λj(µ)Uj(µ)Uj(µ)′ +

(

1

m
− λ̄(µ)

) m
∑

j=1

Uj(µ)Uj(µ)′

Then
∑m

j=1 Uj(µ)Uj(µ)′ is the projection matrix of the subspace Span(U1(µ), . . .,

Um(µ)), which is a smooth function of µ.
∑m

j=1 λjUj(µ)Uj(µ)′ is the projection of

µ on the subspace Span(U1(µ)U1(µ)′, . . . , Um(µ)Um(µ)′) and hence is a smooth func-

tion of µ. Thus µ 7→ P (µ) is a smooth map on N(µ̃). This proves part (a).

From equation (8.3.14), we conclude that {Fab : 1 ≤ a ≤ m, a < b ≤ k} and

{Fa − F̄ : 1 ≤ a ≤ m} span TP (µ̃)M
k
m. It is easy to check from the definition of H

that Span{F̃a : 1 ≤ a ≤ (m− 1)} = Span{Fa − F̄ : 1 ≤ a ≤ m}. Also since {Fa} are

mutually orthogonal, so are {F̃a}. This proves that {Fab : 1 ≤ a ≤ m, a < b ≤ k}
and {F̃a : 1 ≤ a ≤ (m− 1)} together form an orthonormal basis of TPµ̃M

k
m, which is

claimed in part (b).

If A =
∑∑

1≤i≤j≤k aijUEijU
′, then

dµ̃P (A) =
∑∑

aijdµ̃P (UEijU
′) (8.3.16)

=
∑∑

1≤i<j≤m

aijFij +
m
∑

i=1

aii(Fi − F̄ ) +
m
∑

i=1

k
∑

j=m+1

aij(λi − λ̄+
1

m
)(λi − λj)

−1Fij

(8.3.17)

=
∑∑

1≤i<j≤m

aijFij +
m−1
∑

i=1

ãiF̃i +
m
∑

i=1

k
∑

j=m+1

(λi − λ̄+
1

m
)(λi − λj)

−1aijFij. (8.3.18)

This proves part (c). To get (8.3.18) from (8.3.17), we use the fact that
∑m

i=1 aii(Fi −
F̄ ) =

∑m−1
i=1 ãiF̃i. To show that, denote by F the matrix (F1, . . . , Fm), by F − F̄ the
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matrix (F1 − F̄ , . . . , Fm − F̄ ) and by F̃ the matrix (F̃1, . . . , F̃m−1). Then

m−1
∑

i=1

ãiF̃i = F̃ ã

=F̃Ha = F (Im − 1m1′
m)a

=(F − F̄ )a =
m
∑

i=1

aii(Fi − F̄ ).

This completes the proof.

Corollary 8.3.2. Consider the projection map restricted to S0(k,R) ≡ {A ∈ S(k,R) : A1k =

0}. Then its derivative is given by

dP : S0(k,R) → TJ(RΣk
m),

dµ̃P (A) =
∑∑

1≤i<j≤m

aijFij +
m−1
∑

i=1

ãiF̃i +
m
∑

i=1

k−1
∑

j=m+1

(λi − λ̄+
1

m
)(λi − λj)

−1aijFij.

(8.3.19)

Hence dµ̃P (A) has coordinates {aij, 1 ≤ i < j ≤ m}, {ãi, 1 ≤ i ≤ (m − 1)}, {(λi −
λ̄+ 1

m
)(λi − λj)

−1aij, 1 ≤ i ≤ m < j < k} w.r.t. the orthonormal basis {Fij : 1 ≤ i <

j ≤ m}, {F̃i : 1 ≤ i ≤ (m− 1)} and {Fij : 1 ≤ i ≤ m < j < k} of TPµ̃J(RΣk
m).

Proof. Follows from the fact that

TP (µ̃)J(RΣk
m) = {v ∈ TP (µ̃)M

k
m : v1k = 0}

and {Fij : j = k} lie in TP (µ̃)J(RΣk
m)⊥.

Consider the same set up as in Section 4.3. Let X̃j = J(Xj), j = 1, . . . , n be the

embedded sample in J(RΣk
m). Let d be the dimension of RΣk

m. Let Tj, j = 1, . . . , n

be the coordinates of dµ̃P (X̃j − µ̃) in TP (µ̃)J(RΣk
m) ≈ R

d. Then from equation (4.3.2)

and Proposition 4.3.1, it follows that

√
n[P (X̃) − P (µ̃)] =

√
nT̄ + oP (1)

L−→ N(0,Cov(T1)).
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We can get expression for Tj and hence T̄ from Corollary 8.3.2 as follows. Define

(Yj)ab =

{√
2U ′

aYjUb if 1 ≤ a < b ≤ k,

U ′
aYjUa − λa if a = b,

Sj = H((Yj)11, (Yj)22, . . . , (Yj)mm)′,

(Tj)ab =











(Yj)ab if 1 ≤ a < b ≤ m,

(Sj)a if 1 ≤ a = b ≤ (m− 1),

(λa − λ̄+ 1
m

)(λa − λb)
−1(Yj)ab if 1 ≤ a ≤ m < b < k.

(8.3.20)

Then Tj ≡ ((Tj)ab) is the vector of coordinates of dµ̃P (X̃j − µ̃) in R
d.

8.4 Two Sample Tests on the Reflection Shape Spaces

Now we are in the same set up as in Section 4.6: there are two samples on RΣk
m

and we want to test if they come from the same distribution, by comparing their

sample extrinsic means and variations. To use the test statistic T1 from equation

(4.6.3) to compare the extrinsic means, we need the coordinates of {dµ̂P (X̃j − µ̂)}
and {dµ̂P (Ỹj − µ̂)} in TP (µ̂)J(RΣk

m). We get those from Corollary 8.3.2 as described

in equation (8.3.20). To use the test statistic T2 from equation (4.6.7), we need

expressions for L : S(k,R) → TP (µ̂)(JRΣk
m) and Li : TP (µ̂i)(JRΣk

m) → TP (µ̂)(JRΣk
m),

i = 1, 2. Let µ̂ = UΛU ′ be a s.v.d. of µ̂. Consider the orthonormal basis {UEijU
′ :

1 ≤ i ≤ j ≤ k} of S(k,R) and the orthonormal basis of TP (µ̂)(JRΣk
m) derived in

Corollary 8.3.2. Then if A ∈ S(k,R) has coordinates {aij, 1 ≤ i ≤ j ≤ k}, it is easy

to show that L(A) has coordinates {aij, 1 ≤ i < j ≤ m}, {ãi, 1 ≤ i ≤ m − 1} and

{aij, 1 ≤ i ≤ m < j < k} in TP (µ̂)(JRΣk
m). If we label the bases of TP (µ̂i)J(RΣk

m)

as {vi
1, . . . , v

i
d}, i = 1, 2 and that of TP (µ̂)J(RΣk

m) as {v1, . . . , vd}, then one can show

that Li is the d× d matrix with coordinates

(Li)ab = 〈va, v
i
b〉 1 ≤ a, b ≤ d, i = 1, 2.
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8.5 Other distances on the Reflection Shape Spaces

In this section, we introduce some distances other than the extrinsic distance on RΣk
m

which can be used to construct appropriate Fréchet functions and hence Fréchet mean

and variation.

8.5.1 Full Procrustes Distance

Given two k-ads X1 and X2 in R
m×k, we define the full Procrustes distance be-

tween their reflection shapes as

dF (σ(X1), σ(X2)) = inf
Γ∈O(m),β∈R+

‖Z2 − βΓZ1‖ (8.5.1)

where Z1 and Z2 are the preshapes of X1 and X2 respectively. By a proof similar to

that of Result 4.1 in Dryden and Mardia (1998), it can be shown that

dF (X1, X2) = [1 − (
m
∑

i=1

λi)
2]1/2

and the values of Γ and β for which the infimum in equation (8.5.1) is attained are

Γ̂ = V U ′, β̂ =
m
∑

i=1

λi.

