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ABSTRACT

This thesis presents certain recent methodologies and some new results for the statis-
tical analysis of probability distributions on non-Euclidean manifolds. The notions of
Fréchet mean and variation as measures of center and spread are introduced and their
properties are discussed. The sample estimates from a random sample are shown to
be consistent under fairly broad conditions. Depending on the choice of distance on
the manifold, intrinsic and extrinsic statistical analyses are carried out. In both cases,
sufficient conditions are derived for the uniqueness of the population means and for the
asymptotic normality of the sample estimates. Analytic expressions for the parame-
ters in the asymptotic distributions are derived. The manifolds of particular interest
in this thesis are the shape spaces of k-ads. The statistical analysis tools developed on
general manifolds are applied to the spaces of direct similarity shapes, planar shapes,
reflection similarity shapes, affine shapes and projective shapes. Two-sample non-
parametric tests are constructed to compare the mean shapes and variation in shapes
for two random samples. The samples in consideration can be either independent of
each other or be the outcome of a matched pair experiment. The testing procedures
are based on the asymptotic distribution of the test statistics, or on nonparametric
bootstrap methods suitably constructed. Real life examples are included to illustrate

the theory.
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CHAPTER 1

INTRODUCTION

The statistical analysis of shapes has diverse applications in biology, engineering sci-
ences, computer sciences and many other fields of study. In a wide variety of problems,
it is of great practical importance to measure, describe and compare the shapes of
objects. Although it is easy to describe ‘shape’, it is not a trivial matter to come up
with a formal mathematical definition of shape. Perhaps the earliest and the most
well known notion of shape is the similarity shape, that is all characteristics of the
object of study which remains after location, rotation and scale information is re-
moved. In his research, the author is mostly concerned with landmark based shape
analysis where a certain number of points or landmarks, say k, are picked from the
object whose shape we want to measure, usually with expert help. Such a set of k
points is called a k-ad or configuration of k points. One approach to study the shape
of a k-ad would be to extract features like ratio of distances, angles etc which are
invariant under similarity transformations and perform analysis on them. However it
is more efficient to work with the full geometry of the k-ad after removing the similar-
ity transformations. That way one has more information on the shape of the object
and the results obtained are easier to interpret. Hence in his dissertation, the author
works with the full shape of a k-ad. Among the pioneers of such landmark based
shape analysis, the author would like to mention Kendall (1977, 1984) and Bookstein
(1978). Bookstein’s approach is primarily registration based requiring two or three
landmarks to be brought into a standard position by translation, rotation and scaling
of the k-ad. For these shapes, the author has preferred Kendall’s more invariant view
of a shape identified with the orbit under rotation of the k-ad centered at the origin

and scaled to have unit size. The set of all shapes then is the quotient of the unit
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sphere under the group of rotations (in m-dimensions) and hence a quotient manifold.

In many applications of object recognition based on its shape, the notion of ‘sim-
ilarity shape’ is not found to be adequate. For example two triangles with labelled
vertices may not have the same similarity shape but are similar when one is reflected
about an axis. That is when one says that the triangles have the same reflection sim-
ilarity shape. Further, different photographs of the same object taken from different
angles may be related by a projective transformation which may not be a similarity.
Then the images have the same projective shape. Hence depending on the applica-

tion, the appropriate notion of shape of a k-ad has to be considered.

Statistical shape analysis is concerned with methodology for analysing shapes in
the presence of randomness. All the shape spaces studied in this thesis are quotient
manifolds, often the quotient of the unit sphere. Hence to carry out statistical shape
analysis, appropriate estimation and inference tools need to be developed on general
non-Euclidean manifolds which are to be applied to the shape space of interest. To
do nonparametric inference on manifolds, one uses parameters like mean and varia-
tion which are defined for a general probablity distribution on the manifold. Then
from a random sample on the manifold, the sample estimates are obtained and their
properties like consistency and asymptotic distribution are examined. Using the es-
timates, one carries out inference on the unknown population parameters and hence
on the underlying probability distribution either by asymptotic tests or by bootstrap
methods. Bootstrap methods are particularly useful when the sample sizes are not
too large for the asymptotic distribution approximation to hold good. This is true
for shape data, especially when there are too many landmarks. Effron’s bootstrap
(Effron (1982)) is one of the important tools proposed here for setting critical points
for two sample tests and for confidence regions for the parameters. However when

the number of landmarks on the sample k-ads is too high compared to the sample



14

size, it may not be possible to construct a pivotal bootstrap confidence region. Then
one may set confidence regions for only the first few principle scores or use nonpiv-
otal bootstrap methods. In all the examples studied in this thesis, various bootstrap

methods and asymptotic tests yield consistent results (see Sections 7.10, 8.6 and 9.5).

One may also carry out paramteric inference where one assumes a specific form
for the underlying probability distribution with unknown parameters and carrys out
inference on the parameters by tests such as likelihood ratio tests. A fairly compre-
hensive account of parametric models on the planar shape space, with many references
to the literature, can be found in Dryden and Mardia (1998). However, the exist-
ing models do not seem to fit the shape data that occur in applications very well
and examples in Bhattacharya and Bhattacharya (2008a) suggest that appropriate
nonparametric methods detect differences in shape distributions better than their
parametric counterparts in the literature. Hence in his dissertation, the author has

focussed only on nonparametric inference methods.

Apart from comparing the means and variations, one may use more elaborate non-
paramteric inference procedures such as nonparametric density estimation. However
application of such procedures to the high dimensional shape spaces suffer from the
‘curse of dimensionality’ problem and hence have not been used in this thesis. Fur-
ther, in all the examples studied in this thesis and in articles like Bhattacharya and
Patrangenaru (2005), Bhattacharya and Bhattacharya (2008 a,c) and Bhattacharya

(2008a, b), the means and variations are found to be adequate for discrimination.

This thesis deals with landmark based shape analysis. Apart from that, there
is now a vast literature, especially in computer science and electrical engineering on
what is called continuous shape analysis. The continuous shape of an object or image

is defined by the actual boundary of the object or image, either as a closed contour
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(in 2D) or by a compact surface (in 3D), modulo a group of transformations. This
view was pioneered by Grerenander (1993). In dealing with notions of continuous
shape, the infinite dimensional nature of these manifolds and their general lack of lo-
cal compactness conditions causes problems. In contrast, the landmark based shape
spaces are finite dimensional locally compact manifolds. If an adequate number of
landmarks are picked at important locations, they can capture most of the continuous
shape information. For the current state of research on continuous shapes, see Krim

and Yezzi (2006) and Joshi et. al. (2006).

The general nonparametric statistical approach based on Fréchet means is due to
Bhattacharya and Patrangenaru (2002, 2003, 2005). Some earlier work on this may
also be found in Patrangenaru (1998) and Hendricks and Landsman (1998). Among
the goals of the author in the present dissertation are (1) the resolution of a number of
geometric and mathematical issues that arise in the application of the above paradigm
to manifolds of interest in biology, medical imaging and machine vision, and (2) the
construction of proper asymptotic inference procedures such as two-sample tests for
discrimination among different distributions on manifolds of interest. Here is a brief

outline of the different chapters in this dissertation.

In chapter 2, the concepts of Fréchet mean and variation are introduced. The idea
is to define the Fréchet function of a probability distribution ) on a metric space M
as the integral (with respect to @) of a positive convex function of the distance metric
on M and define the Frechet mean as the minimizer (if unique) of this Fréchet func-
tion and the Fréchet variation as the minimum value (if finite). Among all possible
convex functions, general powers of the distance are considered. This generalizes the
definition of the Fréchet function and hence Fréchet mean and variation from Bhat-
tacharya and Patrangenaru (2003). Conditions are derived for the consistency and

asymptotic normality of the sample estimates. It is to be noted that for the asymp-
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totic normality of the sample variation to hold, it is necessary to assume that there is
a unique population mean even though that is not required for the sample variation
to be consistent. Confidence regions for the population parameters are constructed
both by using the asymptotic distribution of the sample estimates and by pivotal
bootstrap methods. Using such confidence regions, one can identify the underlying
probability distribution from a random sample on the manifold M. This is called

Fréchet analysis on M.

Chapter 3 performs Fréchet analysis on Riemannian manifolds by using the geodesic
distance as the distance metric in the definition of the Fréchet function. The resulting
Fréchet parameters are called the intrinsic parameters and the corresponding statis-
tical analysis is called intrinsic analysis on a manifold M. In this chapter, sufficient
conditions are derived for the existence of a unique intrinsic mean and the asymp-
totic normality of the sample intrinsic mean. Two-sample nonparametric tests are
constructed to compare the sample intrinsic means and variations which can be used
to distinguish between the underlying probability distributions. Two different cases
are considered, firstly when the two samples are mutually independent and next for
matched pair samples, which arise for example when the X and Y observations cor-

respond to the same subjects.

Even though intrinsic analysis would seem to be the natural approach for statisti-
cal analysis on manifolds, broad conditions for the existence of the intrinsic mean are
not known. The known conditions require that the probability ) has support in a
convex geodesic ball. To avoid that, one may perform extrinsic analysis on manifolds
which is the subject of Chapter 4. This is also pursued when a natural Riemannian
structure on M is not in sight. For extrinsic analysis on M, one embeds it into some
higher dimensional Euclidean space and uses the distance induced by this embedding.

Then, as the results from Chapter 7 show, the corresponding analysis becomes a lot
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simpler both mathematically and computationally than its intrinsic counterpart. For
example, the extrinsic mean is known to exist under fairly broad conditions and it has
a closed form analytic expression in most cases (see Chapters 7, 8, 9 and 10). Also
the asymptotic normality of the sample extrinsic mean and variation hold under less
restrictive assumptions and analytic expressions for the parameters in the distribu-
tion are relatively easy to get. All this is presented in this chapter. In particular, the
extrinsic mean set comprises of all projections of the Euclidean mean of the image
of @ on the image manifold under the embedding. Hence there is a unique mean
iff there is a unique projection. For asymptotic normality of the sample mean and
variation, one requires that this projection map is smooth in a neighborhood of the
population mean (which is assumed to exist). The chapter concludes with two-sample
nonparametric tests to distinguish between two probbaility distributions by compar-
ing the sample extrinsic means and variations. As in Chapter 3, appropriate tests
are constructed both for mutually independent and matched pair samples. For the
extrinsic and intrinsic approaches to yield consistent results, it is important to choose
a ‘nice’ embedding. For that, an equivariant embedding is desirable, which preserves
a lot of the geometry of the manifold. The numerical examples in Chapter 7 show
that then the extrinsic and intrinsic means are very close to each other and the two

sample extrinsic and intrinsic tests yield similar results.

Since most of the shape spaces are quotients of the unit sphere, it is important to
understand how to carry out nonparamteric statistical analysis on this space. Hence

in both Chapters 3 and 4, the results are applied to the sphere.

In Chapter 5, the different notions of shapes that occur in this thesis are in-
troduced. They include direct similarity shapes, reflection similarity shapes, affine
shapes and projective shapes. For problems in biology like classification of species,

disease detection etc, similarity shape analysis has many uses, while for problems in
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machine vision and image analysis, affine and projective shape analysis is more ap-
propriate. All these shape spaces can be represented as the quotients of Riemannian
manifolds, often the Riemannian sphere. After removing some “singular shapes”, the
shape space has the natural structure of a Riemannian manifold, which can be used
to carry out an intrinsic analysis of shapes. If the shape space is embedded into some
Euclidean space via a preferably equivariant embedding, one can also carry out an
extrinsic analysis. For all the shape spaces considered in this thesis, the extrinsic
mean set and variation are found to depend on the eigenvalues and eigenvectors of
the Euclidean mean of the embedded probability distribution. Perturbation theory
arguements for eigenvalues and eigenvectors are used to get necessary and sufficient
conditions for the existence of a unique extrinsic mean and to prove the asymptotic

normality of the sample estimates.

In Chapters 6-10, the geometry of the shape spaces is discussed in more detail and

statistical analysis is performed on them using the methods of Chapters 3 and 4.

In particular, Chapter 6 provides an exposition of the geometry of the (direct)
similarity shape space of k-ads in m dimensions or ¥ . The cases of interest include
m = 2 or 3. This space can be represented as the quotient of the unit sphere with
respect to all rotations (in m dimensions). It is shown that after removing some sin-

gularities, ¥F is a Riemannian manifold. There are no such singularities when m = 2.

k

m?

This chapter identifies the tangent space of X7 | exponential map and geodesic dis-

tance on XX . Most of the results are taken from Kendall et al. (1999).

Chapter 7 considers in detail the similarity shape space when m = 2, which is also
called the planar shape space. This is a compact, connected Riemannian manifold
which can be identified with the complex projective space CP*~2, a well studied man-

ifold in differential geometry. After identifying X5 with CP*~2, this chapter presents
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the geometry of this space, namely its tangent space, exponential and inverse expo-
nential maps, geodesic distance, cut locus, sectional curvature etc. The methods of
Chapter 3 are applied to carry out an intrinsic analysis on this space. In particular,
a probability distribution () has a unique intrinsic mean if its support is contained

in a geodesic ball of radius This result was shown in Kendall (1990). If the

13

support is also contained in a ball of radius % around the intrinsic mean, then as
shown in Bhattacharya and Bhattacharya (2008b), the sample intrinsic mean has an
asymptotic Normal distribution. This result is used to construct a nonparametric
confidence region for the population mean shape from a random sample of planar
shapes. It is shown in this chapter that when the Fréchet function is defined as the
integrated geodesic distance cubed, then there is a unique Fréchet mean of () and the
sample Fréchet mean is asymptotically Normally distributed whenever the support
of @ lies in a geodesic ball of radius 7. To carry out an extrinsic analysis, the planar
shape space is embedded into S(k, C), the space of all £ x k complex Hermitian ma-
trices, via the Veronese-Whitney embedding. Using this embedding, expressions for
the extrinsic mean and variation are derived in this chapter. No support restriction
on () is necessary for it to have a unique extrinsic mean. Analytic expressions for
the parameters in the asymptotic distribution of the sample extrinsic mean are de-
rived. This enables one to perform two-sample tests to compare the extrinsic means
and variations for two random sample of shapes and hence discriminate between the
underlying probability distributions. The results of extrinsic and intrinsic analyses
on Y5 are applied to two examples. In the first example, there are two samples of
2D images of 8 landmarks picked from male and female gorilla skulls. The sample
means and variations are computed for the planar shapes of both the sample images.
Two-sample tests are carried out to compare the means and variations and hence
distinguish between the shapes of skulls for the two sexes. The second example is

an application of schizophrenia detection. In this example, one considers the pla-

nar shapes of k-ads obtained from the brain scan of 14 schizophrenic and 14 normal
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children. As in example 1, the mean shapes and shape variations for the two group
of children are compared by bootstrap methods and asymptotic tests to detect any

difference in brain shape due to schizophrenia.

When m > 2, the similarity shape space ¥ fails to be a complete manifold. It
has unbounded sectional curvatures. As a result, the results from Chapter 3 cannot
be applied to derive sufficient conditions for the existence of a unique intrinsic mean
which is necessary to carry out intrinsic analysis. If instead, one considers the reflec-
tion (similarity) shape, then it is possible to embed the resulting shape space into
the space of symmetric matrices S(k,R) and carry out an extrinsic analysis. This is
discussed in Chapter 8. Such an embedding of the reflection (similarity) shape space
RYF was first obtained by Bandulasiri and Patrangenaru (2005) and later indepen-
dently by Dryden et al. (2007). However the correct computation of the extrinsic
mean eluded earlier authors until it was derived in Bhattacharya (2008). In this
chapter, that derivation is reproduced along with the condition for its uniqueness.
An expression for the extrinsic variation is also obtained. Two-sample tests are car-
ried out to distinguish between two probability distributions by comparing the sample
extrinsic means and variations. This enables one to extend nonparametric inference
on Kendall type shape spaces from 2D to higher dimensions. Other appropriate dis-
tances including the geodesic distance on RY* are described which can be used to
carry out a Fréchet analysis on this space. The chapter concludes with an application
to Glaucoma detection. In this example, 3D k-ads are obtained from both the eyes
of 12 rhesus monkeys. One of their eyes is infected with Glaucoma while the other
one is kept normal. The 3D reflection shapes of the k-ads are considered. Using the
matched pair two-sample tests described in this chapter, the mean reflection shapes
and the shape variations for the two eyes are compared. The tests for comparing the
mean shapes, both the asymptotic chi-squared test and the pivotal bootstrap method

yield very small p-values, leading to the conclusion that the mean shapes for the two
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eyes are very different. Hence Glaucoma changes the shape of one’s eye, which can

be used for Glaucoma detection.

Chapter 9 focuses on methodologies for nonparametric inference on the affine
shape spaces AYXF . The affine shape of a k-ad z with landmarks in R™ is defined
as its orbit under all affine transformations, x — Ax +b (A € GL(m,R), b € R™).
The space of affine shapes of all centered k-ads whose columns span R™ is AYXF .
This shape space can be identified with the Grassmannian G,,(k — 1) of all m dimen-
sional subspaces of R*~! a result of Sparr (1992). For extrinsic analysis on AXF |
one embeds it into S(k,R) via an equivariant embedding, as obtained in Dimitric
(1996). Using this embedding, expression for the extrinsic mean and condition for its
uniqueness are derived, which was first proved in Sughatadasa (2006). The results
from Chapter 4 are used to derive the asymptotic distribution for the sample extrin-
sic mean and variation which is used to construct two sample nonparametric tests to
compare two probability distributions. Expressions for the parameters in the asymp-
totic distribution, as obtained in Bhattacharya (2008a), are stated. Apart from affine
shapes, another notion of shape called the special affine shape is also introduced in
this chapter. One gets this shape by removing the effect of all affine transformations
Ax + b where det(A) > 0. This does not remove the effects of reflections (orthogo-
nal transformations with determinant = -1) and hence looks at the ‘oriented’ affine
shape. The affine shape space AXF is the quotient of the special affine shape space
SAYE with respect to reflection. The Riemannian geometry of SAYE and AXF are
described in this chapter which can enable one to perform intrinsic analysis on these
shape spaces. Towards the end of this chapter, an application to handwritten charac-
ter recognition is described. In this example, a random sample of 30 handwritten digit
‘3" are collected so as to devise a scheme to automatically classify handwritten char-
acters. The sample extrinsic mean and variation are obtained for the affine shapes of

the sample k-ads. After removing some outliers, 95% confidence regions for the mean
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shape and variation in shape are obtained both by asymptotic and bootstrap methods.

Finally Chapter 10 presents methodologies for statistical analysis of projective
shapes. The chapter starts by explaining the connection between the projective shape
space PYF and the real projective space RP™. To get the projective shape of a k-ad
with landmarks in R™, one views it as a set of axes passing through a common origin
(for example the center of a camera) in R™™!. In other words, the k-ad is assumed

to lie in (RP™)*. Such a k-ad looks like
[z] = ([z1], .-, [w]), [2,] € RP™,

z; being a representative point in R™™'. To get the projective shape of [z], one
first obtains its affine shape, namely the equivalence class (Azq, ..., Azy) for A €
GL(m + 1,R), and then takes the corresponding equivalence classes of axes in RP™.

This defines a projective transformation « as
afz] = ([Az], ..., [Az]), Ae GL(m+ 1,R).

Hence the projective shape space PYF is the quotient of (RP™)* with respect to
all projective transformations. To give it a manifold structure, only those k-ads are
considered for which there exists a set of m + 2 axes, say {[z;],...,[%i,.,]}, such
that the linear span of any m + 1 points from the set is RP™, i.e. the linear span of
the corresponding representative points is R™!. Such a k-ad is said to be in general
position. The space of projective shapes of k-ads in general position is denoted as
Py¥k . In Mardia and Patrangenaru (2005), a diffeomorphism is obtained between
(RP™)k=m=2 and a dense open subset of Py . The diffeomorphism is described in
this chapter. It enables one to develop statistical inference tools on projective shapes
by developing corresponding inference tools on RP™.

Apart from application in projective shape analysis, the real projective space RP™

has many other applications such as in observations on galaxies, on axes of crystals
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or on the line of geological fissure. This chapter describes the Riemannian structure
of RP™ when identified as S™ modulo antipodal points. Expressions for geodesic dis-
tance, exponential and inverse exponential maps, cut-locus, sectional curvature and
injectivity radius are obtained. The Riemannian structure is used to carry out an
intrinsic analysis on this space. In particular, it follows from the analysis of Chapter
3, that a probability distribution ) on RP™ with support in an open geodesic ball
of radius 7 has a unique intrinsic mean. Using results from Chapter 3, expression
for the parameters in the asymptotic distribution of the sample intrinsic mean are
obtained. To carry out an extrinsic analysis on RP™, it is embedded into S(m+ 1,R)
via a Veronese-Whitney embedding, which was obtained by Watson (1983). Then
the expression for the extrinsic mean and conditions for its uniqueness are stated in
this chapter. The results from Chapter 4 are applied to derive expressions for the
parameters in the asymptotic distribution of the sample extrinsic mean. Using the
identification of the projective shape space as k —m — 2 copies of RP™, one can now

carry out extrinsic and intrinsic analysis on this shape space.

Real life examples have been included in various chapters to illusrate the appli-
cations of statistical shape analysis. These examples from biology, medical science,
image analysis and other fields of study have been taken from various sources such as
Anderson (1997), Bhattacharya and Patrangenaru (2005), Bookstein (1991), Derado
et al. (2004) and Dryden and Mardia (1998). The numerical calculations involved in

these examples have been carried out using Matlab software.

Since statistical analysis of landmark based shapes is still an emerging field of
science, many of the terms used in this thesis may be new to the readers. Hence
important concepts are highlighted in bold when introduced for the first time in dif-

ferent chapters.
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Many of the results presented in this dissertation may also be found in the author’s

recent articles.
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CHAPTER 2

FRECHET ANALYSIS ON METRIC SPACES

2.1 Introduction

To do nonparametric inference on manifolds, we need to introduce parameters which
can be defined for a general probability distribution on the manifold, and study their
properties. One approach is to extend the usual notion of mean and total variation
from Euclidean spaces to arbitrary manifolds. In this chapter, we introduce the
concepts of Fréchet mean and variation of probability distributions on manifolds and
study their properties. In fact in order to define the above parameters, we do not
need our space to be a manifold, the concepts of Fréchet mean and variation can be
defined on any metric space. A general notion of a mean of a probability distribution
on a metric space was first defined by Fréchet (1948). We generalize that definition

in Section 2.2.

2.2 Fréchet Mean and Variation

Let (M, p) be a metric space, p being the distance, and let & > 1 be a given real
number. For a given probability measure ) on the Borel sigmafield of M, we define

the Fréchet function of () as

Fp) = /M (. 2)Q(dx), p € M. (22.1)

Definition 2.2.1. Suppose F'(p) < oo for some p € M. Then the set of all p for which
F(p) is the minimum value of F' on M is called the Fréchet mean set of (), denoted
by Cq. If this set is a singleton, say {up}, then pp is called the Fréchet mean of ().
If X, Xs,..., X, are independent and identically distributed (iid) M-valued random

variables defined on some probability space (2, F, P) with common distribution @,
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and @, = %Z?:l dx; is the corresponding empirical distribution, then the Fréchet

mean set of (), is called the sample Fréchet mean set, denoted by Cp, .

Definition 2.2.2. The infimum of ' on M is called the Fréchet variation of (), de-
noted by V' and the Fréchet variation of (), is called the sample Fréchet variation,

denoted by V,,.

Proposition 2.2.1 below shows that under mild assumptions, the infimum of F
on M is attained, thereby proving that the Fréchet mean set is nonempty and the

Fréchet variation is finite.

Proposition 2.2.1. Suppose every closed and bounded subset of M is compact. If the
Fréchet function F' of Q) is finite for some p € M, then Cq is nonempty and compact.

Proof. By triangular inequality on p and by convexity of the function u +— u®, u > 0,

we get that

P (g, x) < [plp, @) + p(p, )]* < 2°7'[p"(p,q) + p(p, x)] (2.2.2)

which implies that
F(q) <2°7p%(p,q) +2°7'F(p). (2.2.3)

Hence if F(p) < oo for some p, then F(q) < ooV g€ M. Also
F) = )l < [ 1.0 = (. 0)lQUdo) (224)
As g — p, |p*(p,z) — p*(q,z)| — 0 and from equation (2.2.2), we get that
0% (p ) = p%(q )| < (277" 4+ 1)p(p, ) + 277 p"(p, 0).

Hence by Lebesgue DCT, we conclude that as ¢ — p, F(q) — F(p) and hence F' is
continuous.

For any py,ps € M, by the triangular inequality, we get that

p(p1,p2) < p(p1,x) + p(pa, x) Vo € M
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which implies that

p(p1,p2) < /

M

o1, 2)Q(dx) + / p(p2. 2)Q(d). (2.2.5)

M

Apply Jensen’s inequality to the Fréchet function, to get

[ /M pla, 2) Q)] < /M P (0,2)Q(dz) ¥ q € M
which implies that
/M p(0,2)Qdz) < [F(q)]V*V q € M. (2.2.6)

From equations (2.2.5) and (2.2.6), we get that

p(p1,p2) < [F(p1)]"* + [F(p2)]. (2.2.7)

Since F' is finite,
V =inf{F(q):q€ M} < 0.

Get a sequence {p,} such that F(p,) — V. Then from equation (2.2.7), we get that

p(pn 1) < [F(pa))Y* + [F(p1)].

Hence the sequence {p,} is bounded. Let B denote its closure, which is closed and
bounded, and hence compact by the proposition hypothesis. Therefore there exists a
convergent subsequence {p,, } such that p, — p for some p € M. By continuity of
F, F(pn,) — F(p). Therefore F\(p) =V and hence Cy is nonempty. From equation
(2.2.7), it is easy to show that Cg is compact. O

We define the sample Fréchet mean as a measurable selection from the sample
Fréchet mean set Cp,. Proposition 2.2.2 below proves the strong consistency of the

sample Fréchet mean as an estimator of the Fréchet mean of () if it exists.

Proposition 2.2.2. Suppose every closed and bounded subset of M is compact and
the Fréchet function F' of a probability measure @ is finite. Given any € > 0, there

exists an integer-valued random variable N = N(w, €) and a P-null set A(e) such that

Cq, CCH=1{peM:p(p,Cq) <e}Vn>N (2.2.8)
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outside of A(e). In particular, if Co = {ur}, then every measurable selection pp,

from Cq, s a strongly consistent estimator of jup.

Proof. For simplicity of notation, we write C' = Cq, C,, = Cq,,, it = pr and p,, =
ir, . Choose € > 0 arbitrarily. From the proof of Proposition 2.2.1, it follows that F
is continuous. Replace Q) by @), to conclude that F), is also continuous.

Consider first the case when M is compact. If C° = M, then equation (2.2.8)
holds with N = 1. If D = M \ C°¢ is nonempty, write

V=inf{F(p):pe M} = F(q) VYq € C,
V +0(e) =inf{F(p) : p € D}, d(¢) > 0.

It is enough to show that
sup{|F.(p) — F(p)| :p€ M} — 0 a.s., as n — 0. (2.2.9)

For if equation (2.2.9) holds, then there exists N > 1 such that, outside a P-null set
Ae),

inf{F,(p) :peC} <V + @, (2.2.10)

inf{F,(p):pe D} >V + %6) Vn > N. (2.2.11)

Clearly equations (2.2.10) and (2.2.11) imply (2.2.8). To prove equation (2.2.9),
choose and fix ¢ > 0, however small. Since F' and F,, are continuous and M is
compact, hence they are uniformly continuous. Therefore there exists d(¢/,n) > 0
such that

Fp) PO < S 1)~ B < & (2212

if p(p,p’) < 0(¢',n). Let {q1,...,q:} be a §(¢,n)-net of M, that is, V p € M there
exists ¢(p) € {q1,...,qx} such that p(p,q(p)) < d(¢’,n). By the strong law of large

numbers, there exists an integer-valued random variable N (w, €') such that outside of
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a P-null set A(¢’), one has

/

\Fo(q:) — Flg)| < fzw =1,2,...,k ifn > N(w,é). (2.2.13)
From equations (2.2.12) and (2.2.13), we get

[F'(p) = Eu(p)| < [F(p) = Fla(p)] + [Fla(p)) = Falg(p))] + [Fula(p) = Fulp)|
3
< I <€, Vpe M,

if n > N(w,€) outside of A(¢’). This proves equation (2.2.9).
Next consider the case when M is non compact and hence unbounded. Let us

find a compact set M; containing C' and N;(w) > 1 such that on M \ M,
F(p) >V +d(e), Fr(p) >V +d(e) as. Vn> Ny(w).
Then we can show as in case of compact M, that
sup{|F..(p) — F(p)| : p € M1} — 0 a.s., as n — 00

and conclude that equation (2.2.8) holds. To get such a M, note that from equation
(2.2.7) it follows that for any p; € C and p € M

F(p) > [p(p,pr) — V. (2.2.14)

Let
My = {p: p(p.C) <2V +6())/ + VIey.

Then from equation (2.2.14), one can check that F(p) > 2(V +d(e)) V p € M \ M;.
Also from equation (2.2.7), we get for any p € M \ M;

Folp) = [p(p,p1) — (Fa(p1)) "] (2.2.15)
Since
p(p, 1) — (Fn(p))V™ 225 p(p,p1) — VI > 2(V + 6(e))V/™

therefore there exists Ni(w) > 1 such that ¥V n > Ny(w), F,(p) > V + §(¢) almost

surely. This completes the proof. O
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Remark 2.2.1. Proposition 2.2.2 generalizes Theorem 2.3 in Bhattacharya & Pa-
trenganeru (2003) where « is taken to be 2 in the definition of the Fréchet function.
For the case a = 2, the consistency of the sample Fréchet mean for compact metric
spaces, also follows from Ziezold (1977). We will mostly focus on this case but we
will consider other Fréchet functions as well (see Section 7.5). In Bhattacharya and
Bhattacharya (2008c), more general Fréchet functions are considered. However there

the consistency is proved only for compact metric spaces.

Proposition 2.2.3 below proves the consistency of the sample Fréchet variation as

an estimator of the Fréchet variation of Q.

Proposition 2.2.3. Suppose every closed and bounded subset of M is compact and
F is finite on M. Then the sample Fréchet variation V, is a strongly consistent

estimator of the Fréchet variation V' of Q.

Proof. In view of Proposition 2.2.2, for any ¢ > 0, there exists N = N(w,¢) such
that
w— V| =l|inf F,(p) — inf I < F,(p)—F 2.2.1
Vo — VI =|inf Fu(p) — inf F(p)| < sup |F(p) — F(p)] (2.2.16)

pECa

for all n > N almost surely. Also from the proof of Proposition 2.2.2, it follows that

for any compact set K C M,

sup|F,.(p) — F(p)| — 0 a.s. as n — oc.
peK

Since C_é is compact, it follows from equation (2.2.16) that
\V,, = V| — 0 a.s. as n — oo.
O

Remark 2.2.2. In view of Proposition 2.2.3, the sample variation is a consistent
estimator of the population variation even when the Fréchet function of ) does not

have a unique minimizer.
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Remark 2.2.3. From a generalization of the Hopf-Rinow theorem (see Hopf and
Rinow (1931)), it follows that a complete and locally compact metric space (M, p)
satisfies the topological hypothesis of Propositions 2.2.1, 2.2.2 and 2.2.3, that every
closed and bounded subset of M is compact. Most of our spaces of interest in this

thesis are compact metric spaces for which the hypothesis holds.

2.3 Asymptotic Distribution of the Sample Fréchet Mean

In this section we consider the asymptotic distribution of the sample Fréchet mean
ir, . From now on, we assume M to be a differentiable manifold of dimension d. Let
p be a distance metrizing the topology of M. Theorem 2.3.1 below proves that under
appropriate assumptions, the coordinates of pp, are asymptotically normal. Here we
denote by D, the partial derivative with respect to the " coordinate (r = 1,...,d)

and by D the vector of partial dervatives.

Theorem 2.3.1. Suppose the following assumptions hold:

A1 Q has support in a single coordinate patch, (U,¢). (¢ : U — RY smooth.) Let
X;=6(X;),j=1,...,n.

A2 Fréchet mean pp of Q is unique.

A3 For all x, y — h(z,y) = p® (¢~ (x), 6~ (y)) is twice continuously differentiable in
a neighborhood of ¢(pur) = .

A4 E{D,h(Xy, p)}? < oo ¥r=1,...,d.

A5 E{ sup |D,D,h(X1,v) — D,D,A(X1,u)|} =0 ase— 0V r,s.

lu—v|<e
A6 A = (( E{DsD,h(X1, 1)} )) is nonsingular.
Let pg, be a measurable selection from the sample Fréchet mean set and define p,, =

&(pr,). Then under the assumptions A1-A6,
Vi — 1) == N(0,A7'S(A) ) (2.3.1)

where ¥ = Cov[Dh(X7, ).
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Proof. Write ¢ (z,y) = D,h(z,y) = -2Zh(z,y) for z,y € R%L Let Q% = Qo ¢~
p)

Yr

Denote

n

F(y) = /Rd P (07 (2), 07 (1))Q(dx), Fuly) = %Zpa(fbl(ffj),cbl(y))

j=1

for y € R%. Then F has unique minimizer y while Fn has minimizer u,. Therefore
Y H M

R . 1 < .
0=— =) X bn) = —= ") va
7 2 Vi) = 5 3 0 o)
d 1 n ~
+ Z \/ﬁ(,un - ,u)sﬁ Z Dsw(r) (Xja ,u)
s=1 j=1

+ ) VA = p)slen)rs, 1< 7 < d, (2.3.2)

n

where (6,)ys = %Z[Dsw)( X,.00) — D (X, )]

=1

for some 6, lying on the line segment joining p and p,,. Equation (2.3.2) implies that

[((% jileDrh(Xj,u) + en>>] Vi — p) = —%;Dh(&,u).
In view of assumptions A5 and A6, it follows that
Vi, —p) = =A™ (% jzn;Dh(Xja u)) +op(1)
which implies
Vil = ) == —ATIN(0, ) = N(0,A718(A) ),
[

From Theorem 2.3.1, it follows that under assumptions A1-A6 and assuming > to

be nonsingular,

(i — p) NS A (g — 1) £, X7 asn — o0.
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Here X7 denotes the chi-squared distribution with d degrees of freedom. This can be

used to construct an asymptotic confidence set for pup, namely
{1r = gy — ) NS A (i — ) < X7(1—-6)}. (2.3.3)

Here A and 3 are the sample estimates of A and ¥ respectively and X2(1 — 6) is the
upper (1 — 6)-quantile of X7 distribution. The corresponding pivotal bootstrapped

confidence region is given by
{pr = (i — ) NET Ay — 1) < (1 - 6)} (2.3.4)

where ¢*(1—0) is the upper (1 —6) quantile of the bootstrapped values of the statistic
in equation (2.3.3).

2.4 Asymptotic Distribution of the Sample Fréchet Variation

Next we derive the asymptotic distribution of V,, when there is a unique population

Fréchet mean.

Theorem 2.4.1. Let M be a differentiable manifold. Using the notation of Theorem

2.8.1, under assumptions A1-A6 and assuming E[p**(X1, ur)] < oo, one has
(V= V) =5 N (0, var(p® (X1, 1r))) - (2.4.1)
Proof. Let

Fa) = [ (07 @) m)QUm). Fufa) = 3067 (@), X))

for x € R% Let puf, be a measurable selection from the sample Fréchet mean set and
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VI(Ey(n) — Fo(p)) + Vn(Eu(p) — F(w)), (2.4.2)
Vi(Ey(im) — n<u>>:%2 (s — 1 DR(K 1)

L
Z SN (= w)r(pn — 1) DDA(X;,0,)  (24.3)

r=1 s=1
for some 6, in the line segment joining p and p,. By assumption A5 of Theorem 2.3.1
and because v/n(u, — p) is asymptotically normal, the second term on the right of
equation (2.4.3) converges to 0 in probability. Also

%th(j(j,u) Ny (Dh(f(mt)) =0,
j=1

so that the first term on the right of equation (2.4.3) converges to 0 in probability.
Hence (2.4.2) becomes

ViV, = V) = \/_(F (1) = F(p)) + op(1)

Z X, ur) — Blp® (X1, pr)]) + op(1). (2.4.4)

By the C.L.T. for the iid sequence {p*(X;, ur)}, v/n(V,—V') converges in distribution
to N (0, var(p®( Xy, ur)). O

Remark 2.4.1. Although Proposition 2.2.2 does not require the uniqueness of the
Fréchet mean of ) for V,, to be a consistent estimator of V', Theorem 2.4.1 requires the
Fréchet mean of @) to exist for the sample variation to be asymptotically Normal. It
may be shown by examples (see Section 4.5) that it fails to give the correct distribution

when there is not a unique mean.

Using Theorem 2.4.1, we can construct the following confidence interval I for V:

I={vely, iZ(l—Q) Vi + — Z(l—g)

NG 5) NG 51 (2.4.5)
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The interval I has asymptotic confidence level of (1 — ). Here s? is the sample
variance of p*(Xj,pup,), j = 1,...,n and Z(1 — 6/2) denotes the upper (1 — %)-
quantile of standard Normal distribution. From the confidence interval I, we can also
construct a pivotal bootstrap confidence interval for V', the details of which are left

to the reader.
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CHAPTER 3

INTRINSIC ANALYSIS ON MANIFOLDS

3.1 Introduction

Let (M, g) be a complete connected Riemannian manifold of dimension d with metric
tensor ¢g. Then the natural choice for the distance metric p in Chapter 2 is the geodesic
distance dy on M. The statistical analysis on M using this distance is called intrinsic
analysis. Unless otherwise stated, we consider & = 2 in the definition of the Fréchet
function in equation (2.2.1). However we will consider other Fréchet functions as well

for suitable oo > 1 (see Section 7.5).

3.2 Intrinsic Mean and Variation

Let @ be a probability distribution on M with finite Fréchet function

Fo) = [ (o m)(dm), (3.2.1)
M
Let Xi,..., X, be an independent and identically distributed (iid) sample from Q).

Definition 3.2.1. The Fréchet mean set of () under p = d, and a = 2 is called
the intrinsic mean set of () and the Fréchet variation of @) is called the intrinsic
variation of (). The Fréchet mean set of the empirical distribution @),, is called the
sample intrinsic mean set and the sample Fréchet variation is called the sample

intrinsic variation.

Before proceeding further, let us define a few technical terms related to Rieman-
nian manifolds which we will use extensively in this chapter. For details on Rieman-

nian Manifolds, see DoCarmo (1992), Gallot et al. (1993) or Lee (1997).
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1. Geodesic: These are curves 7 on the manifold with zero acceleration. They
are locally length minimizing curves. For example, consider great circles on the

sphere or straight lines in R,

2. Exponential map: For p € M, v € T,M, we define exp,(v) = (1), where vy
is a geodesic with v(0) = p and 4(0) = v.

3. Cut locus: For a point p € M, we define the cut locus C(p) of p as the set of
points of the form (), where v is a unit speed geodesic starting at p and ty
is the supremum of all ¢ > 0 such that v is distance minimizing from p to (¢).

For example, C'(p) = {—p} on the sphere.

4. Sectional Curvature: Recall the notion of Gaussian curvature of two di-
mensional surfaces. On a Riemannian manifold M, choose a pair of linearly
independent vectors u,v € T,M. A two dimensional submanifold of M is swept
out by the set of all geodesics starting at p and with initial velocities lying in
the two-dimensional section 7 spanned be u,v. The Gaussian curvature of this

submanifold is called the sectional curvature at p of the section .

5. Injectivity Radius: We define the injectivity radius of M as
inj(M) = inf{d,(p,C(p)) : p € M}.
For example the sphere of radius 1 has injectivity radius equal to 7.

6. Convex Set: A subset S of M is said to be convex if for any z,y € S, there

exists a unique shortest geodesic in M joining z and y which lies entirely in S.

Also let r, = min{inj(M), %}, where C is the least upper bound of sectional cur-
c

vatures of M if this upper bound is positive, and C' = 0 otherwise. The exponential

map at p is injective on {v € T,(M) : |v| < r.}. By B(p,r) we will denote an open

ball with center p € M and radius 7, and B(p,r) will denote its closure. It is known
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that B(p,r) is convex whenever r < Z.

In case () has a unique intrinsic mean gy, it follows from Proposition 2.2.2 and
Remark 1.2.3 that the sample intrinsic mean p,;, that is, a measurable selection
from the sample intrinsic mean set is a consistent estimator of ;. Broad conditions for
the existence of a unique intrinsic mean are not known. From results due to Karchar
(1977) and Le (2001), it follows that if the support of @ is in a geodesic ball of radius
Ze ie. supp(Q) € B(p, %), then @ has a unique intrinsic mean. This result has been
substantially extended by Kendall (1990) which shows that if supp(Q) € B(p, %),
then there is a unique local minimum of the Fréchet function F' in that ball. Then we
redefine the (local) intrinsic mean of @) as that unique minimizer in the ball. In that
case one can show that the (local) sample intrinsic mean is a consistent estimator of

the intrinsic mean of (). This is stated in Proposition 3.2.1 below.

Proposition 3.2.1. Let Q have support in B(p, %) for some p € M. Then (a) Q
has a unique (local) intrinsic mean pur in B(p, %) and (b) the sample intrinsic mean

tnr 1 B(p, %) is a strongly consistent estimator of juir.

Proof. (a) Follows from Kendall (1990).

T

(b) Since supp(Q) is compact, supp(Q) € B(p,r) for some r < %. It is shown in

Karchar (1977) that

madF(g) = -2 [ exp, (m)Q(dm). g € Blp. ).