Here Z1Z
′
2 = UΛV ′ is the singular value decomposition of Z1Z

′
2, i.e. U, V ∈ O(m)

and

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . ≥ λm ≥ 0.

The quantity β̂Γ̂Z1 is called the full Procrustes coordinates of the shape of Z1

with respect to that of Z2.

8.5.2 Partial Procrustes Distance

Now define the partial Procrustes distance between the shapes of X1 and X2 as

dP (σ(X1), σ(X2)) = inf
Γ∈O(m)

‖Z2 − ΓZ1‖ (8.5.2)
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which is

dP (X1, X2) =
√

2(1 −
m
∑

i=1

λi)
1/2.

The value Γ̂ of Γ for which the infimum in equation (8.5.2) is attained is the same as

in Section 8.5.1. The quantity Γ̂Z1 is called the partial Procrustes coordinates

of the shape of Z1 with respect to that of Z2.

8.5.3 Geodesic Distance

We saw in Section 8.1 that RΣk
m = NSk

m/O(m). Therefore the geodesic distance

between the shapes of two k-ads X1 and X2 is given by

dg(σ(X1), σ(X2)) = dg(σ(Z1), σ(Z2)) = inf
Γ∈O(m)

dgs(Z1,ΓZ2). (8.5.3)

Here Z1 and Z2 are the preshapes of X1 and X2 respectively in the unit sphere Sk
m

and dgs(., .) denotes the geodesic distance on Sk
m which is given by

dgs(Z1, Z2) = arccos(Trace(Z1Z
′
2)).

Therefore

dg(σ(X1), σ(X2)) = inf
Γ∈O(m)

arccos(Trace(Z1Z
′
2)) = arccos( max

Γ∈O(m)
(Trace(ΓZ1Z

′
2))).

Let Z1Z
′
2 = UΛV be the singular value decomposition of Z1Z

′
2, that is, U, V ∈ O(m)

and

Λ = diag(λ1, . . . , λm), λ1 ≥ λ2 ≥ . . . λm ≥ 0.

Then

Trace(ΓZ1Z
′
2) = Trace(ΓUΛV ) = Trace(V ΓUΛ)

=
m
∑

j=1

λj(V ΓU)jj.
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This is maximized when V ΓU = Im or Γ = V ′U ′ and then

Trace(ΓZ1Z
′
2) =

m
∑

j=1

λj.

Therefore the geodesic distance is

dg(σ(X1), σ(X2)) = arccos(
m
∑

j=1

λj).

8.6 Application: Glaucoma Detection

In this section, we see an application of 3D similarity shape analysis in disease detec-

tion.

Glaucoma is a leading cause of eye blindness. To detect any shape change due

to Glaucoma, 3D images of the Optic Nerve Head (ONH) of both eyes of 12 mature

rhesus monkeys were collected. One of the eyes was treated to increase the Intra

Ocular Pressure (IOP) which is often the case of glaucoma onset, while the other was

left untreated. Five landmarks were recorded on each eye. For details on landmark

registration, see Derado et al. (2004). The landmark coordinates can be found in

Bhattacharya and Patrangenaru (2005). In this section, we consider the reflection

shape of the k-ads in RΣk
3, k = 5. We want to test if there is any significant differ-

ence between the shapes of the treated and untreated eyes by comparing the extrinsic

means and variations. The analysis is carried out in Bhattacharya (2008a).

Figure 8.1(a) shows the partial Procrustes coordinates of the untreated eyes’

shapes along with a preshape of the untreated eye sample extrinsic mean. Figure

8.1(b) shows the coordinates for the treated eyes’ shapes along with a preshape of the

treated eye sample extrinsic mean. In both cases the Procrustes coordinates are ob-

tained with respect to the respective sample means. Figure 8.2 shows the Procrustes
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Figure 8.1. (a) and (b) show 5 landmarks from untreated and treated eyes of 12
monkeys respectively, along with the mean shapes. * correspond to the mean shapes’
landmarks.
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coordinates of the mean shapes for the two eyes along with a preshape of the pooled

sample extrinsic mean. Here the coordinates are with repect to the preshape of the

pooled sample extrinsic mean. The sample extrinsic means have coordinates

L[P (µ̂1) − P (µ̂)] = (0.003,−0.011,−0.04, 0.021, 0.001,−0.001, 0.007,−0.004),

L[P (µ̂2) − P (µ̂)] = (−0.003, 0.011, 0.04,−0.021,−0.001, 0.001,−0.007, 0.005)

in the tangent sapce of P (µ̂). Here P (µ̂1) and P (µ̂2) are the embeddings of the

sample extrinsic mean shapes of the untreated and treated eyes respectively, P (µ̂) is

the embedded extrinsic mean shape for the pooled sample and L denotes the linear

projection on to TP (µ̂)J(RΣ5
3). The sample extrinsic variations for the untreated and

treated eyes are 0.041 and 0.038 respectively.

This is an example of a matched paired sample. To compare the extrinsic means

and variations, we use the methodology of Section 4.6.2. The value of the matched

pair test statistic T1p in equation (4.6.15) is 36.29 and the asymptotic p-value for

testing if the shape distributions for the two eyes are the same is

P (X 2
8 > 36.29) = 1.55 × 10−5.

The value of the test statistic T2p from equation (4.6.18) for testing whether the

extrinsic means are the same is 36.56 and the p-value of the chi-squared test turns

out to be 1.38×10−5. Hence we conclude at asymptotic level 0.0001 or higher that the

mean shapes of the two eyes are significantly different. Because of lack of sufficient

data and high dimension, the bootstrap estimates of the covariance matrix Σ̂ in

(4.6.19) turn out to be singular or close to singular in many simulations. To avoid

that, we construct a pivotal bootsrap confidence region for the first few principal

scores of Lµ̃[P (µ1) − P (µ2)] and see if it includes 0. Here P (µi) is the embedding of

the extrinsic mean of Qi, i = 1, 2 (see Section 4.6.2) and µ̃ = (µ1 + µ2)/2. The first

two principal components of Σ̂ explain more than 80% of its variation. A bootstrap
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confidence region for the first two principal scores is given by the set

{nT ′
nΣ̂−1

11 Tn ≤ c∗(1 − α)} where (8.6.1)

Tn = L[P (µ̂1) − P (µ̂2) − P (µ1) + P (µ2)]. (8.6.2)

Here n = 12 is the sample size and c∗(1 − α) is the upper (1 − α)-quantile of

the bootstrap distribution of nv∗Σ∗−1
11 v∗, v∗ being defined in equation (4.6.9). If

Σ̂ =
∑8

j=1 λjUjU
′
j is a s.v.d. for Σ̂, then Σ̂−1

11
.
=
∑2

j=1 λ
−1
j UjU

′
j and Σ∗−1

11 is its boot-

strap estimate. The bootstrap p-value with 104 simulations turns out to be 0.0098.

Hence we again reject H0 : P (µ1) = P (µ2). The corresponding p-value using X 2
2

approximation for the distribution of nT ′
nΣ̂−1

11 Tn in (8.6.1) turns out to be 0.002. It

may be noted that the p-values are much smaller than those obtained by different

methods in Bhattacharya and Patrangenaru (2005) and Bandulasiri et al. (2008).

Next we test if the two eye shapes have the same extrinsic variation. The value

of the test statistic T3p from equation (4.6.21) equals −0.5572 and the asymptotic

p-value equals

P (|Z| > 0.5572) = 0.577, Z ∼ N(0, 1).