It can be shown that if ¢ € B(p, %) \ B(p,7), then there exists a hyperplane in T, M
such that exp;l(m) lies on one side of that hyperplane for all m € B(p,r) (see Lemma
1, Le (2001)). Hence gradF(q) cannot be equal to zero. Therefore pu; € B(p,r) and
it is the unique intrinsic mean of ) restricted to B(p,r). Now consistency follows by

applying Proposition 2.2.2 to the compact metric space B(p, 7). O
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3.3 Asymptotic Distribution of the Sample Intrinsic Mean

For the asymptotic distribution of the sample intrinsic mean, we may use Theorem
2.3.1. For that we need to verify assumptions A1-A6. Theorem 3.3.1 which, as
proved in Bhattacharya and Bhattacharya (2008b), gives sufficient conditions for
those assumptions to hold. In the statement of the theorem, the usual partial order
A > B between d x d symmetric matrices A, B, means that A — B is nonnegative

definite.

Theorem 3.3.1. Suppose supp(Q) € B(p, %) for some p € M. Let ¢ = exp;l1 :
B(p, %) — T, M(~ RY). Then the map y — h(x,y) = di(¢" 'z, ¢~ 'y) is twice
continuously differentiable in a neighborhood of 0 and in terms of normal coordinates

with respect to a chosen orthonormal basis for T, M,

D,h(x,0) = —22", 1 <r <d, (3.3.1)
D,D.h(z, 0)] > [2{(%@) v S| (33.2)

Here x = (2',...,2%, x| = \/(21)? + (22)2 + ... (2)? and

1ifC=0

) = { VO T >0 .

7 cosh(y/ —Cy) 7~
vV C’y—sinh(ﬁy) if C < 0.

There is equality in equation (3.3.2) when M has constant sectional curvature C, and

in this case A has the expression:

Ay = 2B{ (%ﬁ'?')) XiX5+ f(1XiD)dns}, 1<7,5<d, (3.3.4)

A being positive definite if supp(Q) € B(ur, 5 ).

Proof. Let v(s) be a geodesic, 7(0) = u;. Define c(s,t) = exp,(texp,!v(s)), s €
[0,¢], t € [0,1], as a smooth variation of v through geodesics lying entirely in B(p, % ).
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Let T = 2c(s,t), S = £c(s,t). Since c(s,0) = m, S(s,0) = 0; and since c(s, 1) =
v(s), S(s,1) = 4(s). Also (T, T) = d2(v(s), m) is independent of #, and the covariant

derivative D,T vanishes because ¢ — c¢(s,t) is a geodesic (for each s). Then

d;('y(s),m) = (T(s,t), T(s,t)) = /0 (T'(s,1t),T(s,1))dt.

Hence dz(v(s),m) is C*° smooth, and using the symmetry of the connection on a

parametrized surface (see Lemma 3.4, Do Carmo (19992)), we get

d%d;(*y(s),m) :2/01(D5T,T>dt:2/01%<T, S)dt
= 2(T(s,1), S(s, 1)) = —2(exp] [ ym, ¥(s)). (3.3.5)

Substituting s = 0 in equation (3.3.5), we get expressions for D,h(x,0) as in equation

(3.3.1). Also

L 2(y(s),m) = 2(D.T(s,1), S(s, 1)

ds2 9

= 2(D,S(s,1), (s, 1)) = 2(D,J,(1), J,(1)) (3.3.6)

where Jy(t) = S(s,t). Note that J; is a Jacobi field along c(s,.) with J4(0) = 0,
Js(1) = 4(s). Let J} and J; be the normal and tangential components of J;. Let n
be a unit speed geodesic in M and J a normal Jacobi field along 7, J(0) = 0. Define

t if C'=0
sin(v/Ct) e A

ut) =4 5 if C' >0
sinh(y/—Ct) o A
— = if C' < 0.

(171w = [T (t) = (17" + C| T Ju(t).

By exact differentiation and Schwartz inequality, it is easy to show that |.J|" +C|.J| >
0, hence (|J|'u — |J|u')'(t) > 0 whenever u(t) > 0. This implies that |J|'u — |J|u' > 0
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if t <y, where u is positive on (0,¢y). Also |J| = %TJ) Therefore (J(t), D;J(t)) >
%U ()] V t < to. If we drop the unit speed assumption on 7, we get

u'(I91)
u(l])

Here ty = oo if C < 0 and equals % if C > 0. When M has constant sectional

curvature C, J(t) = u(t)E(t) where E is a parallel normal vector field along 1. Hence

(J(1), DyJ (1)) = [n] [ T(D)[* if 7] < to. (3.3.7)

(J(t), D (1)) = u(tyu ()|B()[* = Z(—%)!J(t)IQ-

If we drop the unit speed assumption, we get

() 2
J(t), DI (1)) = || 2D py 2. 3.3.8
(J(2), D (1)) |’u(|77|t)|<)| (3.3.8)
Since J7 is a normal Jacobi field along the geodesic c(s, .), from equations (3.3.7) and

(3.3.8), it follows that

(J3(1), DI (1)) = f(d(y(s),m))]T; (1)) (3:3.9)

with equality in equation (3.3.9) when M has constant sectional curvature C, f being
defined in equation (3.3.3).

Next suppose J is a Jacobi field along a geodesic n, J(0) = 0 and let J~(¢)
be its tangential component. Then J~(t) = Atn(t) where A\t = %, A being

independent of . Hence

(D) (0 = PO
4 (U0

Cdt IE

) N(t) = Ni(t) = Dy(J7)(#) (3.3.10)
and
Dy (1) = 222 = 28/

[n(1)[?
= Dy(J,J7)(1) = (D, J(1), ]~ (1)) + | T~ (1)
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which implies that

(DJ(1), T (1)) = 2% )P = % (3.3.11)

Apply (3.3.10) and (3.3.11) to the Jacobi field J; to get

Dy(J5)(1) = (DeJs)~ (1) = J; (1)

S S

I

~
—~
w

—
~—

(3.3.12)

(J:(1),T(s, 1))

’¥s

(3.3.13)

Using (3.3.9), (3.3.12) and (3.3.13), equation (3.3.6) becomes

)
)) +2(DyJo(1), J;(1))
)) + 2(De(J7)(1), T3 (1))
)

LT ODEOP (334)

+2f(IT(s, DI (1))

)
ot pp AT

= 2f(dy(~(s),m))[4(s)[

+2(1 = f(dg(v(s),m)) M;)(veg;(nf)m

(3.3.15)

with equality in (3.3.14) when M has constant sectional curvature C. Substituting
s = 0 in equation (3.3.15), we get a lower bound for [D,DsA(z, 0)] as in equation (3.3.2)
and an exact expression for D, Dsh(x,0) when M has constant sectional curvature.

To see this, let 4(0) = v. Then writing m = ¢ !(z), v(s) = ¢ '(sv), one has

d? 9 d? 2/ 1—1 —1
a2y = Z (07 @) 07 0]
d2

d
:d—82h(x, sv)}szo = Z 0,0 D, Dgh(z,0).

r,s=1
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Since d*(y(s),m) is twice continuously differentiable and @ has compact support,

using the Lebesgue DCT, we get,

LS lo = / L0 5), )] o Q(dm). (3.3.16)

Then (3.3.4) follows from (3.3.15). If supp(Q) € B(ur, %), then the expression in

equation (3.3.15) is strictly positive at s = 0 for all m € supp(Q), hence A is positive
definite. This completes the proof. O

Corollary 3.3.2. Suppose supp(Q) € B(ur, %), pur being the intrinsic mean of Q.
Let X1,..., X, be an iid sample from @) and Xj =¢(X;), j=1,...,n be the normal
coordinates of the sample with ¢ as in Theorem 3.53.1. Let p,; be the sample intrinsic

mean in B(pr, % ). Then E[X,] =0 and
Vg (par) = N(0,A7'EA™)
where ¥ = 4E(X, X)) and A being derived in Theorem 3.3.1.

Proof. Follows from Theorem 3.3.1 and Theorem 2.3.1. ]

As in Section 2.3, if ¥ is nonsingular, we can construct asymptotic chi-squared
and pivotal bootstrapped confidence regions for y;. 3 is nonsingular if Q o ¢! has
support in no smaller dimensional subspace of R?. That holds if for example @ has

a density with respect to the volume measure on M.

Alternatively one may consider the statistic
Tn = dg(ﬂnlu ,UI)

Then T, = ||¢(inr)||?, hence from Corollary 3.3.2, it follows that

d
nT, == 3" N2

i=1
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where A} < Xy < ... < )\ are the eigen values of A™'XA~! and Z,,..., Z,; are iid
N(0,1).
Using this statistic, an assymptotic level (1 — ) confidence set for p; can be given

by
{,uj : nTn S élfa} (3317)

where ¢;_,, is the estimated upper (1 — «) quantile of the distribution of Zle 22,

A; being the sample estimate of \;, : = 1,2,...,d and (7, Zs,...) is a sample of iid
N(0,1) random variables independent of the original sample X, ..., X,.

The corresponding bootstrapped confidence region is given by
{pr :nT, < _,} (3.3.18)

where ¢*(1—a) is the upper (1—«) quantile of the bootstrapped values of the statistic
nT,. The advantage of using the confidence set in equation (3.3.18) over that in (2.3.4)
is that it is easier to compute and does not require > to be nonsingular. However

unlike (2.3.4), it is not a pivotal confidence region.

3.4 Example: Directional Space 5S¢

Consider the space of all directions in R%*!. Since any direction has a unique point
of intersection with the unit sphere S in R%*!, this space can be identified with S¢
which is

S = {pe R |p|| = 1}.

At each p € S¢, we endow the tangent space
7,5 = {v € R™: v'p = 0}

with the metric tensor g, : 7,9 x T,5% — R as the restriction of the scaler product

at p of the tangent space of R%: g,(v;,v2) = vjvy. Then g is a smooth metric tensor
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on the tangent bundle
TS = {(p,v):pec S%vecR" :vp=0}.
The geodesics are the great circles,
Yo (t) = cos(t)p + sin(t)v, —T <t <m

Here 7,,(.) is the great circle starting at p at t = 0 in the direction of the unit vector

v. The exponential map, exp : 7,57 — S? is given by

exp,(0) = p,
. v
exp,(v) = cos([[v]|)p + Sln(llvll)m, v # 0.

The inverse of the exponential map on S¢\ {—p} into 7,,5¢ has the expression

arccos(p'q)

exp, (q) = W[q — (P'9)p] (¢ # p, —p),

exp;(p) = 0.

The geodesic distance between p and ¢ is given by

dy(p,q) = |arccos(p'q)|

which lies in [0,7]. Hence S¢ has a injectivity radius of 7. Also it has a constant

sectional curvature of 1, therefore r, = .

Let @ be a probability distribution on S¢. It follows from Proposition 3.2.1 that

if supp(Q) lies in an open geodesic ball of radius 7, then it has a unique intrinsic
mean gy in that ball. If Xy,..., X, is an iid random sample from ), then the sample
intrinsic mean p,,; in that ball is a strongly consistent estimator of ;. From Corollary
3.3.2 it follows that

Vi(piar) —= N0, A7'EATY)
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where ¥ = 4E[¢(X1)¢p(X:1)']. To get expression for ¢, pick an orthonormal basis

{v1,...,v4} for T}, 5% For z € S |2'pus| < 1, we have

exp- () = RS M) (o
D, () W[ (@' pur) ]

Then

where exp, ' (z) = Sy vy, so that

!
yr = SR g0 g

1 — (2'pr)?

From Theorem 3.3.1, we get the expression for A as

1 arccos(X ) o, , ,
ANs=2E———F—=|1- X Xiv) (X vs
[[1 — (X{IUI)Q] ( = (X{,U[)2< 1:“1) ( 1 )( 1 )
arccos (X uur)

1— (X{u )Q(X{’UI)CSTSL 1<r<s<d,
o 1K1

A being positive definite if supp(Q) € B(ur, 5)-

3.5 Two Sample Intrinsic Tests

In this section, we will construct nonparametric tests to compare the intrinsic means
and variations of two probability distributions (); and ()2 on M. This can be used to

distinguish between the two distributions.

3.5.1 Independent Samples

Let Xy,...,X,, and Y;,...,Y,, be two iid samples from ), and @), respectively that
are mutually independent. Let u; and V; denote the intrinsic means and variations
of Q;, 1 = 1,2 respectively. Similarly denote by fi; and V; the sample intrinsic means

and variations.
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First we test the hypothesis, Hy : u1 = ps = pu, say, against Hy : py; # pe. We
assume that under Hy, both @ and @, have support in B(u, %), so that the normal
coordinates of the sample intrinsic means have asymtotic Normal distribution. Let
o(fi), i = 1,2 where ¢ = ea:p;l be the normal coordinates of the sample means in

T,M (=~ R?). It follows from Corollary 3.3.2 that
Vd(i) 5 NO,ATTSAY, 0= 1,2 (3.5.1)

as n; — 0o. Let m = ny + ny be the pooled sample size. Then if ny/n — 0,0 < 6 < 1,

it follows from (3.5.1) assuming H, to be true that,

Vi(d(jin) — o)) == N (0, %A;lzlAl—l + 1%9/\2—122/\2—1> : (3.5.2)

Estimate 1 by the pooled sample intrinsic mean /i, coordinates ¢ by (ﬁ = explgl, A;
and »; be their sample analogs A; and 3 respectively. Denote by ,; the coordinates

o(f1;), i = 1,2, of the two sample intrinsic means. Since under Hy, [ is a consistent

estimator of u, it follows from equation (3.5.2) that the statistic

Tnl = n(,unl - ﬂ'nZ)/i_l(,unl - Mn?) (353)

where

S (nilA;lzlA;l ¥ n%[\;%[\;l)
converges in distribution to chi-squared distribution with d degrees of freedom, d
being the dimension of M, i.e.,

L 2

Hence we reject Hy at asymptotic level « if Tp,; > X7 (1 — «).

Next we test the hypothesis Hy : Vi = V5 = V. say, against Hy : Vi # V5.
We assume that the hypothesis of Theorem 2.4.1 hold so that the sample intrinsic

variations have asymtotic Normal distribution. Then under Hy, as n; — oo,

ViV = V) =5 N(0,02) (3.5.4)
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where of = [, (d2(x, ;) = V)*Qq(dzx) , i = 1,2. Suppose ny/n — 6, 0 < 6 < 1. Then
it follows from (3.5.4) assuming H, to be true that,

Va(li = ¥a) £ v (2 2 ))

0 1—-0
so that X A
Vi — V-

Tyo = ——— 55 N(0,1)
8_1+5_2

as n — o0 Here 52 = L (2(X;, ju) — Va)? and s = & S0 (@(V;, o) — V5)?
are the sample estimates of 0? and o3 respectively. For a test of asymtotic size «,
we reject Hy if [To| > Z(1 — 2) where Z(1 — 2) is the upper (1 — %)-quantile of

standard Normal distribution.

3.5.2 Matched Pair Samples

Next consider the case when (X1,Y7), ..., (X,,,Y,) is an iid sample from some dis-
tribution Q on M = M x M. Such a sample is called a matched pair sample and
arises when, for example, two different treatments are applied to each subject in the

sample. An example of a matched pair sample of shapes is considered in Chapter 8.

Let X;’s come from some distribution ¢); while Y;’s come from some distribution
()2 on M. Our objective is to distinguish between )1 and ()> by comparing the sam-
ple intrinsic means and variations. Since the X and Y samples are not independent,
we cannot apply the methods of Section 3.5.1. Instead we do our analyses on the Rie-
mannian manifold M. As in Section 3.5.1, we will denote by u; and V; the intrinsic
means and variations of );, © = 1, 2 respectively and by fi; and V: the sample intrinsic

means and variations.

First we test the hypothesis Hy : u1 = ps = p, say, against Hy : puy # po. We
assume that under Hy, both @; and @, have support in B(y, % ). Consider the
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coordinate map ® on M given by
®(my, ma) = (p(ma), p(m2)), m1,my € M
where ¢ = exp,'. It follows from Corollary 3.3.2 that under Hy,

(fi2)
where I' = A~ A1 and 3, A are obtained from Theore 3.3.1 as follows. For x =

\/ﬁ< o(jin) > £, N(0,T) (3.5.5)

(1, 22)", y = (y1,y2)', 1,22, Y1, Y2 € R?, define

H(z,y) = dy(®7'(x), 27 (y))
= dy (¢~ (1), 07 (1)) + do(97 (22), 07 (112)
= h(z1,y1) + h(w2, y2).

Then

A= E[(DTDSH((I)(Xl’Yl)’O))] = < A[)l /82 )
and

5 = Cov[(D, H((Xy, Y1), 0))] = ( 22211 22122 ) |

Note that Ay, Ay, 31, X5 are as in Section 3.5.1 and
Yig = Xy = Cov[(D,h(6(X1),0)), Drh(¢(Y1),0))].
Therefore
AP0 DD AP0
I R 1 1 12 1
reaet = (5 5 (28 (8 4

o OATIEIATY ATTE A
TOUASIS AT AN )

It follows from equation (3.5.5) that if Hy is true, then,

V(i) — é(fn)) = N(0,%)
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where

Y= ATISAT AT AT — (ATTS A+ A IS AT,
Estimate ¢(f1;) by pini, @ = 1,2, as in Section 3.5.1 and S by its sample analog .
Then, under Hy, the test statistic
Tn3 = n(,unl - Mn2)/i_l(,un1 - ,UnZ)

converges in distribution to chi-squared distribution with d degrees of freedom, i.e.

T X?. Therefore one rejects Hy at asymptotic level v if T3 > X7 (1 — ).

Next we test the null hypothesis Hy : V; = V5 against the alternative Hy : Vi # V5.
From equation (2.4.4), it follows that

(Vati v ) =7 (i~ )+
LN

L7 %)
012 0y
where 07 = Var(d2(Xy, 1)), 05 = Var(d} (Y1, p2)) and 015 = Cov(d2( Xy, pun), d2 (Y1, 1))

Hence if Hj is true, then
V(i = Va) =5 N(0,07% + 0% — 2015)

which implies that the statistic

o VA1)

\/S% +S% — 2512

has asymptotic standard Normal distribution. Here s?, s3 and s;5 are sample esti-

mates of o7, 02 and o1, respectively. Therefore we reject Hy at asymptotic level « if

Toal > 2(1— 2).
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CHAPTER 4

EXTRINSIC ANALYSIS ON MANIFOLDS

4.1 Introduction

In Chapter 2, we studied the properties of the Fréchet mean and variation of a prob-
ability ) on a Riemannian manifold M, using the geodesic distance in the expression
for the Fréchet function. To carry out nonparametric inference using the sample mean
and variation, it is necessary to assume that there is a unique population mean. How-
ever as we saw (Theorem 3.3.1, Corollary 3.3.2), broad conditions are not known for
the existence of the intrinsic mean and for asymptotic normality of the sample intrin-
sic mean. Also analytic expressions for the intrinsic mean are not available. There
are algorithms to compute the intrinsic mean numerically (see Le (2001)), however
sufficient conditions for these algorithms to converge put further restrictions on the
support of () and they are computationally slow. In this chapter, we will get intro-
duced to another distance on M obtained from embedding it into some Fuclidean
space and compute the Fréchet mean and variation. The corresponding statistical
analysis is called extrinsic analysis on M. As we shall see in the following sections
that it is often simpler both mathematically and computationally to carry out an
extrinsic analysis on M. The notion of extrinsic mean on a manifold was introduced
independently by Hendricks and Landsman (1998) and Patrangenaru (1998), and
later generalized in Bhattacharya and Patrangenaru (2003, 2005).

4.2 Extrinsic Mean and Variation

In this chapter, we assume that M is a differentiable manifold of dimension d. Con-
sider an embedding of M into some Euclidean space EV ~ R via some map

J : M — E such that both J and its derivative are injective. Then .J induces
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the distance
p(z,y) = || J(z) = J(y)] (4.2.1)

on M, where ||.| denotes the Euclidean norm

N
(lul® =Y u® ¥ u= (w1, ug, s un)').
i=1

The distance p is called the extrinsic distance on M. Given a probabilty distribu-

tion (Q on M, we consider the Fréchet function

F(z) = /M (2, )Q(dy) (122)

with p as in equation (4.2.1). This choice of Fréchet function makes the Fréchet mean

and variation computable in a number of important examples using Proposition 4.2.1.

Definition 4.2.1. Let (M, p), J be as above. Let @) be a probability distribution
with finite Fréchet function F. The Fréchet mean set of () is called the extrinsic
mean set of () and the Fréchet variation of @) is called the extrinsic variation
of Q. If X;, i =1,...,n are iid observations from @) and @, = %2?21 0x, is the
corresponding empirical distribution, then the Fréchet mean set of (), is called the
sample extrinsic mean set and the Fréchet variation of @) is called the sample

extrinsic variation.

Among the possible embeddings, we seek out equivariant embeddings which

preserve many of the geometric features of M.

Definition 4.2.2. For a Lie group H acting on a manifold M, an embedding J : M —
RY is H-equivariant if there exists a group homomorphism ¢ : H — GL(N,R) such
that

J(hp) = ¢(h)J(p) Vp € M, Vh € H.

Here GL(N,R) is the general linear group of all N x N non-singular matrices.
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We say that () has an extrinsic mean pup if the extrinsic mean set of @) is a
singleton. Proposition 4.2.1 as proved in Bhattacharya and Patrangenaru (2003),
gives a necessary and sufficient condition for ) to have an extrinsic mean. It also
provides an analytic expression for the extrinsic mean set and extrinsic variation of ().
In the statement of the proposition, we assume that J(M) = M is a closed subset of
EN. Then for every u € EV, there exists a compact set of points in M whose distance
from w is the smallest among all points in M. We call this set the projection set of

u and denote it by
Pyu={zxc M: |z —u| <|y—ul Yy M}. (4.2.3)

If this set is a singleton, u is said to be a nonfocal point of EV (w.r.t. M), otherwise

it is said to be a focal point of £V,

Proposition 4.2.1. Let Q = Qo.J~! be the image of Q in EN. (a) If ji = Jen u@Q(du)
is the mean of Q, then the extrinsic mean set of Q is given by J~*(Pgji). (b) The

extrinsic variation of QQ equals

V= [l AP + i ul?

where p € Pyji. (c) If it is a nonfocal point of EN, then the extrinsic mean of Q

exists.

We define the sample extrinsic mean pu, 5z to be any measurable selection from
the sample extrinsic mean set. In case fi is a nonfocal point, it follows from Proposi-

tion 2.2.2 that u,g is a strongly consistent estimator of ug.

4.3 Asymptotic Distribution of the Sample Extrinsic Mean

From now on we assume that the extrinsic mean pg of ) is uniquely defined. It
follows from Theorem 2.3.1 in Chapter 2 that under suitable assumptions, the co-

ordinates of the sample extrinsic mean u,r have asymptotic Gaussian distribution.
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However apart from other assumptions, the theorem requires () to have support in a
single coordinate patch and the expression of the asymptotic dispersion depends on
what coordinates we choose. In this section, we derive the asymptotic Normality of
e in a different way, via Proposition 4.3.1, which is proved in Bhattacharya and
Patrangenaru (2005). This proposition makes lesser assumptions on () and the ex-
pression for the asymptotic dispersion is easier to get, as we shall see in subsequent

chapters.

When the mean /i of Q is a nonfocal point of EV the projection set in (4.2.3) is

a singleton and we can define a projection map

P BN — I, ||fi= P(i)]| = min | — p| (4.3.1)

pe

in a neighborhood of fi. Also in a neighborhood of a nonfocal point such as ji, P is
smooth. Let X = %Z;;l Xj be the sample mean of Xj = J(X;),j=12,...,n
Since X converges to i almost surely, for sample size large enough X is nonfocal, and

it can be shown by a second order Taylor expansion for P : EN — EV . that

VnlP(X) = P()] = Vn(dzP)(X — i) + op(1) (4.3.2)

where d; P is the differential (map) of the projection P, which takes vectors in the
tangent space of EN at fi to tangent vectors of M at P(ji). Since ﬁ(? — fi) has
an asymptotic Gaussian distribution and d; P is a linear map, from (4.3.2) it follows
that \/ﬁ[P(}) — P(f1)] has an asymptotic mean zero Gaussian distribution on the
tangent space of J(M) at P(f1). This is stated in Proposition 4.3.1 below.

Proposition 4.3.1. Suppose [i is a nonfocal point of EV and P is continuously
differentiable in a neighborhood of ji. Denote by T}, the vector of coordinates of
(dﬁP)(Xj — i), j=1,2,...,n, with respect to some orthonormal basis for Tp(mM.

Then if Qo J~ has finite second moments,

VT - N(0, %)



95

where ¥ denotes the covariance matrixz of 1.

Let Lj : EN — TP@M denote the linear projection on to Tp(ﬂ)M. Then from
equation (4.3.2) and Proposition 4.3.1, it follows that

nLy[P(X) — P(R)'S7'Ly[P(X) — P()] - A2,

Using this we can construct the following confidence region for pg:

A ~

{pe = J'P(R)] : nL[P(R) = P(X)STLIP(R) — P(X)] < X7(1 - a)}  (4.3.3)

with asymptotic confidence level (1 — ). Here L : EN — T, M denotes the linear

(X)

projection on to T, M, 3 is the sample estimate of ¥ and X?(1 — ) is the upper

(%)
(1 — a)-quantile of the chi-squared distribution with d degrees of freedom (X7). The

corresponding pivotal bootstrap confidence region for ug is given by

=~ A =~

{ue :nL[P(R) - POVSLIP() - PR)] < (1 —a)}.  (4.3.4)

Here ¢*(1 — «) denotes the upper (1 — «)-quantile of the bootstrapped values of

nL[P(f) — P(X)I'S7'L[P(7) — P(X)).

4.4 Asymptotic Distribution of the Sample Extrinsic Varia-
tion

Let V and V,, denote the extrinsic variations of ) and @), respectively. We can
deduce the asymptotic distribution of V,, from Theorem 2.4.1 in Chapter 2. However
for the hypotheis of that theorem to hold, we need to make a number of assumptions
including that ¢) has support in a single coordinate patch. Theorem 4.4.1 proves
the asymptotic normality of V,, under less restrictive assumptions. It was first proved
in Bhattacharya (2008a). In the statement of the theorem, p denotes the extrinsic

distance as defined in equation (4.2.1).
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Theorem 4.4.1. If Q has extrinsic mean ug and if Ep*(X1, ug) < oo, then
Vn(Vy, — V) =55 N(0, Var(p*(X1, 1g))).

Proof. From definition of V,, and V, it follows that

Zp Xjs tng) /Mp2(:v,uE)Q(dl‘)

:_ZP X, finE) Zp X, ie)

+ - ZP Xj, pe) — Bl0* (X1, ps)] (4.4.1)

where u,p is the sample extrinsic mean, i.e. some measurable selection from the

sample extrinsic mean set. Now,

—Zp X;, ) ZHY P(Y)|?
=—ZHY PRI+ | P(7) — P(V)|? = 20Y — P(R), P(Y) — P(i))  (44.2)

Substitute (4.4.2) in (4.4.1) to get

which implies that
VvV, = V) =T+ T (4.4.3)
where
Ty = Val[P(Y) = P()|* — 2vn(Y — P(f), P(Y) = P(1)), (4.4.4)
(% > PP(Xj, ue) — Ep*(X, /@)) (4.4.5)
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From the classical CLT, if Ep?(Xy, ug) < oo, then
Ty 55 N(0, Var(p*(X1, pp))). (4.4.6)
Compare the expression of T} with equation (4.3.2) to get
Ty = —2(ds PV — i), i — P()) + op(1). (4.4.7)

From the definition of P, P(ji) = argmin . [|fi—pl[|*. Hence the Euclidean derivative

of ||fi — p||? at p = P(j1) must be orthogonal to TpM, or
ju = P(ft) € (T M)*.
Since d;P(Y — 1) € Tp(ﬂ)M, the first term in the expression of 77 in (4.4.7) is 0, and
hence 77 = op(1). From equations (4.4.3) and (4.4.6), we conclude that
VAV = V) = = S )~ B )] S o) (449
j=1
5 N(0, Var(p* (X, 1))
This completes the proof. O

Remark 4.4.1. Although Proposition 2.2.3 does not require the uniqueness of the
extrinsic mean of () for V,, to be a consistent estimator of V', Theorem 4.4.1 breaks

down in the case of non-uniqueness. (see Section 4.5).
Using Theorem 4.4.1, one can construct the following confidence interval I for V:

) Vot

s
2 71—
( 2

NG

The interval I has asymptotic confidence level of (1 — ). Here s? is the sample

[={Ve,- %2(1 - %)]}. (4.4.9)

variance of p*(Xj, ping), j = 1,...,nand Z(1—%) denotes the upper (1—%)-quantile of
N(0, 1) distribution. From equation (4.4.9), one can also construct a pivotal bootstrap

confidence interval for V| the details of which are left to the reader.
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4.5 Extrinsic Analysis on the unit sphere S¢
Consider the inclusion map
i8S — R i(x) = .

as the embedding of S¢ in R*!. The extrinsic mean set of a probability measure @
on S? is then the projection set of ji = fRd x@(dm) on S% where Q is Q regarded as
a probability measure on R4, Note that ji is nonfocal iff i # 0. Then

and if i = 0, then Pga(0) = S% The extrinsic variation of Q is
V= [ e il + (17 - 12
Rd+1
=201 —|[all).
If V,, denotes the sample extrinsic variation, it is easy to check that /n(V,, — V) is
asymptotically Normal iff i # 0.
4.6 Two Sample Extrinsic Tests

In this section, we will use the asymptotic distribution of the sample extrinsic mean
and variation to construct nonparametric tests to compare two probability distribu-

tions (1 and ()2 on M.

4.6.1 Independent Samples

Let Xy,...,X,, and Yj,...,Y,, be two iid samples from ), and @), respectively that
are mutually independent. Let u;z and V; denote the extrinsic means and variations

of Q;, i = 1,2 respectively. Similarly denote by fi;5 and Vi the sample extrinsic means
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and variations. We want to test the hypothesis, Hy : Q1 = Q5.

We start by comparing the sample extrinsic means. Let X; = J(X;), Y; = J(Y;)
be the embeddings of the sample points into £V . Let u; be the mean of Qi = Q;oJ .
Then under Hy, j; = pia = p (say). Let fi;, i = 1,2 be the sample means of {X;} and
{V;} respectively. Then from equation (4.3.2), it follows that

VP (i) = P(p)] = v/ni(d, P)(fii — p) +op(1) i = 1,2. (4.6.1)

g

ni+ng

Hence, if n; — oo such that — pi, 0 <p; <1, p1 +p2 =1, then

VA(P() = P(ji2)) = VAP — 1) = VdyP(fis — 1) + 0p(1)
£, N(o, = + E—2). (4.6.2)
P1 P2

Here n = n, + ns is the pooled sample size, X¢, i = 1,2 are the covaraiance matrices
of the coordinates of d, P(X; — 1) and d, P(Y; — 1) with respect to some chosen basis
for T#]\;[. We estimate p by the pooled sample mean i = %(nlﬂl + nafiz). Denote
the coordinates of {d;,P(X; — fi)}52, and {d;,P(Y; — 1) 721 by {Sj}7L, and {S7}72,
respectively. Let 37 i = 1,2 denote the sample covariance matrices of {S]Z FiLi=1,2

respectively. Then if Hy is true, the statistic

_ _ 1 . 1..\""' _ _
T, = (St — 52 (—21 + —22> (St — S2) (4.6.3)

ny %)
converges in distribution to X? distribution, where d is the dimension of M. Hence

we reject Hy at asymptotic level av if Ty > X?(1 — «).

Next we test the null hypothesis Hy : p1p = pop against the alternative H, :
tiE # pop. From equation (4.3.2), it follows that

VR[{P(fn) = P(p1)} — {P(j12) — P(p2)}]
=vndy, P(jin — i) — Vndy, P(fiz — pi2) + op(1). (4.6.4)
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Since the samples are independent, equation (4.6.4) implies that, for i € M,

Ly [Vnl[{P(in) = P(1n)} — {P(js2) — P(u2)}]]
=Lu[vndy, P(fin — p1)] = Loa[v/ndy, P(jiz — p2)] + 0p(1)
£, N(0, piLl,lle;ﬂ + plesz;ﬁ). (4.6.5)

In equation (4.6.5), L denotes the linear projection from E™ on to T,;]\Z, while L;j,
1 = 1,2 denote the linear projections from TmM on to Tﬂ]\;[, and ;, ¢+ = 1,2, are
the covaraiance matrices of the coordinates of d,,, P(X; — y1) and d,,, P(Y] — ) with
respect to some chosen bases for T, mM and T,QM respectively. Hence if Hj is true,

then P(u1) = P(u2), and hence from equation (4.6.5), it follows that
. . 1 1
LV () = P)}] -5 NO, - LySiLly + - LySalyy). (166)
1 2

Note that ji can be any point on M for (4.6.6) to hold. Using this one can construct
the test statistic

-1

Ty = LIPG) ~ P)Y (- LS+ o LaSalt)  LPG) = P(iw)] (467
to test if Hy is true. In the statistic 75, L is the linear projection from EV on to
TPM, where p € M. L;, i = 1,2 are the matrices of linear projection on to TpM
from Tp(ﬂi)M respectively. Again, p can be any point on M, but tangent space anal-
ysis is expected to provide better approximation to the asymptotic limit if we choose
p = P(f1), it being the pooled sample mean. Here 3, i = 1,2 denote the sample
covariance matrices of the coordinates of {d;, P(X; — fi) i, and {d;, P(Y; — fi2) 2
respectively with respect to some chosen basis for TﬂlM and T[nM . Under H,,
Ty =5 X2, Hence we reject Hy at asymptotic level o if Ty > X2(1 — a). In our
examples from Chapter 7, the two statistics 77 and T3 yield values that are quite

close to each other.
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When the sample sizes are not too large, it is more efficient to construct a boot-
strap confidence region for P(p;) — P(uz2) using the test statistic 75 in (4.6.7), and
use that to test if Hy is true. Let {X7,j=1,...,ni} and {Y}",j =1,...,ny} denote
the bootstrap resamples from the original samples in M. Denote by i, 1= 1,2 the
bootstrap sample means, and by p* the pooled sample mean. Let L, i = 1,2, be
the matrices of projections from TP(M;)]\Z/ on to Tp(u*)M, L* be the linear projection
from EV on to Tp(u*)M, Y7, 1 = 1,2, be the bootstrap sample covariance matrices

of the coordinates of {d,: P(X; — ui)} and {d,; P(Y; — p3)} respectively. Then the
bootstrap version of 75 in (4.6.7) is

Ty =o'yl (4.6.8)
where
v = DUPGE) — P} — {P(3) — Pl (4.6.9)
and
* 1 *xvk T %/ 1 wxvk T oK/
S = LIS+ LS (4.6.10)
nq Ty

We reject Hy at level aif T > ¢*(1 —«v), where ¢*(1 — ) is the upper (1 — ) quantile
of the bootstrap distribution of 77

Next we test if (); and ()2 have the same extrinsic variations, i.e. Hy : Vj = V5.
From Theorem 4.4.1 and using the fact that the samples are independent, we get,

under Hy,

Yy £ of | 0o}
Vn(Vi —Va) =5 N (0, L+ —) (4.6.11)
pP1 D2
Vl; Yoz, N(0,1)

where o7 = Var (p?(X1, 1)), 03 = Varp?(Y1, pop) and s7, s3 are their sample esti-
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mates. Hence to test if Hy is true, we can use the test statistic
Vi— 1,
52 82 '
Vit

For a test of asymptotic size «, we reject Hy if T3] > Z (1 — %), where Z (1 — %) is

Ty = (4.6.12)

the upper (1 — %)—quantile of N(0, 1) distribution. We can also construct a bootstrap
confidence interval for V| — V5 and use that to test if V; — V5 = 0. The details of that

are left to the reader.

4.6.2 Matched Pair Samples

Next consider the case when (Xi,Y7), ..., (X,,Y,) is an iid sample from some dis-
tribution Q on M = M x M. Such samples arise, when for example we have two

different observations from each subject (see Section 8.6).

Let X;’s have distribution ); while Y;’s come from some distribution ()2 on M.
Our objective is to distinguish )7 and ()o by comparing the sample extrinsic means
and variations. Since the X and Y samples are not independent, we cannot apply
the methods of the earlier section. Instead we do our analyses on M. Note that M

is a differentiable manifold which can be embedded into EY x E¥ via the map
J: M — EY x BN, J(x,y) = (J(2), J(y)).

Let Q = Q o J~'. Then if Q; has mean s, i = 1,2, then Q has mean i = (i1, y2).
The projection of ji on M= J(M) is given by P(u) = (P(u1), P(uz)). Hence if Q;
has extrinsic mean p;g, ¢ = 1,2, then @ has extrinsic mean figp = (1, p2r). Denote
the paired sample as Z; = (X;,Y;), 7 =1,...,nand let g = (fi1, fi2), fir = (fug, fi2r)
be the sample estimates of i and fig respectively. From equation (4.3.2), it follows

that

Va(P(fi) = P(R)) = v/ndaP(ii — i) + op(1)
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which can be written as

P([“) N P('ul) — de(ﬂl - ,Ul)
v ( P(fiz) = P(p2) > - \/ﬁ( dy Pfiz — 112) ) +op(1) (4.6.13)

Hence if Hy: py = po = i, then under H,

(B E Yy (G0

P(fiz) — P(p) d, P(fio — p)
£ N0, = < 22211 Z;; )). (4.6.14)

In (4.6.14), X', i = 1,2 are the same as in (4.6.2) and X' = (2!} is the covariance
between the coordinates of d, P(X; — ) and d,P(Y; — ). From (4.6.14), it follows
that

Vnd, P(fiy — fia) = N(0, 8"+ %2 — 512 — y21),

This gives rise to the test statistic
Ty, = n(St — S2)(X! + 2 — »12 — 92)=1(51 — 52) (4.6.15)
where S, 52, 32! and 2 are as in (4.6.3) and X'2 = (£2!)’ is the sample covariance

between {Sj}7_, and {S?}7_,. If Hy is true, Ty, converges in distribution to X dis-

tribution. Hence we reject Hy at asymptotic level av if Ty, > X7 (1 — «).

If we are testing Hy : piip = piop, then from (4.6.13), it follows that, under Hy,

VALP (i) = P(ji2)] = Vidy, Pt — 1) = Vidy, Pz — i) + 0p(1)  (4.6.16)
which implies that, for any g € M,
Lﬂ[\/ﬁ{P(ﬂl) — P(fi2)}]
=Lua[Vndy, P(fu — p1)] — Laa[v/ndy, P(fiz — pi2)] + op(1)

£L.N(0,Y) (4.6.17)

where

Y= LlﬁzlL’m -+ L2ﬁ22Ll2ﬂ — L1ﬁ212Ll2ﬂ — L2[LZ21L/1/1-
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In (4.6.17), L, L;z and %;, i = 1,2 are the same as in (4.6.6), and ¥, = XY, denotes
the covariance between the coordinates of d,,, P(X; — 1) and d,,, P(Y; — ). Hence

to test if Hy is true, one can use the test statistic

Typ = nL[P(fi) — P(j12)] S LIP(fi1) — P(j12)] where (4.6.18)
XA) - LlilLll -+ Lgig[zé - LlilgLé - L2221L/1- (4619)

In the statistic Th,; L, L; and f]i, i = 1,2 are as in (4.6.7) and Sy = (212)’ de-
notes the sample covariance between the coordinates of {d;, P(X; — fi1)}i—, and
{d;, P(Y; — fi2)}j—;. Under Hy, T, £, X7. Hence we reject Hy at asymptotic level
aif Ty, > X7 (1 — a). In the application considered in Section 8.6, the values for the

two statistics 77, and 75, are very close to each other.

One can also find a bootstrap confidence region for P(u;) — P(u2) and use that
to test if Hy is true. The details are left to the reader.

Let Vi, and V5 denote the extrinsic variations of (); and ()» and let ‘71, VQ be
their sample analogues. Suppose we want to test the hypothesis Hy : Vi = V5. From
(4.4.8), we get that,

( V(i = 1)

a ) . ( Zn 1[ ( ]MulE) E,O2<X17N1E>]
Vn(Va = V2) \/_ E
— N

S P (Y o) — BpA(Ya, ping) )“’P(”

(0 (0122 0(;132 )) (4.6.20)

where 015 = Cov(p*(X1, 1g), p*(Y1, n2r)), o3 and o5 are as in (4.6.11). Hence if Hy
is true,

ViV = V) =55 N(0,02 + 02 — 201,).

This gives rise to the test statistic,

(4.6.21)
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where s?, 53, 519 are sample estimates of o7,02, 015 respectively. We reject Hy at

asymptotic level « if [T3,] > Z(1 — §). We can also get a (1 — «) level confidence

interval for V; — V5 using bootstrap simulations and use that to test if Hy is true.
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CHAPTER 5

INTRODUCTION TO SHAPE SPACES

5.1 Landmark Based Shape Spaces

The statistical analysis of shape distributions based on random samples is important
in many areas such as morphometrics (discrimination and classification of biological
shapes), medical diagnostics (detection of change or deformation of shapes in some
organs due to some disease, for example), machine vision (e.g., digital recording and
analysis based on planar views of 3-D objects) and robotics (for robots to visually
recognize a scene). Among the pioneers on foundational studies leading to such appli-
cations, we mention Kendall (1977, 1984) and Bookstein (1991). In this chapter and
the chapters that follow, we will be mostly interested in the analysis of shapes of land-
mark based data, in which each observation consists of k£ > m points in m-dimension,
representing k locations on an object, called a k-ad. The choice of landmarks is gen-
erally made with expert help in the particular field of application. Depending on the
way the data are collected or recorded, the appropriate shape of a k-ad is the maximal

invariant specified by the space of orbits under a group of transformations.