The bootstrap p-value with 104 simulations equals 0.59. Hence we accept H0 and

conclude that the extrinsic variations are equal at levels 0.5 or lower.

Since the mean shapes for the two eyes are found to be different, we conclude

that the underlying probability distributions are distinct and hence Glaucoma indeed

changes the shape of the eyes.
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Figure 8.2. Extrinsic mean shapes for the 2 eyes along with the pooled sample
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Chapter 9

AFFINE SHAPE SPACES AΣ
k
m

9.1 Introduction

The affine shape of a k-ad x with landmarks in R
m may be defined as the orbit of

this k-ad under the group of all affine transformations

x 7→ F (x) = Ax+ b,

where A is an arbitrary m × m non-singular matrix and b is an arbitrary point in

R
m. Then the affine shape space AΣk

m may be defined as the collection of all affine

shapes, that is

AΣk
m = {σ(x) : x ∈ R

m×k} where

σ(x) = {Ax+ b : A ∈ GL(m,R), b ∈ R
m}

and GL(m,R) is the general linear group on R
m of all m×m nonsingular matrices.

Note that two k-ads x = (x1, . . . , xk) and y = (y1, . . . , yk), (xj, yj ∈ R
m for all

j) have the same affine shape if and only if the corresponding centered k-ads u =

(u1, u2, . . . , uk) = (x1 − x̄, . . . , xk − x̄) and v = (v1, v2, . . . , vk) = (y1 − ȳ, . . . , yk − ȳ)

are related by a transformation

Au
.
= (Au1, . . . , Auk) = v, A ∈ GL(m,R).

The centered k-ads lie in a linear subspace of R
m×k, call it H(m, k) which is

H(m, k) = {u ∈ R
m×k :

k
∑

j=1

uj = 0}.

Hence AΣk
m can be represented as the quotient of this subspace under all general

linear transformations, that is

AΣk
m = H(m, k)/GL(m,R).
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The subspace H(m, k) is an Euclidean manifold of dimension m(k − 1). The group

GL(m,R) has the relative topology (and distance) of R
m2

and hence is a manifold

of dimension m2. Assume k > m + 1. For the action of GL(m,R) on H(m, k) to be

free and the affine shape space to be a manifold, we require that the columns of u

(u ∈ H(m, k)) span R
m. Indeed the condition

Au = u⇔ A = Im

holds if and only if rank(u) = m. Hence we consider only such centered k-ads u, that

is

u ∈ H0(m, k)
.
= {v ∈ H(m, k) : rank(v) = m}

and redefine the affine shape space as

AΣk
m = H0(m, k)/GL(m,R).

Then it follows that AΣk
m is a manifold of dimension m(k − 1) −m2. To get rid of

the linear constraint
∑k

j=1 uj = 0 on H(m, k), one may postmultiply u by a Helmert

matrix H and consider the Helmertized k-ad ũ = uH as in Section 6.1. Then H(m, k)

can be identified with R
m(k−1) and H0(m, k) is an open dense subset of H(m, k).

For u, v ∈ H0(m, k), the condition Au = v holds if and only if u′A′ = v′ and as A

varies over GL(m,R), u′A′ generates the linear subspace L of R
k−1 spanned by the m

rows of u. The affine shape of u (or of the original k-ad x) can be identified with this

subspace. Thus AΣk
m may be identified with the set of all m dimensional subspaces

of R
k−1, namely, the Grassmannian Gm(k − 1), a result of Sparr (1992) (also see

Boothby (1986)). This identification enables us to give a Riemannian structure to

AΣk
m and carry out an intrinsic analysis. This is discussed in Section 9.2.

To carry out an extrinsic analysis on AΣk
m, we embed it into the space of all k×k

symmetric matrices S(k,R) via an equivariant embedding. Then analytic expressions
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for the extrinsic mean and variation are available. This is the subject of Section 9.3.

To get the asymptotic distribution of the sample extrinsic mean and carry out non-

parametric inference on affine shapes, we need to differentiate the projection map of

Proposition 9.3.1 which requires Perturbation theory arguements for eigenvalues and

eigenvectors. This is carried out in Section 9.4.

Affine shape spaces arise in many problems of bioinformatics, cartography, ma-

chine vision and pattern recognition (see Berthilsson and Heyden (1999), Berthilsson

and Astrom (1999), Sepiashvili et al. (2003), Sparr (1992)). We will see such an

application in Section 9.5. The tools developed in Sections 9.3 and 9.4 are applied to

this example to carry out an extrinsic analysis.

9.2 Geometry of Affine Shape Spaces

Consider a Helmertized k-ad x in R
m×(k−1). Define its special affine shape as the

orbit

sσ(x) = {Ax : A ∈ GL(m,R), det(A) > 0}. (9.2.1)

Any A ∈ GL(m,R) has a pseudo singular value decomposition A = UΛV where

U, V ∈ SO(m) and

Λ = Diag(λ1, . . . , λm), λ1 ≥ . . . ≥ λm−1 ≥ |λm|, sign(λm) = sign(det(A)).

Therefore a linear transformation x 7→ Ax consists of a rotation and different amount

of stretching in different directions followed by another rotation or reflection. When

det(A) > 0, that is, when we consider the special affine shape, we look at the affine

shape without any reflections. We can get the affine shape σ(x) of x from its special

affine shape sσ(x) by identifying sσ(x) with sσ(Tx) where T ∈ O(m), det(T ) = −1.

This T can be chosen to be any reflection matrix. Let the special affine shape
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space SAΣk
m be the collection of all special affine shapes, which is

SAΣk
m = {sσ(x) : x ∈ R

m×(k−1), rank(x) = m}

We restrict to full rank k-ads so that the group action is free and SAΣk
m is a manifold.

From the expression of sσ(x) in equation (9.2.1), it is clear that it is a function of the

‘oriented’ span of the rows of x, which in turn is a function of an orthogonal m-frame

for the rowspace of x. Infact SAΣk
m can be viewed as the quotient of SO(k − 1) as

follows. Denote by Stm(k) the Steifel manifold of all orthogonal m-frames in R
k.

For V ∈ SO(k− 1), write V =

(

V1

V2

)

where V1 ∈ Stm(k− 1), V2 ∈ Stk−m−1(k− 1).

Then the oriented span of the rows of V1 which is the special affine shape of V1 can

be identified with the orbit

π(V ) = {
(

AV1

BV2

)

: A ∈ SO(m), B ∈ SO(k −m− 1)} = {
(

A 0
0 B

)

V }. (9.2.2)

This implies that

SAΣk
m = SO(k − 1)/SO(m) × SO(k −m− 1).

Then AΣk
m = SAΣk

m/G where G is a finite group generated by any T ∈ SO(k − 1)

which looks like

T =

(

T1 0
0 T2

)

, T1 ∈ O(m), T2 ∈ O(k −m− 1), det(T1) = det(T2) = −1.

This means that two elements V,W in SO(k − 1) have the same affine shape iff ei-

ther π(V ) = π(W ) or π(TV ) = π(W ). Hence AΣk
m is locally like SAΣk

m. Since

SO(m) × SO(k − m − 1) acts as isometries on SO(k − 1), therefore the map π :

SO(k − 1) → SAΣk
m in equation (9.2.2) is a Riemannian submersion. Then SAΣk

m

and hence AΣk
m inherits the Riemannian metric tensor from SO(k − 1) making it a

Riemannian manifold.

To derive expression for the tangent space of SAΣk
m (or of AΣk

m), we need to

identify the horizontal subspace of the tangent space of SO(k−1). Then dπ provides
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an isometry between the horizontal subspace and the tangent space of SAΣk
m. We

saw in Section 6.2 that geodesics in SO(k − 1) starting at V ∈ SO(k − 1) look like

γ(t) = exp(tA)V

where A ∈ Skew(k − 1) (A+ A′ = 0) and

exp(B) = I +B +
B2

2!
+ . . .