For example, one may look at k-ads modulo size and Euclidean rigid body mo-
tions of translation and rotation. The analysis of shapes under this invariance was
pioneered by Kendall (1977, 1984) and Bookstein (1978). Bookstein’s approach is
primarily registration-based requiring two or three landmarks to be brought into a
standard position by translation, rotation and scaling of the k-ad. For these shapes,
we would prefer Kendall’s more invariant view of a shape identified with the orbit
under rotation (in m-dimension) of the k-ad centered at the origin and scaled to have

unit size. The resulting shape spaces are called the similarity shape spaces. A fairly
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comprehensive account of parametric inference on these spaces, with many references
to the literature, may be found in Dryden and Mardia (1998). Once we consider the

orbits under all orthogonal transformations, we get the reflection shape spaces.

Recently there has been much emphasis on the statistical analysis of other notions
of shapes of k-ads, namely, affine shapes invariant under affine transformations, and
projective shapes invariant under projective transformations. Reconstruction of a
scene from two (or more) aerial photographs taken from a plane is one of the research
problems in affine shape analysis. Potential applications of projective shape analysis

include face recognition and robotics.

In this chapter, we will briefly describe the geometry of the above shape spaces

and return to them one by one in the subsequent chapters.

5.2 Geometry of Shape Manifolds

Many differentiable manifolds M naturally occur as submanifolds, or surfaces or hy-
persurfaces, of an Euclidean space. One example of this is the sphere S = {p €
RI*L: ||p|| = 1}. The shape spaces of interest here are not of this type. They are
quotients of a Riemannian manifold N under the action of a transformation group G,
i.e., M = N/G. A number of them are quotient spaces of N = S¢ under the action of
a compact group G, i.e., the elements of the space are orbits in S¢ traced out by the
application of G. Among important examples of this kind are the Kendall’s shape
spaces and reflection shape spaces. In some cases the action of the group is free,
i.e., gp = p only holds for the identity element g = e. Then the elements of the orbit
O, = {gp: g € G} are in one-one correspondence with elements of G, and one can
identify the orbit with the group. The orbit inherits the differential structure of the

Lie group G. The tangent space T, N at a point p may then be decomposed into a ver-
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tical subspace V), of dimension that of the group G along the orbit space to which p
belongs, and a horizontal subspace H, which is orthogonal to it. The vertical sub-
space is isomorphic to the tangent space of GG and the horizontal one can be identified
with the tangent space of M at the orbit O,. With this identification, M is a differ-
entiable manifold of dimension that of N minus the dimension of GG. Further if G acts
as isometries of N, then the projection 7, 7(p) = O, is a Riemannian submersion
of N onto the quotient space M = N/G. In other words, (dn(v), dm(w))xp) = (v, W),
for horizontal vectors v,w € T,N, where dm : T,N — Ty ,)M denotes the differential,
or Jacobian, of the projection 7. With this metric tensor, M has the natural structure
of a Riemannian manifold. This provides the framework for carrying out an intrinsic

analysis on M.

To carry out an extrinsic analysis on M, we use a smooth map J from N into
some Fuclidean space E which is an embedding of M into that Euclidean space. Then
the image J(M) is a differentiable submanifold of E. The tangent space at J(mw(p))
is dJ(H,) where dJ is the differential of the map J : N — E. Among all possible
embeddings, we choose J to be equivariant under the action of a large group H on

M. In most cases, H is compact.

5.2.1 (Direct) Similarity Shape Spaces ©¥,

Consider a k-ad in 2D or 3D with not all landmarks identical. Its (direct) similar-
ity shape is what remains after removing the effects of translation, one dimensional
scaling and rotation. The space of all similarity shapes forms the (Direct) Similar-
ity Shape Space Xf | with m being the dimension of the Euclidean space where the
landmarks lie, which is usually 2 or 3. Similarity shape analysis finds many appli-
cations in morphometrics - classification of biological species based on their shapes,

medical diagnostics - disease detection based on change in shape of an organ due to
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disease or deformation, evolution studies - studying the change in shape of an organ
or organism with time, age etc, and many more. Some such applications will be

considered in subsequent chapters.

5.2.2 Reflection Similarity Shape Spaces RYF,

When one considers the reflection similarity shape of a k-ad, that is, features
invariant under translation, scaling and all orthogonal transformations, then it is
possible to embed the resulting shape space in some higher dimensional Euclidean
space and carry out an extrinsic analysis. The embedding was first considered by Ban-
dulasiri and Patrangenaru (2005) and later independently by Dryden et al. (2008).
Such an embedding which is equivariant under a large group action is known for
the similarity shape spaces only when m = 2. Thus considering the reflection shape
makes it possible to extend the results of nonparametric inference on shapes from 2
to m (in particular 3) dimensions. The correct computation of the mean reflection
shape was first carried out in Bhattacharya (2008a). For details, see Chapter 8 of
this book.

5.2.3 Affine Shape Spaces AYF,

An application in bioinformatics consists in matching two marked electrophoresis gels.
Proteins are subjected to stretches in two directions. Due to their molecular mass
and electrical charge, the amount of stretching depends on the strength and duration
of the electrical fields applied. For this reason, the same tissue analyzed by different
laboratories may yield different constellations of protein spots. The two configura-
tions differ by a change of coordinates that can be approximately given by an affine

transformation which may not be similarity.
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Another application of affine shape analysis is in scene recognition: to recon-
struct a larger image from partial views in a number of ariel images of that scene. For
a remote scene, the image acquisition process will involve a parallel projection, which
in general is not orthogonal. Two common parts of the same scene seen in different

images will essentially differ by an affine transformation but not a similarity.

5.2.4 Projective Shape Spaces PYXF

In machine vision, if images are taken from a great distance, affine shape analysis
is appropriate. Otherwise, projective shape is a more appropriate choice. If im-
ages are obtained through a central projection, a ray is received as a point on the
image plane. Since axes in 3D comprise the projective space RP?, k-ads in this
view are valued in RP2. To have invariance with regard to camera angles, one may
first look at the original 3D k-ad and achieve affine invariance by its affine shape
and finally take the corresponding equivalence class of axes in RP?, to define the
projective shape of the k-ad invariant with respect to all projective transformations
on RP?. Potential applications of projective shape analysis arise in robotics, partic-

ularly in machine vision for robots to visually recognize a scene, avoid an obstacle, etc.

For a remote view, the rays falling on the image plane are more or less parallel, and
then a projective transformation can be approximated by an affine transformation.
Further, if it is assumed that the rays fall perpendicular to the image plane, then

similarity or reflection similarity shape space analysis becomes appropriate.
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CHAPTER 6

KENDALL’S (DIRECT) SIMILARITY SHAPE
SPACES ¥ .

6.1 Introduction

Kendall’s shape spaces are quotient spaces S¢/G, under the action of the special
orthogonal group G = SO(m) of m x m orthogonal matrices with determinant +1.

Important cases include m = 2, 3.

For the case m = 2, consider the space of all planar k-ads (z1,22,...,2;) (2; =
(xj,95)), k > 2, excluding those with k identical points. The set of all centered and
normed k-ads, say v = (uy,ug,...,u;) comprise a unit sphere in a (2k — 2) dimen-
sional vector space and is, therefore, a (2k — 3) dimensional sphere S*~3 called the
preshape sphere. The group G = SO(2) acts on the sphere by rotating each land-
mark by the same angle. The orbit under G of a point u in the preshape sphere
can thus be seen to be a circle St so that Kendall’s planar shape space X5 can
be viewed as the quotient space S*73/G ~ S*73/S1 a (2k — 4) dimensional com-
pact manifold. An algebraically simpler representation of ¥} is given by the complex
projective space CP*~2. For nonparametric inference on ¥4, see Bhattacharya and
Patrangenaru (2003, 2005), Bhattacharya and Bhattacharya (2008a, 2008b). For
many applications in archaeology, astronomy, morphometrics, medical diagnostics
etc, see Bookstein (1986, 1997), Kendall (1989), Dryden and Mardia (1998), Bhat-
tacharya and Patrangenaru (2003, 2005), Bhattacharya and Bhattacharya (2008a, c)
and Small (1996). We will return back to this shape space in the next chapter.

When m > 2, consider a set of k points in R™, not all points being the same.
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Such a set is called a k-ad or a configuration of k£ landmarks. We will denote a k-ad
by the m x k matrix, z = (z1,...,x) where x;, i = 1,...,k are the k landmarks
from the object of interest. Assume k > m. The direct similarity shape of the
k-ad is what remains after we remove the effects of translation, rotation and scaling.
To remove translation, we substract the mean z = %Zle x; from each landmark to
get the centered k-ad u = (1 — Z,...,x; — Z). We remove the effect of scaling by

dividing u by its euclidean norm to get

7) = (21,22, -, 2k)- (6.1.1)

This z is called the preshape of the k-ad z and it lies in the unit sphere S* in the
hyperplane H* = {z € R™**: 21, = 0}. Hence

Sk = {z € R™*: Trace(zz') = 1, 21 = 0} (6.1.2)

Here 1; denotes the k x 1 vector of all ones. Thus the preshape sphere S* may
be identified with the sphere S*™~™~1  Then the shape of the k-ad z is the orbit
of z under left multiplication by m x m rotation matrices. In other words XF =
Sk /SO(m). One can also remove the effect of translation from the original k-ad = by
postmultiplying the centered k-ad u by a Helmert matrix H which is a k x (k — 1)
matrix satisfying H'H = [, and 1 H = 0. The resulting k-ad & = uH lies in
R™*=1) and is called the Helmertized k-ad. Then the preshape of x or @ is

Z =u/|lu|| and the preshape sphere is
Sk = {z e R™* =1 Trace(zz') = 1}. (6.1.3)

The advantage of using this representation of S* is that there is no linear constraint
on the coordinates of z and hence analysis becomes simpler. However, now the
choice of the preshape depends on the choice of H which can vary. In most cases,
including applications, we will represent the preshape of x as in equation (6.1.1) and

the preshape sphere as in (6.1.2).
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6.2 Geometry of Similarity Shape Spaces

In this section, we study the topological and geometrical properties of * represented
as S® /SO(m). We are interested in the case when m > 2. The case m = 2 is studied

in Chapter 7.

For m > 2, the direct similarity shape space X* fails to be a manifold. That is
because the action of SO(m) is not in general free. Indeed, the orbits of preshapes
under SO(m) have different dimensions in different regions (see, e.g., Kendall et al.
(1999) and Small (1996)). To avoid that, one may consider the shape of only those

k-ads whose preshapes have rank at least m — 1. Define
NSk ={ze€ Sk . rank(z) > m — 1}

as the nonsingular part of S* and 3¢ = NSk /SO(m). Then, since the action of
SO(m) on NSk is free, 33 is a differentiable manifold of dimension km —m — 1 —
@. Also since SO(m) acts as isometries of the sphere, XF inherits the Rieman-
nian metric tesor of the sphere and hence is a Riemannnian manifold. However it is

not complete because of the ‘holes’ created by removing the singular part.

Consider the projection map

m: NSk — %k

0om>»

m(z) ={Az: A€ SO(m)}.

This map is shown to be a Riemannian submersion (see Kendall et. al. (1999)).
This means that if we write 7. ZSZ; as the direct sum of the horizontal subspace H,
and vertical subspace V,, then dr is a isometry from H, into T,,(Z)Elgm. The tangent
space T,S* is

T.S* = {ve HE . Trace(v?') = 0}.

The vertical subspace V, consists of initial velocity vectors of curves in S¥ starting

at z and remaining in the orbit 7(z). Such a curve will have the form ~(t) = 5(¢)z
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where (1) is a curve in SO(m) starting at the identity matrix [,,. Geodesics in

SO(m) starting at I,,, have the form (t) = exp(tA) where
2 A3
exp(A)=1+A+ —+ - +...
2 3!
and A is skew-symmetric (A + A’ = 0). For such a curve, 4(0) = A, therefore

4(0) = Az which implies that
V,={Az: A+ A" =0}.
The horizontal subspace is its ortho-complement, which is
H,={ve H" : Trace(v) =0, v = 20'}.

Since 7 is a Riemannian submersion, 7; W(Z)Ek is isometric to H,.

Om
The geodesic distance between two shapes 7(x) and m(y), where z,y € S¥, is

given by

dy(v(),7(y)) = mindyu(a,Ty).

Here dg(.,.) is the geodesic distance on S¥ which is
dgs(z,y) = arccos(Trace(yz')).

Therefore

dy(m(z), 7(y)) = arccos(Terglg%cm) Trace(Tyz")). (6.2.1)

Consider the pseudo-singular value decomposition of yx’ which is

yr' = UAV; U,V € SO(m),

A =diag(A, .., ), A1 =X >0 > N > A, sign(),,) = sign(det(yz')).

Then the value of T" for which Trace(T'yz’) in equation (6.2.1) is maximized is 7' =

V'U’ and then

m

dg(m(x), (y)) = arccos(Trace(A)) = arccos(z Aj)

j=1
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which lies between 0 and %

Define the singular part D,,_» of S as the set of all preshapes with rank less than
m — 1. Then it is shown in Kendall et. al. (1999) that for x € S*¥ \ D,, » = NS*

the cut-locus of 7(z) in $§  is given by
C(m(z)) = 7(Dp—2) U Co(m(X))

where Cy(m(X)) is defined to be the set of all shapes 7(y) € Xf . such that there
exists more than one length minimizing geodesic joining m(z) and 7(y). It is also
shown that the least upper bound on all sectional curvatures of Xf  is +o00. Hence

we cannot apply the results of Chapter 3 to carry out intrinsic analysis on this space.

Once we remove the effects of reflections along with rotations from the preshapes,
we can embedd the shape space into a higher dimensional Euclidean space and carry

out extrinsic analysis of shapes. This is done in Chapter 8.
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CHAPTER 7

THE PLANAR SHAPE SPACE X}

7.1 Introduction

Consider a set of k points on the plane, not all points being the same. We will assume
k > 2 and refer to such a set as a k-ad or a set of k£ landmarks. For convenience we will
denote a k-ad by k complex numbers (z; = x; +1iy;, 1 < j < k), i.e., we will represent
k-ads on a complex plane. Then the similarity shape of a k-ad z = (21, 29,...,2;)
represents the equivalence class, or orbit of z under translation, one dimensional

scaling and rotation. To remove translation, one substracts

from z to get z — (z). Rotation of the k-ad by an angle # and scaling by a factor
r > 0 are achieved by multiplying z — (z) by the complex number A\ = re®. Hence
one may represent the shape of the k-ad as the complex line passing through z — (z),
namely, {A(z — (2)): A € C\ {0}}. Thus the space of similarity shapes of k-ads is
the set of all complex lines on the (complex (k — 1)-dimensional) hyperplane, H*~1 =
{w e CF\ {0}: SFw; = 0}. Therefore the similarity shape space X5 of planer k-ads
has the structure of the complex projective space CP*~2- the space of all complex

lines through the origin in C*~1.

7.2 Geometry of the Planar Shape Space

When identified with CP*~2, ¥§ is a compact connected Riemannian manifold of

(real) dimension 2k — 4. As in the case of CP*72, it is convenient to represent the
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shape o(z) of a k-ad z by the curve

z—(2)
Iz = ()l

on the unit sphere CS*~! in H*~!. The quantity u is called the preshape of the

o(z) =7(u) = {eu: —m <0<}, u=

shape of the original k-ad z and it lies on CS*~! which is

k
CS* ' ={ueCr: ) u=0, fu| =1}.

Jj=1
The map 7 : CS*~! — ¥ is a Riemannian submersion. Hence its derivative dr is an

isometry from H, into T, ,,(u)z’;, where H, is the horizontal subspace of the tangent

space T,,CS*~1 of CS*~! at w, which is
H,={veC' :205=0, v'1, =0}

The preshape sphere CS*~! can be identified with the real sphere of dimension 2k — 3,
namely S?*73. Hence if exp denotes the exponential map of CS*~! as derived in

Chapter 3, then the exponential map of ¥} is given by
Expw(u) : T7T(U)2’2C - 257 EXpW(u) = TOoexp,° dﬂ-zjl'
The geodesic distance between two shapes o(z) and o(y) is given by

dy(0(2),0(y)) = dy(m(2), m(w)) = inf dys(z,¢"w)

0e(—m,m)

where z and y are two k-ads in C*, z and w are their preshapes in CS*!, and d(., .)
denotes the geodesic distance on CS*~!, which is given by ds(z, w) = arccos(Re(w'z))
as mentioned in Section 3.4. Hence the geodesic distance on 5 has the following
expression:

dy(m(2),m(w)) = inf arccos(Re(e “w'z))

oe(—m,x]

= arccos sup Re(e “w'z) = arccos(|w'z|).

oe(—m,m]
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Hence the geodesic distance between any pair of planar shapes lies between 0 and

2 which means that ¥4 has an injectivity radius of . The cut-locus C(7(z)) of

z € CS* 1 is given by

C(n(2)) = {r(w) : w € CS* ', d,(n(2),7(w)) = g} = {n(w) : w'z = 0}.

The exponential map Exp..) is invertible outside the cut-locus of z and its inverse is

given by
-1 . yk k r i0
Exp ) 1 85\ C(7(2)) = Tr(x) 23, m(w) — dma(s) {m(— cos(r)z + e w)
(7.2.1)
where r = d,((2),7(w)) and e = % It has been shown in Kendall (1984) that

Y% has constant holomorphic sectional curvature of 4.

Given two preshapes u and v, the Procrustes coordinates of v with respect to

u is defined as

where 6 € (—m, 7| is chosen so as to minimize the Euclidean distance between u and
e®v, namely dp(0) = ||u — ¢®v|. In other words, one trys to rotate the preshape v

so as to bring it closest to u. Then

d%(0) = 2 — 2Re(eu'v)

which is minimized when e = |’_’:“ and then the minimum value of the Euclidean

v'u

distance turns out to be

dp = min dp(0) = +/2(1 — |V'u]).

0c(—m,x]

This dp is a distance metric on Y&, called the Procrustes distance (see Dryden and
Mardia (1998) for details). The Procrustes coordinates can be particularly useful for

plotting shapes as we shall see in the next section.
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7.3 Examples

In this section, we discuss two applications of planar shape analysis. We will return

back to these examples in Section 7.10.

7.3.1 Gorilla Skulls

Consider eight locations on a gorilla skull projected on a plane. There are 29 male
and 30 female gorillas and the eight landmarks are chosen on the midline plane of
the 2D image of the skulls. The data can be found in Dryden and Mardia (1998).
It is of interest to study the shapes of the skulls and use that to detect difference
in shapes between the sexes. This finds application in morphometrics and other
biological sciences. To analyze the planar shapes of the k-ads, the observations lie in
Yk k= 8. Figure 7.1(a) shows the Procrustes coordinates of the shapes of the female
gorilla skulls. The coordinates are obtained with respect to a preshape of the sample
extrinsic mean, which is defined in Section 7.7. Figure 7.1(b) shows the Procrustes
coordinates of the shapes of the male gorilla skulls with respect to a preshape of the

male sample extrinsic mean.

7.3.2 Schizophrenic Children

In this example from Bookstein (1991), 13 landmarks are recorded on a midsagittal
two-dimensional slice from a Magnetic Resonance brain scan of each of 14 schizophrenic
children and 14 normal children. It is of interest to study differences in shapes of
brains between the two groups which can be used to detect schizophrenia. This is an
application of disease detection. The shapes of the sample k-ads lie in X5, k = 13.
Figure 7.2(a) shows the Procrustes coordinates of the shapes of the schizophrenic chil-
dren while Figure 7.2(b) shows the coordinates for the normal children. As in Section
7.3.1, the coordinates are obtained with respect to the preshapes of the respective

sample extrinsic means.
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Female sample preshapes
04 T T T T T T T

Male sample preshapes
04 T T T T T T T

FIGURE 7.1. (a) and (b) show 8 landmarks from skulls of 30 female and 29 male
gorillas respectively along with the respective sample mean shapes. * correspond to
the mean shapes’ landmarks.
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14 normal children 13 landmarks, along with the mean shape
04 T T T T T T T T

. Ly
03F  k° o :

o

0.1f b

o

14 schizophrenic children 13 landmarks, along with the mean shape
0.4 T T T T T T T

0.3 ° R

0.2f . 2 .