This geodesic is vertical if it lies in the orbit π(V ). That is when

γ(t) =

(

exp(tA) 0
0 exp(tB)

)

V

where A ∈ Skew(m), B ∈ Skew(k −m− 1). Then

γ̇(0) =

(

A 0
0 B

)

V.

Therefore the vertical subspace of the tangent space TV SO(k− 1) of SO(k− 1) at V

has the form

V erV = {
(

A 0
0 B

)

V : A+ A′ = 0, B +B′ = 0}.

The horizontal subspace HV is its orthocomplement in TV SO(k − 1) which is given

by

HV = {AV : A ∈ Skew(k − 1), Trace

(

A

(

B1 0
0 B2

))

= 0 ∀ B1 ∈ Skew(m),

B2 ∈ Skew(k −m− 1)}

= {AV : A =

(

0 B
−B′ 0

)

, B ∈ R
m×(k−m−1)}.

Then

Tπ(V )SAΣk
m = dπV (HV ).
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9.3 Extrinsic Analysis on Affine Shape Spaces

Let u be a centered k-ad in H0(m, k) and let σ(u) denote its affine shape, which is

the orbit

σ(u) = {Au : A ∈ GL(m,R)}.

Consider the map

J : AΣk
m → S(k,R), J(σ(u)) ≡ A = FF ′ (9.3.1)

where F = (f1, f2, . . . , fm) is an orthonormal basis for the row space of u. It has

been shown that J is an embedding of AΣk
m into S(k,R), equivariant under the

action of O(k) (see Dimitric (1996)). In (9.3.1), A is the projection (matrix) on

to the subspace spanned by the rows of u. Hence through the embedding J , we

identify a m-dimensional subspace of R
k−1 with the projection map (matrix) on to

that subspace. Since A is a projection matrix, it is characterized by

A2 = A, A = A′ and trace(A) = rank(A) = m.

Also since u is a centered k-ad, that is, the rows of u are orthogonal to 1k, therefore

A1k = 0. Hence the image of AΣk
m into S(k,R) under the embedding J is given by

J(AΣk
m) = {A ∈ S(k,R) : A2 = A, trace(A) = m, A1k = 0} (9.3.2)

which is a compact Riemannian submanifold of S(k,R) of dimension mk −m−m2.

It is easy to show that A = u′(uu′)−1u.

Let Q be a probability distribution on AΣk
m and let Q̃ = Q ◦ J−1 be its image in

J(AΣk
m). Let µ̃ be the mean of Q̃, that is µ̃ =

∫

J(AΣk
m)
xQ̃(dx). Then µ̃ is a k × k

positive semi definite matrix satisfying

trace(µ̃) = m, rank(µ̃) ≥ m and µ̃1k = 0.
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To carry out an extrinsic analysis on AΣk
m, we need to identify the extrinsic mean

(set) of Q which is the projection (set) of µ̃ on J(AΣk
m). Denote by P (µ̃) the set of

projections of µ̃ on J(AΣk
m), as defined in equation (4.2.3). Proposition 9.3.1 below

gives an expression for P (µ̃) and hence finds the extrinsic mean set of Q. It was first

proved in Sughatadasa (2006). The proof below is constructed independently and is

included here for the sake of completeness.

Proposition 9.3.1. (a) The projection of µ̃ into J(AΣk
m) is given by

P (µ̃) = {
m
∑

j=1

UjU
′
j} (9.3.3)

where U = (U1, . . . , Uk) ∈ SO(k) is such that µ̃ = UΛU ′, Λ = Diag(λ1, . . . , λk),

λ1 ≥ . . . ≥ λk = 0. (b) µ̃ is nonfocal and Q has a unique extrinsic mean µE iff

λm > λm+1. Then µE = σ(F ′) where F = (U1, . . . , Um).

Proof. From the definition of P (µ̃), it follows that for any A0 ∈ P (µ̃),

‖µ̃− A0‖2 = min
A∈J(AΣk

m)
‖µ̃− A‖2.

Here ‖.‖ denotes the Euclidean norm which is

‖A‖2 = Trace(AA′), A ∈ R
k×k.

Then for any A ∈ J(AΣk
m),

‖µ̃− A‖2 = Trace(µ̃− A)2 =
k
∑

i=1

λ2
i +m− 2Trace(µ̃A) (9.3.4)

where λ1, . . . , λk are the eigenvalues of µ̃ defined in the statement of the Proposition.

Since A is a projection matrix, it can be written as

A = FF ′ where F ∈ R
k×m, F ′F = Im.
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Also write µ̃ = UΛU ′ as in the proposition. Then

‖µ̃− A‖2 =
k
∑

i=1

λ2
i +m− 2Trace(F ′UΛU ′F )

=
k
∑

i=1

λ2
i +m− 2Trace(EΛE ′), E = F ′U. (9.3.5)

To minimize ‖µ̃−A‖2, we need to maximize Trace(EΛE ′) over E ∈ R
m×k, EE ′ = Im.

Note that

Trace(EΛE ′) =
m
∑

i=1

k
∑

j=1

e2ijλj =
k
∑

j=1

wjλj

where E = ((eij)) and wj =
∑m

i=1 e
2
ij, j = 1, 2, . . . , k. Then 0 ≤ wj ≤ 1 and

∑k
j=1wj = m. Therefore the maximum value of Trace(EΛE ′) equals

∑m
j=1 λj which

is attained iff

w1 = w2 = . . . = wm = 1, wi = 0 for i > m.

That is when

E = (E11, 0)

for some E11 ∈ O(m). Then from equation (9.3.5), it follows that F = UE ′ and the

value of A which minimizes (9.3.4) is given by

A0 = FF ′ = UE ′EU ′ = U

(

Im 0
0 0

)

U ′ =
m
∑

j=1

UjU
′
j. (9.3.6)

This proves part (a) of the proposition.

To prove part (b), note that
∑m

j=1 UjU
′
j is the projection matrix of the subspace

spanned by {U1, . . . , Um} which is unique iff λm > λm+1. Then µE = σ(F ′) for any

F satisfying A0 = FF ′, A0 being defined in equation (9.3.6). Hence one can choose

F = (U1, . . . , Um). This completes the proof.

We can use Proposition 9.3.1 and Proposition 4.2.1 to get an expression for the
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extrinsic variation V of Q as follows:

V = ‖µ̃− µ‖2 +

∫

J(AΣk
m)

‖µ̃− x‖2Q̃(dx), µ ∈ P (µ̃).

= 2(m−
m
∑

i=1

λi). (9.3.7)

Let X1, . . . , Xn be an iid sample from Q and let µnE be the sample extrinsic mean,

which can be any measurable selection from the sample extrinsic mean set. It follows

from Proposition 2.2.2 that if Q has a unique extrinsic mean µE, that is, if µ̃ is a

nonfocal point of S(k,R), then µnE is a consistent estimator of µE.

9.4 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume that µ̃ is a nonfocal point of S(k,R). Then the map

P (µ̃) =
∑m

j=1 UjU
′
j is well defined and smooth in a neighborhood N(µ̃) of µ̃ in S(k,R).

That follows from Perturbation theory, because if λm > λm+1, then the subspace

spanned by {U1, . . . , Um} is a smooth map from S(k,R) into Gm(k) and P (µ̃) is the

matrix of projection onto that subspace. Then it follows from the calculations of

Section 4.3 that
√
n(J(µnE) − J(µE)) is asymptotically normal in the tangent space

of J(AΣk
m) at J(µE) ≡ P (µ̃). To get the asymptotic coordinates and the dipersion

matrix as in Proposition 4.3.1, we need to find the derivative of P . Define

Nk
m = {A ∈ S(k,R) : A2 = A, trace(A) = m}. (9.4.1)

Then Nk
m = J(AΣk+1

m ), which is a Riemannian manifold of dimension km − m2. It

has been shown in Dimitric (1996) that the tangent and normal spaces to Nk
m are

given by

TAN
k
m = {v ∈ S(k,R) : vA+ Av = v}, (9.4.2)

TAN
k
m

⊥
= {v ∈ S(k,R) : vA = Av}. (9.4.3)
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Consider the map

P : N(µ̃) → Nk
m, P (A) =

m
∑

j=1

Uj(A)Uj(A)′ (9.4.4)

where A =
∑k

j=1 λj(A)Uj(A)Uj(A)′ is a s.v.d. of A as in Proposition 9.3.1. The

expression for the derivative of P is obtained in Bhattacharya (2008a) which is men-

tioned in Proposition 9.4.1 below.

Proposition 9.4.1. The derivative of P is given by

dP : S(k,R) → TNk
m, dµ̃P (A) =

m
∑

i=1

k
∑

j=m+1

(λi − λj)
−1aijUEijU

′ (9.4.5)

where A =
∑∑

1≤i≤j≤k aijUEijU
′ and {UEijU

′ : 1 ≤ i ≤ j ≤ k} is the orthogonal

basis (frame) for S(k,R) obtained in Section 8.3.

Proof. Let γ(t) = µ̃+ tv be a curve in N(µ̃) with γ(0) = µ̃ and γ̇(0) = v ∈ S(k,R).

Then

γ(t) = U(Λ + tU ′vU)U ′ = Uγ̃(t)U ′ (9.4.6)

where γ̃(t) = Λ + tU ′vU , which is a curve in S(k,R) satisfying γ̃(0) = Λ and ˙̃γ(0) =

ṽ = U ′vU . From equations (9.4.4) and (9.4.6), we get that

P [γ(t)] = UP [γ̃(t)]U ′. (9.4.7)

Differentiate equation (9.4.7) at t = 0 to get

dµ̃P (v) = UdΛP (ṽ)U ′. (9.4.8)

To find dΛP (ṽ) ≡ d
dt
P [γ̃(t)]|t=0, we may assume without loss of generality that λ1 >

λ2 > . . . > λk. Then we can choose a s.v.d. for γ̃(t) as γ̃(t) =
∑k

j=1 λj(t)ej(t)ej(t)
′

such that {ej(t), λj(t)}k
j=1 are some smooth functions of t satisfying ej(0) = ej and

λj(0) = λj, where {ej}k
j=1 is the canonical basis for R

k. Let ṽ = Eab, 1 ≤ a ≤ b ≤ k.

Then we can get exressions for ėj(0) from equation (8.3.7). Since

P [γ̃(t)] =
m
∑

j=1

ej(t)ej(t)
′,
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therefore
d

dt
P [γ̃(t)]|t=0 =

m
∑

j=1

[ej ėj(0)′ + ėj(0)e′j] (9.4.9)

From equations (8.3.7) and (9.4.9), we get that

dΛP (Eab) =

{

(λa − λb)
−1Eab if a ≤ m < b ≤ k,

0 o.w.
(9.4.10)

Then from equation (9.4.8), we get that

dµ̃P (UEabU
′) =

{

(λa − λb)
−1UEabU

′ if a ≤ m < b ≤ k,

0 o.w.
(9.4.11)

Hence if A =
∑∑

1≤i≤j≤k aijUEijU
′, from (9.4.11), we get that

dµ̃P (A) =
m
∑

i=1

k
∑

j=m+1

(λi − λj)
−1aijUEijU

′. (9.4.12)

This completes the proof.

Corollary 9.4.2. Consider the projection map of equation (9.4.4) restricted to

S0(k,R) := {A ∈ S(k,R) : A1k = 0}.

It has the derivative

dP : S0(k,R) → TJ(Ak
m), dµ̃P (A) =

m
∑

i=1

k−1
∑

j=m+1

(λi − λj)
−1aijUEijU

′.

Proof. Follows from Proposition 9.4.1 and the fact that

TP (µ̃)J(Ak
m) = {v ∈ TP (µ̃)N

k
m : v1k = 0}.

From Corollary 9.4.2, it follows that

{UEijU
′ : 1 ≤ i ≤ m < j < k} (9.4.13)
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forms an orthonormal basis for TP (µ̃)J(Ak
m) and if A ∈ S(k,R) has coordinates {aij :

1 ≤ i ≤ j ≤ k} with respect to the orthonormal basis {UEijU
′ : 1 ≤ i ≤ j ≤ k}

of S(k,R), then dµ̃P (A) has coordinates {(λi − λj)
−1aij : 1 ≤ i ≤ m < j < k}

in TP (µ̃)J(Ak
m). Also it is easy to show that the linear projection L(A) of A into

TP (µ̃)J(Ak
m) has coordinates {aij : 1 ≤ i ≤ m < j < k}. Therefore we have the

following corollary to Proposition 4.3.1. In the statement of Corollary 9.4.3, X̃j =

J(Xj), j = 1, . . . , n denotes the embedded sample in J(AΣk
m) and

Tj = ((Tj)ab : 1 ≤ a ≤ m < b < k)

denotes the coordinates of dµ̃P (X̃j − µ̃) in R
km−m−m2

with respect to the orthonor-

mal basis of TP (µ̃)J(Ak
m) obtained in equation (9.4.13). Then Tj has the following

expression:

(Tj)ab =
√

2(λa − λb)
−1U ′

aX̃jUb, 1 ≤ a ≤ m < b < k.

Corollary 9.4.3. If µ̃ = E[X̃1] is a nonfocal point of S(k,R), then

√
n[J(µnE) − J(µE)] =

√
ndµ̃P (X̃ − µ̃) + oP (1)

L−→ N(0,Σ)

where Σ denotes the covariance matrix of T1.

Using Corollary 9.4.3, we may construct confidence regions for µE as in Section

4.3 or perform two sample tests to compare the extrinsic means from two populations

on AΣk
m as in Section 4.6.

The asymptotic distribution of the sample extrinsic variation follows from Theo-

rem 4.4.1 using which we may construct confidence intervals for the extrinsic variation

of Q or compare the extrinsic variations for two populations via two sample tests de-

scribed in Section 4.6.
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9.5 Application to Handwritten Digit Recognition

A random sample of 30 handwritten digit ‘3’ were collected so as to devise a scheme to

automatically classify handwritten characters. 13 landmarks were recorded on each

image by Anderson (1997). The landmark data can be found in Dryden and Mardia

(1998).

We analyse the affine shape of the sample points and estimate the mean shape

and variation in shape. This can be used as a prior model for digit recognition from

images of handwritten codes. Our observations lie on the affine shape space AΣk
2,

k = 13. A representative of the sample extrinsic mean shape has coordinates

u = (−0.53,−0.32,−0.26,−0.41, 0.14,−0.43, 0.38,−0.29, 0.29,−0.11, 0.06, 0,

− 0.22, 0.06, 0.02, 0.08, 0.19, 0.13, 0.30, 0.21, 0.18, 0.31,−0.13, 0.38,−0.42, 0.38).

The coordinates are in pairs, x coordinate followed by y. Figure 9.1 shows the plot

of u.

The sample extrinsic variation turns out to be 0.27 which is fairly large. There

seems to be a lot of variability in the data. Following are the extrinsic distances

squared of the sample points from the mean affine shape:

(ρ2(Xj, µE), j = 1, . . . , n) = (1.64, 0.28, 1.00, 0.14, 0.13, 0.07, 0.20, 0.09, 0.17, 0.15,

0.26, 0.17, 0.14, 0.20, 0.42, 0.31, 0.14, 0.12, 0.51, 0.10, 0.06, 0.15, 0.05, 0.31, 0.08,

0.08, 0.11, 0.18, 0.64, 0.12).