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

FIGURE 7.2. (a) and (b) show 13 landmarks for 14 normal and 14 schizophrenic
children respectively along with the respective mean shapes. * correspond to the
mean shapes’ landmarks.
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7.4 Intrinsic Analysis on the Planar Shape Space

Let Q be a probability distribution on ¥5. From Proposition 3.2.1, it follows that
if the support of @ is contained in a geodesic ball of radius 7 then it has a unique
intrinsic mean in that ball. In this section we assume that, that is supp(Q) € B(p, })
for some p € X5 Let p; = m(p) be the (local) intrinsic mean of @ in B(p, %),
with z being one of its preshapes. Let Xi,..., X, be an iid sample from @Q on ¥}
and let p,; be the (local) sample intrinsic mean in B(p, 7). From Proposition 3.2.1,
it follows that u,; is a consistent estimator of u;. Furthermore if we assume that
supp(Q) € B(ur, §), then Theorem 3.3.1 implies that the coordinates of p,,; have
asymptotic Normal distribution. However this theorem does not give expression for
the asymptotic parameter A because Y5 does not have constant sectional curvature.
Theorem 7.4.1 below shows us how to get the analytic expression for A and relaxes the
support condition for its positive definiteness. This theorem is stated in Bhattacharya

and Bhattacharya (2008b) and the following proof is taken from there.

Theorem 7.4.1. Let ¢ : B(p,T) — CF2(~ R?***) be the coodinates ofdwgloExp;Il :

B(p,§) — H, with respect to some orthonormal basis {v1, ..., vg_g, ivy,. .., ivk_2} for
H, (overR). Define h(x,y) = d3(¢~" (), ¢~ (y)). Let (D,h))2E* and (D, Dsh))2-]

be the matriz of first and second order derivatives of y v+ h(x,y). Let X; = ¢(X;) =
(X]l, Xk %); j =1,...,n be the coordinates of the sample observations. Define
A= E((DTDSh(Xl,O)))%f. Then A is positive definite if the support of Q) is con-

r,s=1

tained in B(pur, R) where R is the unique solution of tan(x) = 2z, x € (0, 7).

Proof. For a geodesic vy starting at p;, write v = 7 o 4, where 7 is a geodesic in

CS*! starting at p. From the proof of Theorem 3.3.1, for m = n(z) € B(p, §),

d

%dﬁ( v(s),m) = 2(T(s,1),4(s)) = 2(T(s, 1), 7(s)) (7.4.1)
d—dQ( (s),m) = 2(D,T(s,1),%(s)) = 2(D,T(s,1),7(s)) (7.4.2)

d$2 g
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where T(s,1) = dﬂ';(ls) (T'(s,1)). From equation (7.2.1), this has the expression

T(s,1) = _sinfz(% [— cos(p(s))F(s) + e)2] (7.4.3)
where ¢?¢*) = z’i(s)))’ p(s) = dg(v(s),m)

The inner product in equations (7.4.1) and (7.4.2) is the Riemannian metric on
TCS* ! which is (v,w) = Re(v'w). Observe that D,T(s,1) is —T(s 1) projected
onto Hy ). Since (i, 7(0)) = 0, we get

d? ) d ~ k3
@dg( Y(8), m)|s—0 = 2<£T(5,1)!s=07’7(0)>'

From equation (7.4.3) we have,

d - d p(s)cos(p(s)) ps)cos(pl(s))| Y -
L5 Dls=0 = <%(W) \szo) p (-—\s:o> 7(0)
)

+
! =
_ (E(sin(p(s)) COS(p(S)))|50) (Z'p)z
_ p(s) .
(Sin( (s)) cos(p(s ))}so)( 7(0))
),

and along with equation (7.4.1), we get
d -1 . Z'u
- S= == . v O )
dsp(s)| 0 sin(r) ((0) cos(r)z>

where = d,(m, pur). Hence

d B rcos(r) sonne I . cos(r) o(z))2
(T (6o 3O =S BFO ~ (S~ r 25 ) ()
o) soury () (7.4.4)
where
= eiQZ/L_ 67:9 = 2/—,“ A
o= e, = 21 (7.4

The value of z in equation (7.4.5) and hence the expression in equation (7.4.4) depend

on z only through m = m(z). Also if v = 7(y1) = 7m(7%2), 71 and 72 being two
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geodesics on CS*~1 starting at u; and ps respectively, with 7(u1) = 7(pu2) = 7(u),
then v;(t) = Aya(t), where puy = Apy, A € C. Now it is easy to check that the
expression in (7.4.4) depends on p only through 7(u) = pr. Note that

|z|* < 1 — cos®(r).

So when |§(0)| = 1, (7.4.4) becomes

rcos(r) B I . cos(r) e b T (e
sin(r) (sinQ(r) sin3(r)> (Re(x))” + sin(r) cos(r) (Im(z))
rcos(r) B I . cos(r) sin?(r
- sin(r) (sinz(r) sin3(r)> (r)
2r — tan(r)

_ ) (7.4.6)

which is strictly positive if r < R where
i
tan(R) = 2R, R € (0, 5)

Therefore if supp(Q) € B(ur, R), then %dQ(V(s), m)|s—o > 0 and hence A is positive
definite. ]

Remark 7.4.1. It can be shown that R € (%, 2). It is approximately 0.371017.

From Theorems 2.3.1 and 7.4.1, we conclude that if supp(Q) € B(p, T) N B(us, R)
and if ¥ is nonsingular (e.g., if ) is absolutely continuous), then the coordinates of the
sample mean shape from an iid sample have an asymptotically Normal distribution
with nonsingular dispersion. Note that the coordinate map ¢ in Theorem 7.4.1 has
the form

- o - r 0 —
Blm) = (.. ), i) = e

where m = 7(2), pu; = w(u), r = arccos(|z'u|) and ¥ = \%%\ Corollary 7.4.2 below
derives expressions for A and ¥ in terms of ¢. It is proved in Bhattacharya and

Bhattacharya (2008b).
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Corollary 7.4.2. Consider the same set up as in Theorem 7.4.1. If () has support

in a geodesic ball of radius 5, then A has the following expression:

A= { ﬁi; ti ] (7.4.7)

where for 1 <r,s <k —2,

(1— dld(%oudl)) (Re(X7))(Re(X?))

(A11>r5 = QE[ d1 COt(d1)5T5 -

N tar;(ldl) (Im(jq))(lm(f(f)) ]’

(1 — dycot(dy))
dt

(Ags),s = 2E[ dicot(di)6,s — (ImXT)(ImX?)

) pegry(ReXy) ).
1 — dld(%ot(dl)) (RG(XI))(IHI(XT))

tan(d;)
dy

(A12)ps = —2E[ (

+ (Im(X7))(Re(X7)) |

with dy = dy(X1, pr). If we define ¥ = Cov((D,h(X1,0))%7%, then it can be expressed

r=1 »

as

5= [ S } (7.4.8)

where for 1 <r,s <k —2,

Proof. With respect to the orthonormal basis {v1,...,v5_2, iv1,... iv,_o} for H,,

X has coordinates

(Re(X)), ..., Re(XF?), Im(X}),..., Im(XF?)).
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in R?*~*. Now the expression for 3 follows from Corollary 3.3.2. If one writes A as

in (7.4.7) and if 5(0) = Zf 2 2y + 25;12 y? (iv;), then

= .T,AHZ‘ -+ y’Aggy + 2$,A12y

B ({00 %))

s=0
where x = (2!,...,282) and y = (y',..., 4" 2). Now expressions for A;;, Ajy and
Ags follow from the proof of Theorem 7.4.1. [l

Using the expressions for A and ¥ from Corollary 7.4.2, one can construct con-
fidence regions for the population intrinsic mean as in Sections 2.3 and 3.3. Also
one may carry out two sample tests as in Section 3.5 to distinguish between two

probability distributions on 3% by comparing the sample intrinsic means.

7.5 Other Fréchet Functions

Consider the general definition of Fréchet function as in equation (2.2.1) with p being

the geodesic distance on X5, that is

Fio) = | d5(p.m)Qdm),

In this section we investigate conditions for existence of a unique Fréchet mean.

Suppose the support of () is contained in a convex geodesic ball B(p, 7). Let
m € B(p, T). Let v(s) be a geodesic in B(p, %). Then it is is easy to show that

%d;‘( (s),m) = §d§‘2(’y(s),m)%d§(7(5)vm)a
%d;( (s),m) = g(% - 1)d34(7(5)7m)%d§(7(8),m)

%=1 (s),m) <320 (5),m).

Q

Q

2
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We can get expressions for Ld2(v(s),m) and £ d2( (s),m) from equations (7.4.1)

and (7.4.2). For example when o = 3,

L (y(s),m) = —3d,(1(s), m) (Bxpzd,m, 4(5))

ds ¢
d? 2008(d) cos(d , cos(d) 3d?

— B m ) 2 e(2))? + ———(Im(2))?
d32d9< v(s),m) =3 sin(d) [(s)] sin®(d) (Re(z))" + sin(d) cos(d) (Tm(z))

@ = S = ) and 56) = 716

The expression for f—;dﬁ(fy(s), m) is strictly positive if m # v(s). Hence the Fréchet

where d = dy(v(s),m), z = e¥m'y(s), e

function of @ is strictly convex in B(p, §) and hence has a unique minimizer which is
called the (local) Fréchet mean of @) and denoted by pp. Replace @ by the empirical
distribution @,, to get the (local) sample Fréchet mean p, . This proves the following

theorem.

Theorem 7.5.1. Suppose supp(Q) € B(p, ;). Consider the Fréchet function of Q
Fla)= [ dila.m)Qlam)
22

Then (a) Q has a unique (local) Fréchet mean pp in B(p,§) and if pnr denotes the
(local) sample Fréchet mean from an #id random sample from Q, then (b) /no(p,r)

has a asymptotic mean zero Normal distribution, ¢ being defined in Theorem 7.4.1.

In Theorems 7.4.1 and 7.5.1, we differentiate the Fréchet function pointwise by
constructing a geodesic variation. To construct this smooth geodesic variation, we
required that the support of () is contained in some convex ball. In case we differ-
entiate the Fréchet function with respect to some coordinate chart, then it may be
possible to extend Theorem 7.5.1 to show that there is a unique Fréchet mean even

when () has full support. Such an extension will be considered in a later article.

7.6 Extrinsic Analysis on the Planar Shape Space

For extrinsic analysis on the planar shape space, we embed it into the space S(k, C) of

all k& x k complex Hermitian matrices. Here S(k,C) is viewed as a (real) vector space
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with respect to the scaler field R. The embedding is called the Veronese-Whitney

embedding and is given by

J: E’; — S(k,C),
J(o(2)) = J(r(u) = uu* (u= (uy,...,u) € CS*
= ((ust) 1<ij<k

where u = ﬁ is the preshape of the planar k-ad z. Define the extrinsic distance

p on Y% by that induced from this embedding, namely,

PQ(U(Z),U(M)) = ||uu* — vv*||2, U = 2= {2 v = w — (w)

=@ e = (w)

where for arbitrary k x k complex matrices A and B,

1A= B> = llajy — by ||* = Trace[(A — B)(A - B)’]
33
is just the squared euclidean distance between A and B regarded as elements of CF?
(or R?*"). Hence we get
p*(o(2), o(w)) = 2(1 — [u"v[*).
The image of X% under the Veronese-Whitney embedding is given by
J(XE) ={A € ST(k,C) : rank(A) = 1, Trace(A) = 1, Al;, = 0}.

Here St (k,C) is the space of all complex positive semidefinite matrices, “rank” de-
notes the complex rank and 1; is the & dimensional vector of all ones. Thus the image
is a compact submanifold of S(k, C) of (real) dimension 2k — 4. Kendall (1984) shows

that the embedding J is equivariant under the action of the special unitary group
SU(k) ={A € GL(k,C) : AA* = I,det(A) =1}
which acts on the left: Am(u) = 7(Au). Indeed, then

J(Am(u)) = Auu*A* = ¢p(A)J(7(u))
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where

&(A) : S(k,C) — S(k,C), ¢(A)B = ABA*

is an isometry.

7.7 Extrinsic Mean and Variation

Let Q be a probability measure on the shape space 35, let X, Xs,..., X,, be an
iid sample from ) and let ;i denote the mean vector of Q = Qo J!, regarded as
a probability measure on CF’ (or R%Z). Note that i belongs to the convex hull of

M = J(¥%) and therefore is positive semidefinite and satisfies
a1y =0, Trace(fn) = 1, rank(g) > 1.
Let T be a matrix in SU(k) such that
TAT* = D = Diag(Ai, Ao, - -, Ay,

where Ay < Ay < ... < )\, are the eigenvalues of ji in ascending order. Then, writing
v =Tu with u € CS*!, we get

k

Juut = il? = oo™ = DIP = 3" (lusl* = A)2 + D [y

J=1 J#5’

k k k k k
= ONTEDY il =2 NP D D P =) gl
ey =1 =1 y=1 =1
k
= Z)‘jQ + 1-— 22)‘j|vj’2
j=1

which is minimized (on J(X%)) by taking v = e, = (0,...,0,1), i.e., u = T*ej- a unit
eigenvector of i having the largest eigenvalue A;. This implies that the projection set
of fi on M, as defined in Section 4.2, consists of all iu* where y is a unit eigenvector
of fi corresponding to A;. The projection set is a singleton, in other words [ is a

nonfocal point of S(k,C), if and only if the eigenspace for the largest eigenvalue of [
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is (complex) one dimensional, that is when A\, > Apy1, or g is a simple eigen value.
Then @ has a unique extrinsic mean pug, say, which is given by pugp = 7(p). This is

proved in Bhattacharya and Patrangenaru (2003).

If one writes X; = 7(Z;), j = 1,2,...,n where Z; is a preshape of X; in CS*!,
then from Proposition 4.2.1 it follows that the extrinsic variation of () has the ex-

pression

V=E 1227 — all’] + I — pe”|1”

=2(1— Ap).
Therefore, we have the following consequence of Propositions 2.2.2 and 2.2.3.

Corollary 7.7.1. Let u,, denote a unit eigenvector of% 2?21 Z;Z5 having the largest
eigenvalue A\, (a) If the largest eigenvalue Ny, of i is simple, then the sample extrinsic
mean m(py,) 1S a strongly consistent estimator of the extrinsic mean w(u) of Q. (b)
The sample extrinsic variation V, = 2(1 — A\gy,) s a strongly consistent estimator of

the extrinsic variation V = 2(1 — X\;) of Q.

7.8 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume that ) has a unique extrinsic mean pg = 7(u) where p is a
unit eigen vector corresponding to the largest eigen value of the mean ji of Qo J . To
get the asymptotic distribution of the sample extrinsic mean u,r using Proposition

4.3.1, we need to differentiate the projection map
P:S(k,C) — J(33), P(f)=py"

in a neighborhood of a nonfocal point such as fi. We consider S(k,C) as a linear

subspace of C** (over R) and as such a regular submanifold of C*¥ embedded by the
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inclusion map, and inheriting the metric tensor
(A, B) = Re (Trace(AB")).

The (real) dimension of S(k,C) is k?. An orthonormal basis for S(k,C) is given by
{vf:1<a<b<k}and {wf:1<a<b<k}, defined as
o \/Li(eaei +epey), a<b
eqet a="b

i
a t t
wy = +——=(eqe, — epey,), a <b

V2

where {e, : 1 < a < k} is the standard canonical basis for R¥. One can also take
{vf:1<a<b<k}and {w]:1<a<b<k} as the (constant) orthonormal frame
for S(k,C). For any U € SU(k) (UU* = U*U = I, det(U)=+1), {UvpU* : 1 < a <
b<k}, {UwiU*:1<a<b<k}is also an orthonormal frame for S(k,C). We view

dpP : S(k,C) — Tp(uJ(25). Choose U € SU(k) such that U*aU = D,
U = (LH,...,L&J and D = [Hag(kl,...,kk)

Here A\; < ... < A\p_1 < \; are the eigenvalues of ji and Uy, ..., U, are corresponding
eigenvectors. Choose the orthonormal basis frame {UvfU*, UwgU*} for S(k, C). Then
it can be shown that

0 ifl<a<b<k, a=b=k,
(A — X)) TUVU* i1 <a<kb=k.

{o fl<a<b<lk

Az P(UvU*) = {

d; P(UwiU*) = (7.8.1)

(A — X)) tUWRU* i1 <a<kb=k.
The proof is similar to that for the real projective shape which is considered in Section
10.6. Let Xj = J(Xj), j = 1,2,...,n, where X,..., X, is an iid random sample
from Q). Write

Xj— = A(X;— ), UniU ) UjU"

1<a<b<lk

+ DO X = ), U U UwiU™. (7.8.2)

1<a<b<k
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Since lek = (11 = 0, hence \; = 0 and one can choose U; = a1y, where |a| = 1/\/E

Therefore
(X; = ), UnU*) = (X; — ), UwiU*) =0, 1 <b < k.

Then from equations (7.8.1) and (7.8.2), it follows that

d~P<5<- — )
_Z VAU (N — Ag) L U0EU*
+ Z i), UwiU*) (Mg — Ao) " Uwi U™,

= Z V2Re(UX;U) (A — Ao) " UwlU*

+ i V2Im(UF X;U3) (A — M) UwiU™ (7.8.3)
From equation (7.8.3), it is easy to check that the vectors
{UvpU*, Uw,U*: a=2,....k—1} (7.8.4)
form an orthonormal basis for Tp(z) M. Further d; P(X; — fi) has coordinates
Ti(R) = (Tj (@), ... T ()’

with respect to this orthonormal basis, where

(7.8.5)

J

T (i) = V2 = Aa) Re(Ur, X,U,)  if1<a<k—2
TNV = A M m(Ur XU ik —1<a <2k 4.

It follows from Proposition 4.3.1 that
VnT 55 N(0, %)

where ¥ = Cov(T71).
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7.9 Two Sample Extrinsic Tests on the Planar Shape Space

Suppose ()1 and ()5 are two probability distributions on the planar shape space. Let
Xq,..., X, and Yy, ..., Y2 be two iid samples from )7 and @), respectively that are
mutually independent. One many detect differences between )1 and (), by compar-
ing the sample extrinsic mean shapes or the sample extrinsic variations. This puts us

in the same set up as in Section 4.6.1.

To compare the extrinsic means, one may use the statistics 17 or T, defined

through equations (4.6.3) and (4.6.7) respectively. To get the expression for T3, one

needs to find the coordinates of d;P(X; — 1) and d;P(Y; — &) which are obtained
from equation (7.8.5) by replacing i by fi. For the statistic Ty, which is

Ty = L[P(jn) = P(ji2)) Y™ L[P(ju) — P(ji2)]
where
. 1 - 1 -
E - _lelLll + _LQEQL/Q’ (791)
T o
we need expressions for the linear projections L, L, and Ly. With respect to the

orthonormal basis in equation (7.8.4) for Tp(z)J(X5), the linear projection L(A) of a
matrix A € S(k,R) on to Tpz)J(X5) has coordinates

L(A) = {{A, UvfU*), (A, UwiU*): a=2,...,k—1}
— V2{Re(Ur AU,), Im(UAU,): a=2,... k—1}.

For A;, Ay € S(k,R), if we label the bases for Tpa,)J(25) as {vi,...,v}}, i = 1,2,
then it is easy to check that the linear projection matrix Ly from Tpa,).J(35) on to

Tp(ay)J (X5) is the d x d matrix with coordinates
(L)ay = (02, 0p) 1 <a,b<d.

When the sample sizes are smaller than the dimension d (see Section 7.10.2), the

standard error ¥ in equation (7.9.1) may be singular or close to singular. Then it
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becomes more effective to estimate it from bootstrap simulations. When the sample
sizes are small, we can also perform a bootstrap test using the test statistic 7 defined
in equation (4.6.8), which is

15 = O I
However due to not enough observations, ¥* may be singular or close to singular in
most simulations. Then we may compare only the first few principal scores of the
coordinates of the means. If d; < d is the number of principal scores that we want to

compare, then the appropriate test statistic to be used is given by

~

Ty = LIP(fn) — P(ji2))" 211 L[P(j1n) — P(fi2)] (7.9.2)

where 3 = UAU’, U = (Uy,...,Uy) € SO(d), A =diag(Ay, ..., Ag), A\t > ... > Ay is

as.v.d. for ¥ and .
1
St =) AU
j=1

Then 75, has an asymptotic le distribution. We can construct its bootstrap ana-
logue, say 75; and compare the first d; principal scores by a pivotal bootstrap test.

Alternatively, we may use a nonpivotal bootstrap test statistic
Ty = w"' s w* (7.9.3)
for comparing the mean shapes, where
w* = LI{P(7) = P(n)} — {P(u3) — P(fi2)}]

and >** is the sample covariance of w* values, estimated from the bootstrap resamples.

To compare the sample extrinsic variations, one may use the statistic T3 defined

through equation (4.6.12). If A denotes the largest eigenvalue of ji;, ¢ = 1,2, then

Ay — A
Ty =272 (7.9.4)
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The bootstrap version of T3 is given by

(A5 = Aa) — (AT =)

*2 *2
S04 S

T; =2

ni n2

where A7 and s} are the bootstrap analogues of A and S;, 1 = 1,2, respectively.

7.10 Applications

In this section, we record the results of two sample tests carried out in the two

examples from Section 7.3.

7.10.1 Gorilla Skulls

Consider the data on gorilla skull images from Section 7.3.1. There are 30 female and
29 male gorillas giving rise to two independent samples of sizes 30 and 29 respectively
on Xk k =8. To detect difference in the shapes of skulls between the two sexes, one

may compare the sample mean shapes or variations in shape.