Here n = 30 is the sample size. From these distances, it is clear that observations 1

and 3 are outliers. We remove them and recompute the sample extrinsic mean and

variation. The sample variation now turns out to be 0.19.
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Figure 9.1. Extrinsic mean shape for handwritten digit 3 sample.

An asymptotic 95% confidence region for the extrinsic mean µE as in equation

(4.3.3) is given by

{µE : nL[P (µ̃) − P (X̃)]′Σ̂−1L[P (µ̃) − P (X̃)] ≤ X 2
20(0.95) = 31.4104}.

The dimension 20 of AΣ13
2 is quite high compared to the sample size of 28. It is

difficult to construct a pivotal bootstrap confidence region as in equation (4.3.4) be-

cause the bootstrap covariance estimates Σ∗ tend to be singular or close to singular

in most simulations. Instead, we construct a nonpivotal bootstrap confidence region

by considering the linear projection L[P (X̃)−P (X̃∗)] into the tangent space of P (X̃)

and replacing Σ∗ by Σ̂. Then the 95th bootstrap percentile c∗(0.95) turns out be 1.077

using 105 simulations. Hence bootstrap methods yield much smaller confidence region

for the true mean shape compared to that obtained from chi-squared approximation.

A 95% confidence interval for the extrinsic variation V by normal approximation
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as described in equation (4.4.9) is given by V ∈ [0.140, 0.243] while a pivotal boot-

strap confidence interval using 105 simulations turns out to be [0.119, 0.264].

In Dryden and Mardia (1998), the 2D similarity shapes (planar shapes) of the

sample k-ads are analysed. A multivariate Normal distribution is assumed for the

Procrustes coordinates of the planar shapes of the sample points, using which a F

test is carried out to test if the population mean shape corresponds to that of an

idealized template. The test yields a p-value of 0.0002 (see Example 7.1, Dryden and

Mardia (1998)).
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Chapter 10

REAL PROJECTIVE SPACES AND

PROJECTIVE SHAPE SPACES

10.1 Introduction

Consider a k-ad picked on a planar image of an object or scene in 3D. If one thinks

of images or photographs obtained through a central projection (a pinhole camera is

an example of this), a ray is received as a landmark on the image plane (e.g., the film

of the camera). Since axes in 3D comprise the projective space RP 2, the k-ad in this

view is valued in RP 2. For a k-ad in 3D to represent a k-ad in RP 2, the corresponding

axes must all be distinct. To have invariance with regard to camera angles, one may

first look at the original noncollinear 3D k-ad u and achieve affine invariance by its

affine shape (i.e., by the equivalence class Au, A ∈ GL(3,R)), and finally take the

corresponding equivalence class of axes in RP 2 to define the projective shape of the

k-ad as the equivalence class, or orbit, with respect to projective transformations on

RP 2. The projective shape of a k-ad is singular if the k axes lie on the vector plane

RP 1. For k > 4, the space of all non-singular shapes is the 2D projective shape

space, denoted as P0Σ
k
2.

In general, the projective space RPm comprises of axes or lines through the

origin in R
m+1. Thus elements of RPm may be represented as equivalence classes

[x] = [x1 : x2 : . . . : xm+1] = {λx : λ 6= 0}, x = (x1, . . . , xm+1)′ ∈ R
m+1 \ {0}.

Then a projective transformation α on RPm is defined in terms of an (m+ 1) ×
(m+ 1) nonsingular matrix A ∈ GL(m+ 1,R) by

α([x]) = [Ax].
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The group of all projective transformations on RPm is denoted by PGL(m). Now

consider a k-ad y = (y1, . . . , yk) in (RPm)k, say yj = [xj], j = 1, . . . , k, xj ∈ R
m+1\{0}

and k > m+ 2. The projective shape of this k-ad is its orbit under PGL(m), i.e.,

α(y)
.
= {(αy1, . . . , αyk) : α ∈ PGL(m)}. To exclude singular shapes, define a k-ad

y = (y1, . . . , yk) = ([x1], . . . , [xk]) to be in general position if there exists a subset

of m+2 landmarks, say (yi1 , . . . , yim+2
), such that the linear span of any m+1 points

from this set is RPm, i.e., if the linear span of their representative points in R
m+1 is

R
m+1. The space of shapes of all k-ads in general position is the projective shape

space P0Σ
k
m.

10.2 Geometry of the Real Projective Space RPm

Since any line through the origin in R
m+1 is uniquely determined by its points of

intersection with the unit sphere Sm, one may identify RPm with Sm/G, with G

comprising the identity map and the antipodal map p 7→ −p. Its structure as a

m-dimensional manifold (with quotient topology) and its Riemannian structure both

derive from this identification. Among applications are observations on galaxies, on

axes of crystals, or on the line of a geological fissure (Watson (1983), Mardia and

Jupp (1999), Fisher et al. (1987), Beran and Fisher (1998), Kendall (1989)).

For u, v ∈ Sm the geodesic distance between the corresponding elements [u], [v] ∈
RPm is given by

dg([u], [v]) = min{dgs(u, v), dgs(u,−v)}

where dgs(u, v) = arccos(u′v) is the geodesic distance on Sm. Therefore

dg([u], [v]) = min{arccos(u′v), arccos(−u′v)} = arccos(|u′v|).

The injectivity radius of RPm is π
2
. The map

π : Sm → RPm, u 7→ [u]
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is a Riemannian submersion. The exponential map of RPm at [u] is Exp[u] = π ◦
expu ◦ dπ−1

u where expu : TuS
m → Sm is the exponential map of the sphere, which is

expu(v) = cos(‖v‖)u+ sin(‖v‖) v

‖v‖ , v ∈ TuS
m.

The cutlocus of [u] is

C([u]) = {[v] ∈ RPm : dg([u], [v]) =
π

2
}

= {[v] ∈ RPm : u′v = 0}.

The exponential map Exp[u] is invertible on RPm \C([u]) and its inverse is given by

Exp−1
[u] ([v]) =

arccos(|u′v|)
√

1 − (u′v)2
dπu

(

u′v

|u′v|v − |u′v|u
)

, u′v 6= 0.

The projective space has a constant sectional curvature of 4.

10.3 Geometry of the Projective Shape Space P0Σ
k
m

Recall that the projective shape of a k-ad y ∈ (RPm)k is given by the orbit

σ(y) = {αy : α ∈ PGL(m)}.

This orbit has full rank if y is in general position. Then we defined the projective shape

space P0Σ
k
m to be the set of all shapes of k-ads in general position. Define a projective

frame in RPm to be an ordered system of m + 2 points in general position, that is,

the linear span of any m + 1 points from this set is RPm. Let I = i1 < . . . < im+2

be an ordered subset of {1, . . . , k}. A manifold structure on PIΣ
k
m, an open dense

subset of P0Σ
k
m of projective shapes of k-ads (y1, . . . , yk), for which (yi1, . . . , yim+2

) is

a projective frame in RPm, is derived in Mardia and Patrangenaru (2005) as follows.

The standard frame is defined to be ([e1], . . . , [em+1], [e1 + e2 + . . .+ em+1]), where

ej ∈ R
m+1 has 1 in the j-th coordinate and zeros elsewhere. Given two projective

frames (p1, . . . , pm+2) and (q1, . . . , qm+2), there exists a unique α ∈ PGL(m) such
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that α(pj) = qj (j = 1, . . . ,m + 2). By ordering the points in a k-ad such that

the first m + 2 points are in general position, one may bring this ordered set, say,

(p1, . . . , pm+2), to the standard form by a unique α ∈ PGL(m). Then the ordered

set of remaining k − m − 2 points is transformed to a point in (RPm)k−m−2. This

provides a diffeomorphism between PIΣ
k
m and the product of k − m − 2 copies of

the real projective space RPm. Hence by developing corresponding inference tools on

RPm, one can perform statistical inference in a dense open subset of P0Σ
k
m. In the

subsequent sections, we develop intrinsic and extrinsic analysis tools on RPm.