Figure 7.3 shows the plots of the sample extrinsic means for the two sexes along
with the pooled sample extrinsic mean. Infact, the Procrustes coordinates for the
two means with respect to a preshape of the pooled sample extrinsic mean have been

plotted. The coordinates are

. (—=0.37, —0.33; 0.35, 0.28; 0.09, 0.35; —0.00, 0.24;

U= 017, 000; —028, —0.30; 0.05 —0.24; 0.32, —0.01)
(=036, —0.35; 035, 027; 0.1, 0.34; 0.02, 0.26;
H2= " _0.18, 001; —029, —0.32; 0.05 —0.22; 0.30, 0.01)
(=036, —0.34; 035, 028, 0.10, 0.34; 0.01, 0.25;
H= _o017, 001; —029, —0.31; 0.05 —0.23; 0.31, 0.00)

where ji;, © = 1,2, denotes the Procrustes coordinates of the extrinsic mean shapes
for the female and male samples respectively, and [ is a preshape of the pooled

sample extrinsic mean. The z and y coordinates for each landmark are separated
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by comma, while the different landmarks are separated by semicolons. The sample
intrinsic means are very close to their extrinsic counterparts, the geodesic distance
between the intrinsic and extrinsic means being 5.54 x 1077 for the female sample

and 1.96 x 107° for the male sample.

The value of the two sample test statistic defined through equation (3.5.3) for
comparing the intrinsic mean shapes and the asymptotic p-value for the chi-squared
test are

T, = 391.63, p-value = P(XE > 391.63) < 107,

Hence we reject the null hypothesis that the two sexes have the same intrinsic mean
shape.
The two sample test statistics defined through equations (4.6.3) and (4.6.7) for com-

paring the extrinsic mean shapes and the corresponding asymptotic p-values are

T, = 392.6, p-value = P(X7 > 392.6) < 10719,

T, = 392.0585, p-value < 10716,

Hence we reject the null hypothesis that the two sexes have the same extrinsic mean
shape. We can also compare the mean shapes by pivotal bootstrap method using the
test statistic Ty defined in equation (4.6.8). The p-value for the bootstrap test using

10° simulations turns out to be 0.

The sample extrinsic variations for the female and male samples are 0.0038 and
0.005 respectively. The value of the two sample test statistic in (7.9.4) for testing

equality of extrinsic variations is 0.923, and the asymptotic p-value is
P(]Z| > 0.923) = 0.356 where Z ~ N(0,1).

Hence we accept the null hypothesis that the two underlying distributions have the
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F1GURE 7.3. The sample extrinsic means for the 2 groups along with the pooled
sample mean, corresponding to Figure 7.1.

same extrinsic variation. However since the mean shapes are different, it is possible

to distinguish between the distribution of shapes for the two sexes.

7.10.2 Schizophrenia Detection

In this example from Section 7.3.2, we have two independent random samples of size
14 each on ¥4, k = 13. To distinguish between the underlying distributions, we com-

pare the mean shapes and shape variations.

Figure 7.4 shows the Procrustes coordinates of the sample extrinsic means for the
two group of children along with a preshape for the pooled sample extrinsic mean.

The coordinates for the two sample means have been obtained with respect to the
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pooled sample mean’s preshape. The coordinates for the three means are

fir = (0.14,0.01; —0.22,0.22; 0.01, 0.21; 0.31, 0.30; 0.24, —0.28; 0.15, —0.06; 0.06, —0.19;

—0.01, —0.33; —0.05, —0.04; —0.09, —0.19; —0.20, 0.02; —0.39, 0.32; 0.04, —0.00)

fiz = (0.16,0.02; —0.22, 0.22; 0.02, 0.22; 0.31,0.31; 0.24, —0.28; 0.15, —0.07; 0.06, —0.18;
—0.01,—0.33: —0.06, —0.04; —0.09, —0.20; —0.19, 0.03; —0.39, 0.30; 0.03, 0.00)

fi = (0.15,0.01; —0.22, 0.22; 0.02, 0.22; 0.31, 0.30; 0.24, —0.28; 0.15, —0.06; 0.06, —0.19;

—0.01,—-0.33; —0.05 — 0.04; —0.09, —0.19; —0.20, 0.03; —0.39, 0.310.03, 0.00)

Here f1;, © = 1,2, denotes the Procrustes coordinates of the extrinsic mean shape for
the sample of normal and schizophrenic children respectively, and [ is the preshape
of the pooled sample extrinsic mean.

As in case of the gorilla skull images from the last section, the sample intrinsic
means are very close to their extrinsic counterparts, the geodesic distance between
the intrinsic and extrinsic means being 1.65 x 1075 for the normal children sample

and 4.29 x 107° for the sample of schizophrenic children.

The values of the two sample test statistic in equation (4.6.3) for testing equality

of the population intrinsic mean shapes, along with the asymptotic p-values are
Th1 = 95.4587, p-value = P(X2, > 95.4587) = 3.97 x 1071,

The values of the two sample test statistics defined through equations (4.6.3) and
(4.6.7) for comparing the extrinsic mean shapes and the corresponding asymptotic

p-values are

T, = 95.5476, p-value = P(X} > 95.5476) = 3.8 x 10~ ",

T, = 95.2549, p-value = 4.3048 x 107!

Hence we reject the null hypothesis that the two groups have the same mean shape

(both extrinsic and intrinsic) at asymptotic levels greater than or equal to 1071.
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TABLE 7.1. Percent of variation (P.V.) explained by different Principal Components
(P.C.) of %

P.C. 1 2 3 4 5 6 7 8 9 10 11
PV. 216 184 121 100 99 6.3 53 36 3.0 25 21
P.C. 12 13 14 15 16 17 18 19 20 21 22
pv. 15 10 07 05 05 03 02 02 01 01 0.0

Next we compare the extrinsic means by bootstrap methods. Since the dimension 22
of the underlying shape space is much higher than the sample sizes, it becomes difficult
to construct a bootstrap test statistic as in the earlier section. That is because, the
bootstrap estimate of the standard error 3 defined in equation (7.9.1) tends to be
singular in most simulations. Hence we only compare the first few principal scores of
the coordinates of the sample extrinsic means. Table 7.1 displays the percentage of
variation explained by each principal component of 3. The value of Ty from equation
(7.9.2) for comparing the first five principal scores of L[P(fi;) — P(fi2)] with 0 and

the asymptototic p-value are
Ty = 12.1872, p-value = P(XZ > 12.1872) = 0.0323.

The bootstrap p-value from 10* simulations equals 0.0168 which is fairly small.

When we use the nonpivotal bootstrap test statistic 75* from equation (7.9.3), the
p-value for testing equality of the extrinsic mean shapes from 10* simulations equals
0. The value of T with & replaced by its bootstrap estimate >** equals 105.955 and
the asymptotic p-value using X3, approximation is 5.7798 x 107!3. Hence we again

reject Hy and conclude the extrinsic mean shapes are different.

Next we test equality of extrinsic variations for the two group of children. The
sample extrinsic variations for patient and normal samples turn out to be 0.0107 and
0.0093 respectively. The value of the two sample test statistic in equation (7.9.4)
for testing equality of population extrinsic variations is 0.9461 and the asymptotic

p-value using standard Normal approximation is 0.3441. The bootstrap p-value with
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FIGURE 7.4. The sample extrinsic means for the 2 groups along with the pooled
sample mean, corresponding to Figure 7.2.

10* simulations equals 0.3564. Hence we conclude at levels of significance less than
or equal to 0.3 that the extrinsic variations in shapes for the two distributions are

equal.

Since the mean shapes are different, we conclude that the probability distributions

of the shapes of brain scans of normal and schizophrenic children are distinct.
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CHAPTER 8

REFLECTION (SIMILARITY) SHAPE SPACES
Ryk

8.1 Introduction

The reflection (similarity) shape of a k-ad as defined in Section 5.2.2, is its orbit
under translation, scaling and all orthogonal transformations. Let z = (z1,...,xy)
be a configuration of k points in R™, and let z denote its preshape in S* as defined
in equation (6.1.1). Then the reflection (similarity) shape of the k-ad z is given by
the orbit

o(x)=0(z) ={Az: A€ O(m)} (8.1.1)

where O(m) is the group of all m x m orthogonal matrices (with determinants either
+1 or -1). For the action of O(m) on S* to be free and the reflection shape space
to be a Riemannian manifold, we consider only those shapes where the columns of z
span R™. The set of all such z is called the nonsingular part of S* and denoted by

NSE . Then the reflection (similarity) shape space is

RYE ={o(2): z€ S*

m?

rank(z) = m} = NS /O(m) (8.1.2)

which is a Riemannian manifold of dimension km —m — 1 —m(m — 1)/2. Note that
RYF =3k /G where Xk = NS* /SO(m)- a dense open subset of the similarity
shape space ¥F (see Section 6.2) and G is the group of reflections which maps a
similarity shape to the shape of its reflected configuration. Since G is generated by a
single element in O(m) with determinant —1, therefore RXF is locally like Xf = with

the same tangent space and Riemannian metric.
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8.2 Extrinsic Analysis on the Reflection Shape Space
It has been shown that the map
J:RYF — S(kR), J(o(2)) =2z (8.2.1)

is an embedding of the reflection shape space into S(k,R) (see Bandulasiri and Pa-
trangenaru (2005), Bandulasiri et al. (2008), and Dryden et al. (2008)). It induces

the extrinsic distance

Pi(o(21),0(22)) = |7 (0(21)) = J(0(22)) [ = Trace(z121 — 22)°

= Trace(z12})? + Trace(zy25)? — 2Trace(z120222}), 21,20 € SF,

on RYF . The embedding J is H-equivariant where H = O(k) acts on the right:
Ao(z) =o(zA"), A € O(k). Indeed, then

J(Ao(z)) = Azz' A" = ¢(A)J(0(2))

where

d(A) : S(k,R) — S(k,R), ¢(A)B = ABA’

is an isometry.

Define M* as the set of all k x k positive semi-definite matrices of rank m and

trace 1. Then the image of RXF under the embedding J in (8.2.1) is
J(RYEY ={A e MF: A1, = 0}. (8.2.2)

If we represent the preshape sphere S* as in (6.1.3), then M* = J(R¥FH). Hence
MP is a submanifold (not complete) of S(k,R) of dimension km — 1 — m(m — 1)/2.
Propsition 8.2.1 below identifies the tangent and normal spaces of M¥. The proof is

taken from Bhattacharya (2008a).
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Proposition 8.2.1. Let A € M*. (a) The tangent space of M¥ at A is given by

Ty(MF) ={U < 51:’ g > U':T e S(m,R), Trace(T) =0} (8.2.3)

where A = UDU'" is a singular value decomposition (s.v.d.) of A, U € SO(m) and
D = Diag(\1,...,\g). (b) The orthocomplement of the tangent space in S(k,R) or

the normal space is given by

M, 0

Ta(MFY- ={U ( 0T ) U:NeR, TeSk—-mR)} (8.2.4)

Proof. Represent the preshape of a (k + 1)—ad x by the m x k matrix z where
|2||* = Trace(zz') = 1 and let S% be the preshape sphere,

Smt = {z € R™*: 2] = 1}.
Let NS+ be the nonsingular part of S¥ i.e.,
NSF = {» ¢ S¥: rank(z) = m}.
Then RYFF = NS*1/O(m) and ME = J(RYEF). The map
J: RYFY s S(E,R), J(o(2)) =22=A
is a embedding. Hence
Ta(My,) = d o) (To RE,). (8.2.5)

Since RYXH is locally like Sgt!, T, ) REEH! can be identified with the horizontal

Oom »

subspace H, of T,S*! obtained in Section 6.2, which is
H, = {ve& R™*: trace(zv)) =0, 20/ = vz'}. (8.2.6)

Consider the map

J: NS . Sk, R), J(2) = 2z (8.2.7)
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Its derivative is a isomorphism between the horizontal subspace of TN SF = T SkH1

and TM* . The derivative is given by
dJ : TS = S(k,R), dJ.(v) = z'v+v'z. (8.2.8)

Hence

TAMF = dJ,(H,) = {z'v+v'z:ve H}. (8.2.9)

From the description of H, in equation (8.2.6), and using the fact that z has full row
rank, it follows that

H, = {zv: v € R¥* trace(z'zv) = 0, 202’ € S(m,R)}. (8.2.10)
From equations (8.2.9) and (8.2.10), we get that
TaMF = {Av+v'A: AvA € S(k,R), trace(Av) = 0}. (8.2.11)

Let A= UDU’ be as.v.d. of A as in the statement of the proposition. Using the fact

that A has rank m, (8.2.11) can be written as
TyMF = {U(Dv+v'D)U": DvD € S(k,R), trace(Dv) = 0}
={U ( Z:, g ) U':T e S(m,R), Trace(T) = 0}. (8.2.12)

This proves part (a). From the definition of orthocomplement and (8.2.12), we get
that
TAMZZL = {v e S(k,R): trace(v'w) =0V w € TyM~}

—w (M Y\ aer ReSk—mR) (8.2.13)
0 R

where I,,, is the m x m identity matrix. This proves (b) and completes the proof. [

For a k x k positive semi definite matrix p with rank atleast m, its projection on

to M* is defined as

P(p)={Ae M) |u—A|?*= argmin || |} (8.2.14)
xeMpy,
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if this set is non empty. The following theorem, as proved in Bhattacharya (2008a),
shows that the projection set is nonempty and derives formula for the projection

matrices.

Theorem 8.2.2. P(u) is non empty and consists of
A= (N UU’ (8.2.15)
7=1
where \y > Ao > ... > A\ are the ordered eigen values of p; Uy, Us, ... Uy are some

. . N1 m
corresponding orthonormal eigen vectors and A\ = - ijl Y

Proof. Let
F(2) = |l — |2 = € Sk, R), (8.2.16)

If f has a minimizer A in M* then (grad f)(A) € Ta(MF* )+ where grad denotes the

Euclidean derivative operator. But (grad f)(A) = 2(A — u). Hence if A minimizes f,

then
M, 0 /
o, —=T7A m A
A—p=U ( 0 T)U (8.2.17)
where U4 = (U1, U3', ..., Uf) is a k x k matrix consisting of an orthonormal basis of
eigen vectors of A corresponding to its ordered eigen values A\ > A\t > ... > \4 >
0=...=0. From (8.2.17) it follows that
pUt =\ = NUS j=1,2,....m. (8.2.18)

Hence {\f' — A}, are eigen values of 1 with {U#}7, as corresponding eigen vectors.
Since these eigen values are ordered, this implies that there exists a singular value
decomposition of pu: p = 25:1 AjUUG, and a set of indices S = {i1,72,. .., im},

1<t <9< ... <1y, <k such that

A
A — A=\ and (8.2.19)

Ur=U,, j=1,....,m. (8.2.20)
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Add the equations in (8.2.19) to get A = L — X where \ = # Hence

1

A= ;(Aj — A+ %)UjU;. (8.2.21)
Since 2?21 Aj =1 hence A <1/mand \; — A+ L >0Vj € S. So A is positive semi
definite of rank m. It is easy to check that trace(A)=1 and hence A € M*. It can
be shown that among the matrices A of the form (8.2.21), the function f defined in

equation (8.2.16) is minimized when
S=1{1,2,....m}. (8.2.22)

Define Mém as the set of all k x k positive semi-definite matrices of rank < m and
trace = 1. This is a compact subset of S(k,R). Hence f restricted to Mém attains
a minimum value. Let Ay be a corresponding minimizer. If rank(A4g) < m, say
= my, then Ay minimizes f restricted to M}, . MF is a Riemannian manifold (it is

my
J(RXEM)). Hence Ag must have the form

Ay = i()\ — At )U U, (8.2.23)

=1

Y Zmzll )‘j :
where \ = ]m—l But if one defines

A=>"(N— >\+ YU U, (8.2.24)
7j=1

with A = %, then it is easy to check that f(A) < f(Ap). Hence Ay cannot be
a minimizer of f over Mém, that is, a minimizer must have rank = m. Then it lies
in M” and from equations (8.2.21) and (8.2.22), it follows that it has the form as in

equation (8.2.24). This completes the proof. ]

Let Q be a probability distribution on R and let i be the mean of Q=QoJ!
in S(k,R). Then [ is positive semi definite of rank atleast m and i1, = 0. Theorem

8.2.2 can be used to get the formula for the extrinsic mean set of ). This is obtained

in Corollary 8.2.3.
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Corollary 8.2.3. (a) The projection of ji into J(RXF) is given by
Pyiasy ) (it) = Z (A — )\+ YU, U;'} (8.2.25)

where \y > ... > A\, are the ordered eigen values of i, Uy, ..., Uy are corresponding

Z;n:1 Aj
Ee—

orthonormal eigen vectors and A = (b) The projection set is a singleton

and @ has a unique extrinsic mean g iff Ay > Api1. Then pup = o(F) where

F=(F,....F,), Fj= /X — A+ XU;.

Proof. Since fil), = 0, therefore U/1, = 0 Vj < m. Hence any A in (8.2.25) lies in
J(RYE ) Now part (a) follows from Theorem 8.2.2 using the fact that J(RXF) C ME.
For simplicity, let us denote A 4—5\—1—% J=1,...,mby Aj. To prove part (b), note that
if Ay = A, clearly Ay = 27 MUUS and Ay = S5 XU U + N Una Uy 4y

are two distinct elements in the projection set of (8.2.25). Consider next the case

when A, > A\,p1. Let i = UAU' = VAV’ be two different s.v.d. of . Then

U’V consists of orthonormal eigen vectors of A = Diag(Ay,...,Ax). The condition
Am > Apa1 implies that
TATa AT (8.2.26)
0 Vo o

where Vi; € SO(m) and Vay € SO(k —m). Write
. AH 0
A= ( oL ) |
Then AU,V = U,VA 1mphes All‘/ll = ‘/11/\11 and AQQ‘/QQ = ‘/QQAQQ. Hence

Z)\*VV’
—UZ( SV 8)”

_ A+ <E — N1, 0 /
—U< 0 0 U

i UU’
=1
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This proves that the projection set in (8.2.25) is a singleton when \,,, > A, 1. Then
for any F' in part (b) and A in the projection set of equation (8.2.25), A = F'F' =
J(o(F)). This proves part (b) and completes the proof. O

From Proposition 4.2.1 and Corollary 8.2.3, it follows that the extrinsic variation

of @ has the following expression:

V= / e — APO(r) + i — Al A € Pyasey (i),
J(RSE)

_ 27 1 S 2
_ /J(RW 2P Q(da) +m(— = X = 3" 2. (8.2.27)

j=1
Remark 8.2.1. From the proof of Theorem 8.2.2 and Corollary 8.2.3, it follows
that the extrinsic mean set Cg of @ is also the extrinsic mean set of () restricted to
Mém Since Mém is a compact metric space, from Proposition 2.2.1, it follows that
Cg is compact. Let X, Xy, ..., X, be an iid sample from () and let p,r and V,, be
the sample extrinsic mean and variation. Then from Proposition 2.2.3, it follows that
V,, is a consistent estimator of V. From Proposition 2.2.2, it follows that if () has a

unique extrinsic mean pg, then u, g is a consistent estimator of pg.

8.3 Asymptotic Distribution of the Sample Extrinsic Mean

Let X1,..., X,, be an iid sample from some probability distribution Q on RXF and let
i be the sample extrinsic mean (any measurable selection from the sample extrinsic
mean set). In the last section, we saw that if () has a unique extrinsic mean pp, that
is, if the mean g of Q = Qo J~ ! is a nonfocal point of S(k,R), then p,gp converges
a.s. to ugp as n — oo. Also from Proposition 4.3.1 it follows that if the projection
map P = Pjgsx ) is continuously differentiable at fi, then /n[J(png) — J(pup)] has
asymptotic mean zero Gaussian distribution on T, J(RXE,). To find the asymp-

totic dispersion, we need to compute the differential of P at i (if it exists).
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Consider first the map P : N(i) — S(k,R), P(u) = Y7, (A1) — AMp) +
1/m)U;(p)U;(p)" as in Theorem 8.2.2. Here N(fi) is an open neighborhood of i
in S(k,R) where P is defined. Hence for € N(f1), Apn(pt) > Ams1(pe). It can be
shown that P is smooth on N(f1) (see Theorem 8.3.1). Let v(t) = i + tv be a curve
in N(i) with v(0) = 1 and 4(0) = v € S(k,R). Let g = UAU', U = (Uy,...,Uy),

A = Diag(Ay, ..., Ax) be a s.v.d. of i as in Corollary 8.2.3. Then
v(t) = U(A + tUvO)U = UA(t)U’ (8.3.1)

where 7(t) = A + tU'vU. Then 7(t) is a curve in S(k,R) starting at A. Say 0 =
7(0) = U'vU. From equation (8.3.1) and from the definition of P, we get that

Ply(t)] = UP[H(1)]U" (8.3.2)

Differentiate equation (8.3.2) at ¢t = 0, noting that $P[y(t)]li—o = dzP(v) and
LPF(1)]]i=0 = daP(0), to get

d;P(v) = UdyP()U". (8.3.3)

Let us find £ P[§(t)]|;=o. For that without loss of generality, we may assume that
A1 > Ay > ... > ;. That is because, the set of all such matrices forms an open dense
set of S(k,R). Then we can choose a s.v.d. for 4(t): 4(t) = Z?:l Aj(t)e;(t)e;(t)
such that {e;(t),\;(t)}s_, are some smooth functions of ¢ satisfying e;(0) = e; and
A;(0) = X;, where {e;}¥_, is the canonical basis for R¥. Since e;(t)'e;(t) = 1, we get
by differentiating,

e (0)=0, j=1,....k. (8.3.4)
Also since J(t)e;(t) = X\j(t)e;(t), we get that
dej + Aé;(0) = X;é;(0) + Aj(0)ej, 5=1,... k. (8.3.5)

Consider the orthonormal basis (frame) for S(k,R): {Eq : 1 < a <b <k} defined as

Eu = (8.3.6)

ifa=0b.