10.4 Intrinsic Analysis on RPm

Let Q be a probability distribution on RPm and let X1, . . . , Xn be an iid random

sample from Q. The value of r∗ on RPm as defined in Chapter 2 turns out to be

the minimum of its injectivity radius of π
2

and π
4
√

C
where C is its constant sectional

curvature of 4. Hence r∗ = π
2

and therefore if the support of Q is contained in an

open geodesic ball of radius π
4
, then it has a unique intrinsic mean in that ball. In this

section, we assume that supp(Q) ⊆ B(p, π
4
), p ∈ RPm. Let µI = [µ] (µ ∈ Sm) be the

intrinsic mean of Q in the ball. Choose an orthonormal basis v1, . . . , vd for TµS
m so

that {dπµ(vj)} forms an orthonormal basis for TµI
RPm. For [x] ∈ B(p, π

4
) (x ∈ Sm),

let φ([x]) be the coordinates of Exp−1
µI

([x]) with respect to this basis, which are

φ([x]) = (x1, . . . , xm),

xj =
x′µ

|x′µ|
arccos(|x′µ|)
√

1 − (x′µ)2
(x′vj), j = 1, 2, . . . ,m.

Let Xj = [Yj] (Yj ∈ Sm) and X̃j = φ(Xj), j = 1, 2, . . . , n. Let µnI be the sample in-

trinsic mean in B(p, π
4
) and let µn = φ(µnI). Then from Theorem 3.3.1 and Corollary

3.3.2, it follows that if supp(Q) ⊆ B(µI ,
π
4
), then

√
nµn

L−→ N(0,Λ−1ΣΛ−1)
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where Σ = 4E(X̃1X̃
′
1) and Λ = ((Λrs))1≤r,s≤d where

Λrs = Λsr = 2E[
1

(1 − |X̃ ′
1µ|2)



1 − arccos(|X̃ ′
1µ|)(2|X̃ ′

1µ|2 − 1)

|X̃ ′
1µ|
√

1 − (X̃ ′
1µ)2



 (X̃ ′
1vr)(X̃

′
1vs)

+
arccos(|X̃ ′

1µ|)(2|X̃ ′
1µ|2 − 1)

|X̃ ′
1µ|
√

1 − (X̃ ′
1µ)2

δrs], 1 ≤ r ≤ s ≤ d.

A confidence region for µI of asymptotic confidence level 1 − α is given by

{µI : nµ′
nΛ̂Σ̂−1Λ̂µn ≤ X 2

m(1 − α)}

where Λ̂ and Σ̂ are sample estimates of Λ and Σ respectively. We can also construct

a pivotal bootstrap confidence region by methods developed in Section 2.3.

To compare the intrinsic means or variations of two probability distribution on

RPm and hence distinguish between them, we can use the methods developed in

Section 3.5.

10.5 Extrinsic Analysis on RPm

Another representation of RPm is via the Veronese-Whitney embedding J of

RPm into the space of all (m+ 1) × (m+ 1) symmetric matrices S(m+ 1,R) which

is a real vector space of dimension (m+1)(m+2)
2

. This embedding was introduced by

Watson (1983) and is given by

J([u]) = uu′ = ((uiuj))1≤i,j≤m+1, u = (u1, .., um+1)
′ ∈ Sm.

It induces the extrinsic distance

ρ2([u], [v]) = ‖uu′ − vv′‖2 = Trace(uu′ − vv′)2 = 2(1 − (u′v)2).

If one denotes the the space of all (m + 1) × (m + 1) positive semi definite matrices

as S+(m+ 1,R), then

J(RPm) = {A ∈ S+(m+ 1,R) : rank(A) = Trace(A) = 1}
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which is a compact Riemannian submanifold of S(m+1,R) of dimension m. The em-

bedding J is equivariant under the action of the orthogonal group O(m+1) which acts

on RPm as A[u] = [Au] (see Kent (1992), Bhattacharya and Patrangenaru (2005)).

Let Q be a probability measure on RPm, and let µ̃ be the mean of Q̃
.
= Q ◦ J−1

considered as a probability distribution on S(m + 1,R). To find the extrinsic mean

set of Q, we need to find the projection of µ̃ on M̃
.
= J(RPm), say PM̃(µ̃), as

in Proposition 4.2.1. The projection set has been obtained in Bhattacharya and

Patrangenaru (2003) but we include the derivation here for the sake of completeness.

Since µ̃ belongs to the convex hull of M̃ , it lies in S+(m+ 1,R) and satisfies

rank(µ̃) ≥ 1, Trace(µ̃) = 1.

There exists an orthogonal (m + 1) × (m + 1) matrix U such that µ̃ = UDU ′, D ≡
Diag(λ1, . . . , λm+1) where the eigen values may be taken to be ordered: 0 ≤ λ1 ≤
. . . ≤ λm+1. To find PM̃(µ̃), note first that, writing v = U ′u, we get that

‖µ̃− uu′‖2 = Trace[(µ̃− uu′)2]

= Trace[{U ′(µ̃− uu′)U}{U ′(µ̃− uu′)U}] = Trace[(D − vv′)2].

Write v = (v1, . . . , vm+1), so that

‖µ̃− uu′‖2 =
m+1
∑

i=1

(λi − v2
i )

2 +
∑

j 6=j′

(vivj)
2

=
m+1
∑

i=1

λ2
i +

m+1
∑

i=1

v4
i − 2

m+1
∑

i=1

λiv
2
i + (

∑

j

v2
j )(
∑

j′

v2
j′) −

m+1
∑

j=1

v4
j

=
m+1
∑

i=1

λ2
i − 2

m+1
∑

i=1

λiv
2
i + 1. (10.5.1)

The minimum of equation (10.5.1) is achieved when v = (0, 0, . . . , 0, 1)′ = em+1. That

is when u = Uv = Uem+1 is an unit eigenvector of µ̃ having the eigenvalue λm+1.

Hence the minimum distance between µ̃ and M̃ is attained by µµ′ where µ is a unit
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vector in the eigenspace of the largest eigenvalue of µ̃. There is a unique minimizer

iff the largest eigenvalue of µ̃ is simple, i.e., if the eigenspace corresponding to the

largest eigenvalue is one dimensional. In that case, one says that µ̃ is a nonfocal point

of S+(m + 1,R) and then from Proposition 4.2.1 it follows that the extrinsic mean

µE of Q is [µ]. Also the extrinsic variation of Q has the expression

V = E[‖J(X1) − µ̃‖2] + ‖µ̃− uu′‖2 = 2(1 − λm+1)

where X1 ∼ Q. Therefore we have the following corollary to Proposition 4.2.1.

Corollary 10.5.1. Let Q be a probability distribution on RPm and let Q̃ = Q ◦ J−1

be its image in S(m + 1,R). Let µ̃ =
∫

S(m+1,R)
xQ̃(dx) denote the mean of Q̃. (a)

Then the extrinsic mean set of Q consists of all [µ], where µ is a unit eigenvector of

µ̃ corresponding to its largest eigen value λm+1. (b) This set is a singleton and Q has

a unique extrinsic mean iff µ̃ is nonfocal, that is λm+1 is a simple eigenvalue. (c) The

extrinsic variation of Q has the expression V = 2(1 − λm+1).

Consider a random sample X1, . . . , Xn iid Q. Let µn denote a measurable unit

eigenvector of µ̃n = 1
n

∑n
i=1 J(Xi) corresponding to its largest eigenvalue λm+1,n. Then

it follows from Proposition 2.2.2 and Corollary 10.5.1 that if µ̃ is nonfocal, then the

sample extrinsic mean µnE = [µn] is a strongly consistent estimator of the extrinsic

mean of Q. Proposition 2.2.3 implies that the sample extrinsic variation 2(1−λm+1,n)

is a strongly consistent estimator of the extrinsic variation of Q.

10.6 Asymptotic distribution of the Sample Extrinsic Mean

In this section we assume that µ̃ is a nonfocal point of S(m+ 1,R). Let X̃j = J(Xj),

j = 1, . . . , n be the image of the sample in M̃ (= J(RPm)). Then it follows from

Proposition 4.3.1 that if the projection map P : S(m+1,R) → J(RPm), P (A) = vv′,

v being a unit eigen vector from the eigenspace of the largest eigenvalue of A, is
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continuously differentiable in a neighborhood of µ̃, then
√
n[J(µnE) − J(µE)] has

an asymptotic mean zero Gaussian distribution on TJ(µE)M̃ . It has asymptotic co-

ordinates
√
nT̄ where Tj is the coordinates of dµ̃P (X̃j − µ̃) with respect to some

orthonormal basis for TJ(µE)M̃ . To get these coordinates and hence derive analytic

expression for the parameters in the asymptotic distribution, we need to compute the

differential of P at µ̃ (if it exists). The computations can be found in Prentice (1984)

and Bhattacharya and Patrangenaru (2005). We mention the derivation below so as

to derive expressions for two-sample test statistics as in Section 4.6 to compare the

extrinsic means from two populations.

Let γ(t) = µ̃ + tv be a curve in S(m + 1,R) with γ(0) = µ̃ and γ̇(0) = v ∈
S(m+ 1,R). Let µ̃ = UDU ′, U = (U1, . . . , Um+1), D = diag(λ1, . . . , λm+1) be a s.v.d.

of µ̃ as in Section 10.5. Then

γ(t) = U(D + tU ′vU)U ′ = Uγ̃(t)U ′

where γ̃(t) = D + tU ′vU is a curve in S(m+ 1,R) starting at D with initial velocity

˙̃γ(0) = ṽ ≡ U ′vU . Since D has largest eigenvalue simple, for t sufficiently small,

γ̃(t) is nonfocal. Choose em+1(t) be a unit eigen vector corresponding to the largest

(simple) eigenvalue λm+1(t) of γ̃(t), such that t 7→ em+1(t), t 7→ λm+1(t) are smooth

(near t = 0) with em+1(0) = em+1, λm+1(0) = λm+1. Such a choice is possible by

Perturbation theory of matrices since λm+1 > λm (see Dunford and Schwartz (1958)).

Then

γ̃(t)em+1(t) = λm+1(t)em+1(t), (10.6.1)

e′m+1(t)em+1(t) = 1. (10.6.2)

Differentiate equations (10.6.1) and (10.6.2) with respect to t at t = 0 to get

(λm+1Im+1 −D)
.
em+1(0) = −

.

λm+1(0)em+1 + ṽem+1, (10.6.3)

e′m+1

.
em+1(0) = 0 (10.6.4)
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where
.
em+1(0) and

.

λm+1(0) refer to d
dt
em+1(t)|t=0 and d

dt
λm+1(t)|t=0 respectively. Con-

sider the orthonormal basis (frame) {Eab : 1 ≤ a ≤ b ≤ m + 1} for S(m + 1,R) as

defined in Section 8.3. Choose ṽ = Eab for 1 ≤ a ≤ b ≤ m + 1. From equations

(10.6.3) and (10.6.4), we get that

ėm+1(0) =

{

0 if 1 ≤ a ≤ b ≤ m or a = b = m+ 1,

2−1/2(λm+1 − λa)
−1ea if 1 ≤ a < b = m+ 1.

(10.6.5)

Since P (γ̃(t)) = em+1(t)e
′
m+1(t), therefore

d

dt
P (γ̃(t))|t=0 = dDP (ṽ) = em+1ė

′
m+1(0) + ėm+1(0)e′m+1. (10.6.6)

From equations (10.6.5) and (10.6.6), we get that

dDP (Eab) =

{

0 if 1 ≤ a ≤ b ≤ m or a = b = m+ 1,

(λm+1 − λa)
−1Eab if 1 ≤ a < b = m+ 1.

(10.6.7)

Since P commutes with isometries A 7→ UAU ′, i.e. P (UAU ′) = UP (A)U ′ and

γ(t) = Uγ̃(t)U ′, therefore

d

dt
P (γ(t))|t=0 = U

d

dt
P (γ̃(t))|t=0U

′

or

dµ̃P (v) = UdDP (ṽ)U ′.

Hence from equation (10.6.7), it follows that

dµ̃P (UEabU
′) =

{

0 if 1 ≤ a ≤ b ≤ m or a = b = m+ 1,

(λm+1 − λa)
−1UEabU

′ if 1 ≤ a < b = m+ 1.
(10.6.8)

Note that for all U ∈ SO(m+1), {UEabU
′ : 1 ≤ a ≤ b ≤ m+1} is also an orthonormal

frame for S(m+ 1,R). Further from equation (10.6.8), it is clear that

{UEabU
′ : 1 ≤ a < b = m+ 1} (10.6.9)
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forms an orthonormal frame for TP (µ̃)M̃ . If A ∈ S(m + 1,R) has coordinates {aij :

1 ≤ i ≤ j ≤ m+ 1} with respect to the basis {UEabU
′ : 1 ≤ a ≤ b ≤ m+ 1}, that is,

A =
∑∑

1≤i≤j≤m+1

aijUEijU
′,

aij = 〈A,UEijU
′〉 =

{√
2U ′

iAUj if i < j

U ′
iAUi if i = j,

then from equation (10.6.8), it follows that

dµ̃P (A) =
∑∑

1≤i≤j≤m+1

aijdµ̃P (UEijU
′)

=
m
∑

i=1

aim+1(λm+1 − λi)
−1UEim+1U

′.

Hence dµ̃P (A) has coordinates

{
√

2(λm+1 − λi)
−1U ′

iAUm+1 : 1 ≤ i ≤ m} (10.6.10)

with respect to the orthonormal basis in equation (10.6.9) for TP (µ̃)M̃ . This proves

the following Proposition.

Proposition 10.6.1. Let Q be a probability distribution on RPm with unique extrinsic

mean µE. Let µ̃ be the mean of Q̃
.
= Q ◦ J−1 regarded as a probability distribution on

S(m + 1,R). Let µnE be the sample extrinsic mean from an iid sample X1, . . . , Xn.

Let X̃j = J(Xj), j = 1, . . . , n and X̃ = 1
n

∑n
j=1 X̃j. (a) The projection map P is

twice continuously differentiable in a neighborhood of µ̃ and

√
n[J(µnE) − J(µE)] =

√
ndµ̃P (X̃ − µ̃) + oP (1)

L−→ N(0,Σ)

where Σ is the covariance of the coordinates of dµ̃P (X̃1 − µ̃).

(b) If Tj = (T 1
j , . . . , T

m
j ) denotes the coordinates of dµ̃P (X̃j − µ̃) with respect to the

orthonormal basis of TP (µ̃)M̃ as in equation (10.6.9), then

T a
j =

√
2(λm+1 − λa)

−1U ′
aX̃jUm+1, a = 1, . . . ,m.
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Proof. See Proposition 4.3.1.

Proposition 10.6.1 can be used to construct an asymptotic or bootstrap confidence

region for µE as in Section 4.3.

Given two random samples on RPm, we can distinguish between the underlying

probability distributions by comparing the sample extrinsic means and variations by

methods developed in Section 4.6.
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