Q)

{\/%(eaei +epel) ifa<bd

t
aea
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Let 0 = Ey, 1 < a <b < k. From equations (8.3.4) and (8.3.5), we get that

0 ifa=borj¢{a,b}
€;(0) =272 (N, = N)ley  ifj=a<b (8.3.7)
2712\ — No) tea  ifj=b>a.
and
A(0) = {1 Hr=a=b (8.3.8)
0 o.w.
Since
3 - - 1 ,
PR()] =Y () = A1) + —lei(t)e;(t)

where A\(t) = £ 37" \i(t), therefore
m j=17"J
1 m
=2 2 N0
7j=1
S oLl .
+Y A+ —1le;¢;(0)' + & (0)ej]. (8.3.9)

Take 7(0) = & = Eg, 1 < a < b < k in equation (8.3.9). From equations (8.3.7) and
(8.3.8), we get that

Ea ifa<b<m,
d E —LZ’Z Ej; fa=b<m
—PA()]|t=0 = daP(Ey) = aa " m Luj=1""7] sm,
dt [7( )]|t70 A ( b) (AQ_A‘F%)()\Q_)\b)ilEab lfa S m < bS k”
0 ifm<a<b<k.
(8.3.10)

Then from equations (8.3.3) and (8.3.10), we get that

UEabU/ lfa<b§m,
U<Eaa_%zT:1Ejj)U/ 1fa:b§m,
A=A+ D)X= N) WWERU'  ifa<m<b<k,
0 fm<a<b<ek.

dzP(UERU") = (8.3.11)
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From the description of the tangent space Tp(ﬂ)M}% in Proposition 8.2.1, it is clear
that
d;P(UELU") € Tpy M), Va < b.

Let us denote by

Fo=UEuU', 1<a<m,a<b<k, (8.3.12)

F,=UEU, 1<a<m. (8.3.13)

Then from equation (8.3.11), we get that

F.p ifl<a<b<m,
4 PUELU) = d e ifa=b<m, (8.3.14)
! ‘ A=A+ D) A= M) 'Fy ifl1<a<m<b<k,

0 0.W.

where FF = L3 F,. Note that the vectors {Fu, F,} in equations (8.3.12) and
(8.3.13) are orthonormal and Y7  F, — F = 0. Hence from equation (8.3.14), we

conclude that the subspace spanned by
{dzP(UERU"): 1 <a<b<k}

has dimension

m(m — 1)
2

m(m — 1)

+m—1+m(k—m)=km—m— 5

which is the dimension of M*. This proves that
TpayME, = Span{d; P(UE,U") } 4<p-
Consider the orthonormal basis {UE,,U" : 1 < a < b < k} of S(k,R). Define

F,=) HyFj, 1<a<m-1 (8.3.15)
j=1

where H is a (m — 1) x m Helmert matrix, that is HH' = [,,, ; and H1,, = 0. Then
the vectors {F,,} defined in equation (8.3.12) and {F,} defined in (8.3.15) together
form an orthonormal basis of Tp; M. This is proved in Theorem 8.3.1. It is taken

from Bhattacharya (2008a).
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Theorem 8.3.1. Let i be a nonfocal point in S(k,R). Let i = UAU’ be a s.v.d.
of fi. (a) The projection map P : N(ii) — S(k,R) is smooth and its derivative
dP : S(k,R) — TMF is given by equation (8.3.11). (b) The vectors (matrices)
{Fp :1 <a<ma<b<k} defined in equation (8.3.12) and {F, : 1 < a <
(m—1)} defined in equation (8.3.15) together form an orthonormal basis of Tp(z)ME.
(c) Let A € S(k,R) = T;5(k,R) have coordinates ((aij))1<i<j<k with respect to the
orthonormal basis {UE;;U'} of S(k,R). That is,

A= Z Z aijUE,-jU',

1<i<j<k
VUIAU;  ifi<j

ij] — A,UEZU/ -
aij = iU) {U;AUi ifi=

Then d;P(A) has coordinates

aij, 1 <i1<j<m,

- 1
()\l—)\—l-—) ()\i—)\j)ilaij, 1§’l§m<]§k

m

w.r.t. the orthonormal basis {Fy; : 1 <i < j <m}, {F;,:1<i< (m—1)} and

{Fi;:1<i<m<j<k} opr(ﬂ)M,’ﬁL. Here

a= (CL11, as2, . . . 7amm>/v

a= (dl,dg, . ,CNmel)/ = Ha.

Proof. Let u € N(ji) have ordered eigen values A\j(p) > Ao(p) > ... > M)
with corresponding orthonormal eigen vectors Uy (p), Us(p), ..., Ux(p). Then from

Perturbation theory, it follows that if A, (1) > Api1(p), then

m

e Span(Ui(p), -+ Un(), D Ni)

i=1
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are smooth maps into their respective codomains (see Dunford and Schwartz (1958),
p. 598). Write

m m

P2 = 3N (U, (U () + (— R ) >0t

j=1
Then 77", Uj(u)U;(p)" is the projection matrix of the subspace Span(Uy(y),. ..,
Un (), which is a smooth function of . 377, A\jU;(1)Uj(p)" is the projection of
w on the subspace Span(Uy (1)U (i), . .., Up (1) Up (1)') and hence is a smooth func-
tion of . Thus p+— P(u) is a smooth map on N(ji). This proves part (a).

From equation (8.3.14), we conclude that {F,, : 1 < a < m,a < b < k} and
{F,— F:1<a<m} span TpyMF. It is easy to check from the definition of H
that Span{F, : 1 < a < (m —1)} = Span{F, — F : 1 < a < m}. Also since {F,} are
mutually orthogonal, so are {£,}. This proves that {Fy : 1 < a < m,a < b < k}
and {F, : 1 < a < (m — 1)} together form an orthonormal basis of Tp; M, which is

claimed in part (b).

IfA=3 Z1§i§j§k a;;UE;;U’, then

=3 ayd; P(UE;U") (8.3.16)

k
=22 wh +Zau S FEY Y wh—A 4 S -A) R,
1<i<j<m i=1 j=m+1 m
(8.3.17)
=3 ayFy+ ZazF +Z Z (A —>\+ Y — A ra Fyy. (8.3.18)

1<i<yj<m =1 j=m-+1

This proves part (c). To get (8.3.18) from (8.3.17), we use the fact that Y " | a;;(F; —
F) = Z;’:ll a;F;. To show that, denote by F the matrix (Fy, ..., F,), by F' — F the
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matrix (Fy — F, ..., F,, — F) and by F the matrix (Fl, ..oy Fp1). Then

This completes the proof. O

Corollary 8.3.2. Consider the projection map restricted to So(k,R) = {A € S(k,R): Al =

0}. Then its derivative is given by

dP: So(k,R) — TJ(RE}),

m—1

i=1 =17

1<i<j<m -

k—1 ~ 1
(M= A+ =) (N = Ag) " ay Fiy.
=m-+1

(8.3.19)
Hence d;P(A) has coordinates {a;j,1 <1 < j <m}, {a;;1 <i<(m—1)}, {(\—
A+ %)(/\l —X\j)ray, 1 <i<m < j <k} wrt the orthonormal basis {F;; : 1 <i <
j<m}, {F:1<i<(m—1)}and {Fy;:1<i<m<j<k} of TppJ(RXE).

Proof. Follows from the fact that
TpiyJ(RSE) = {v € Tp My : v1; = 0}
and {Ej: ] = /{Z} lie in Tp(ﬂ)J(REIfn)L ]

Consider the same set up as in Section 4.3. Let X; = J(X;), j = 1,...,n be the
embedded sample in J(RXF). Let d be the dimension of RYF. Let T}, j =1,...,n
be the coordinates of d; P(X; — fi) in Tp(zJ(REE,) ~ RY. Then from equation (4.3.2)
and Proposition 4.3.1, it follows that

Va[P(X) — P(i)] = V/nT + op(1) —= N(0, Cov(T))).
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We can get expression for T; and hence T from Corollary 8.3.2 as follows. Define

v {v@ﬁn%ﬁ1§a<b§h
jlab —

UY,U, — Ao if a = b,

Sj = H(<YT7')117 (}/})227 ceey (Y'])mmya
(Vi) if 1 <a<b<m,

(THav = (Sj)aif 1 <a=0b< (m—1), (8.3.20)
o234 1) = M) (V) if L <a<m<b<k,

Then T; = ((T})as) is the vector of coordinates of d; P(X; — ji) in R

8.4 Two Sample Tests on the Reflection Shape Spaces

Now we are in the same set up as in Section 4.6: there are two samples on RYF
and we want to test if they come from the same distribution, by comparing their

sample extrinsic means and variations. To use the test statistic 7} from equation

~

(4.6.3) to compare the extrinsic means, we need the coordinates of {d;P(X; — 1)}
and {d,P(Y; — 1)} in TpgyJ(RZE). We get those from Corollary 8.3.2 as described
in equation (8.3.20). To use the test statistic 75 from equation (4.6.7), we need
expressions for L : S(k,R) — Tpu(JREE) and L; : Tp(JREE) — Tpay (JREE),
i=1,2. Let i = UAU’ be a s.v.d. of i. Consider the orthonormal basis {UE;;U’ :
1 <i<j <k}of S(k,R) and the orthonormal basis of Tp(y)(JREE,) derived in
Corollary 8.3.2. Then if A € S(k,R) has coordinates {a;;,1 <1i < j < k}, it is easy
to show that L(A) has coordinates {a;;,1 < i < j < m}, {@;,1 <i < m— 1} and
{aij,1 < i <m < j <k} in Tpy(JREE). If we label the bases of Tp,)J(REE,)
as {vi,..., v}, i = 1,2 and that of T J(RXE) as {v1,...,v4}, then one can show

that L; is the d x d matrix with coordinates

(Li)ap = (Va,v}) 1 < a,b<d, i=1,2.
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8.5 Other distances on the Reflection Shape Spaces

In this section, we introduce some distances other than the extrinsic distance on RY:F,
which can be used to construct appropriate Fréchet functions and hence Fréchet mean

and variation.

8.5.1 Full Procrustes Distance

Given two k-ads X; and X, in R™** we define the full Procrustes distance be-

tween their reflection shapes as

dp(0(X1),0(Xa)) = inf  [Z,— BUZ) (8.5.1)

LeO(m),B€R
where Z; and Z, are the preshapes of X; and X, respectively. By a proof similar to

that of Result 4.1 in Dryden and Mardia (1998), it can be shown that
10, ) = [~ (SN
i=1
and the values of I" and  for which the infimum in equation (8.5.1) is attained are
L=VvU', 3= Xm:/\
i=1

Here 717}, = UAV’ is the singular value decomposition of 7,7}, i.e. U,V € O(m)
and

A:diag(Al,...,Am), AIZ)QZZ/\mZO

The quantity BfZl is called the full Procrustes coordinates of the shape of 7,
with respect to that of Zs.

8.5.2 Partial Procrustes Distance

Now define the partial Procrustes distance between the shapes of X; and X, as

dp(0(X1),0(Xs)) = inf [|Zs — T2y (8.5.2)

in
T'eO(m)
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which is
m

dp(X1,Xa) = V2(1 =) )"

i=1
The value I of T for which the infimum in equation (8.5.2) is attained is the same as
in Section 8.5.1. The quantity ['Z, is called the partial Procrustes coordinates

of the shape of Z; with respect to that of Zs.

8.5.3 Geodesic Distance

We saw in Section 8.1 that R = NSk /O(m). Therefore the geodesic distance

between the shapes of two k-ads X; and X5 is given by

dy(0(X1), 0(X2) = dy(0(21). 0(20) = it du(21,T ). (8.5.3)

I'eO(m

Here Z; and Z, are the preshapes of X; and X, respectively in the unit sphere S¥

and dys(.,.) denotes the geodesic distance on S* which is given by
dys(Zy1, Zy) = arccos(Trace(Z,2)).
Therefore

dy(0(X1),0(X2)) = Feig(fm) arccos(Trace(Z,24)) = arccos(rrenoa(ﬁ)(Trace(FZlZé))).

Let Z,Z, = UAV be the singular value decomposition of 7,7}, that is, U,V € O(m)
and

A:diag()\l,...,)\m), )\12)\22)\77120

Then

Trace(I'Z, Z4) = Trace(TUAV) = Trace(VIUA)

=D N(VTU);.
j=1
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This is maximized when VI'U = [,,, or I' = V'U’ and then

Trace(I'Z1Z;) = Z A
j=1
Therefore the geodesic distance is
dy(0(X1),0(X>)) = arccos() _ A)).
j=1

8.6 Application: Glaucoma Detection

In this section, we see an application of 3D similarity shape analysis in disease detec-

tion.

Glaucoma is a leading cause of eye blindness. To detect any shape change due
to Glaucoma, 3D images of the Optic Nerve Head (ONH) of both eyes of 12 mature
rhesus monkeys were collected. One of the eyes was treated to increase the Intra
Ocular Pressure (IOP) which is often the case of glaucoma onset, while the other was
left untreated. Five landmarks were recorded on each eye. For details on landmark
registration, see Derado et al. (2004). The landmark coordinates can be found in
Bhattacharya and Patrangenaru (2005). In this section, we consider the reflection
shape of the k-ads in RXE, k = 5. We want to test if there is any significant differ-
ence between the shapes of the treated and untreated eyes by comparing the extrinsic

means and variations. The analysis is carried out in Bhattacharya (2008a).

Figure 8.1(a) shows the partial Procrustes coordinates of the untreated eyes’
shapes along with a preshape of the untreated eye sample extrinsic mean. Figure
8.1(b) shows the coordinates for the treated eyes’ shapes along with a preshape of the
treated eye sample extrinsic mean. In both cases the Procrustes coordinates are ob-

tained with respect to the respective sample means. Figure 8.2 shows the Procrustes



119

Imks for untrt eyes (black) along with the extrinsic mean (red)

0.3
0.2
s
0.1 v
£
0 3,
¢ ., J,-.

Imks for trt eyes (black) along with the extrinsic mean (red)
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FIGURE 8.1. (a) and (b) show 5 landmarks from untreated and treated eyes of 12
monkeys respectively, along with the mean shapes. * correspond to the mean shapes’
landmarks.
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coordinates of the mean shapes for the two eyes along with a preshape of the pooled
sample extrinsic mean. Here the coordinates are with repect to the preshape of the

pooled sample extrinsic mean. The sample extrinsic means have coordinates

L[P(ji)) — P(i)] = (0.003, —0.011, —0.04, 0.021,0.001, —0.001, 0.007, —0.004),

L[P(ji3) — P(i1)] = (—0.003,0.011, 0.04, —0.021, —0.001, 0.001, —0.007, 0.005)

in the tangent sapce of P(ji1). Here P(fi;) and P(fiy) are the embeddings of the
sample extrinsic mean shapes of the untreated and treated eyes respectively, P(ji) is
the embedded extrinsic mean shape for the pooled sample and L denotes the linear
projection on to Tp()J(RX}). The sample extrinsic variations for the untreated and

treated eyes are 0.041 and 0.038 respectively.

This is an example of a matched paired sample. To compare the extrinsic means
and variations, we use the methodology of Section 4.6.2. The value of the matched
pair test statistic 73, in equation (4.6.15) is 36.29 and the asymptotic p-value for

testing if the shape distributions for the two eyes are the same is
P(X? > 36.29) = 1.55 x 107°.

The value of the test statistic T, from equation (4.6.18) for testing whether the
extrinsic means are the same is 36.56 and the p-value of the chi-squared test turns
out to be 1.38 x 107°. Hence we conclude at asymptotic level 0.0001 or higher that the
mean shapes of the two eyes are significantly different. Because of lack of sufficient
data and high dimension, the bootstrap estimates of the covariance matrix Y in
(4.6.19) turn out to be singular or close to singular in many simulations. To avoid
that, we construct a pivotal bootsrap confidence region for the first few principal
scores of Lz[P(p1) — P(u2)] and see if it includes 0. Here P(y;) is the embedding of
the extrinsic mean of @Q;, i = 1,2 (see Section 4.6.2) and 1 = (1 + p2)/2. The first

two principal components of )y explain more than 80% of its variation. A bootstrap
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confidence region for the first two principal scores is given by the set

(TS0 T, < ¢*(1 — @)} where (8.6.1)
T, = LIP(fun) — P(fi2) — P(pun) + P(p2)]- (8.6.2)
Here n = 12 is the sample size and ¢*(1 — «) is the upper (1 — «a)-quantile of

the bootstrap distribution of nv*Xi'v*, v* being defined in equation (4.6.9). If
> = 2]8.:1 A\ UUL is as.vd. for 3, then Y71 = 25:1 A 'U;US and 57 s its boot-
strap estimate. The bootstrap p-value with 10* simulations turns out to be 0.0098.
Hence we again reject Hy : P(uy) = P(us). The corresponding p-value using X7
approximation for the distribution of nT? %77, in (8.6.1) turns out to be 0.002. It

may be noted that the p-values are much smaller than those obtained by different

methods in Bhattacharya and Patrangenaru (2005) and Bandulasiri et al. (2008).

Next we test if the two eye shapes have the same extrinsic variation. The value
of the test statistic T3, from equation (4.6.21) equals —0.5572 and the asymptotic
p-value equals

P(|Z] > 0.5572) = 0.577, Z ~ N(0,1).

The bootstrap p-value with 10* simulations equals 0.59. Hence we accept H, and

conclude that the extrinsic variations are equal at levels 0.5 or lower.

Since the mean shapes for the two eyes are found to be different, we conclude
that the underlying probability distributions are distinct and hence Glaucoma indeed

changes the shape of the eyes.
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FIGURE 8.2. Extrinsic mean shapes for the 2 eyes along with the pooled sample

extrinsic mean.
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CHAPTER 9

AFFINE SHAPE SPACES A%F

9.1 Introduction

The affine shape of a k-ad = with landmarks in R™ may be defined as the orbit of

this k-ad under the group of all affine transformations
r— F(x) = Az + b,

where A is an arbitrary m X m non-singular matrix and b is an arbitrary point in
R™. Then the affine shape space AX* may be defined as the collection of all affine
shapes, that is

AYF = {o(z): v € R™*} where

o(x)={Az+b: Ae GL(m,R), b€ R"}
and GL(m,R) is the general linear group on R™ of all m x m nonsingular matrices.
Note that two k-ads z = (z1,...,2x) and y = (y1,...,9k), (xj, y; € R™ for all
j) have the same affine shape if and only if the corresponding centered k-ads u =

(ur,ugy ... ux) = (r1 —Z,..., 0 — =) and v = (v1,v9, ..., 0) = (Y1 — Yy, Yk — Y)

are related by a transformation
Au = (Auy, ..., Aug) =v, A€ GL(m,R).

The centered k-ads lie in a linear subspace of R™**  call it H(m, k) which is
k
H(m, k) = {u € R™*: Zuj = 0}.
j=1
Hence AX* can be represented as the quotient of this subspace under all general

linear transformations, that is

AYF = H(m, k)/GL(m,R).
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The subspace H(m, k) is an Euclidean manifold of dimension m(k — 1). The group
GL(m,R) has the relative topology (and distance) of R™ and hence is a manifold
of dimension m?. Assume k > m + 1. For the action of GL(m,R) on H(m,k) to be
free and the affine shape space to be a manifold, we require that the columns of u

(u € H(m,k)) span R™. Indeed the condition
Au=us A=1,

holds if and only if rank(u) = m. Hence we consider only such centered k-ads u, that
is
u € Ho(m, k) ={v € H(m, k) : rank(v) = m}

and redefine the affine shape space as
ASF = Ho(m, k)/GL(m,R).

Then it follows that AXF is a manifold of dimension m(k — 1) — m?2. To get rid of
the linear constraint Z?Zl u; = 0 on H(m, k), one may postmultiply u by a Helmert
matrix H and consider the Helmertized k-ad @ = uH as in Section 6.1. Then H(m, k)

can be identified with R™*~1 and Hy(m, k) is an open dense subset of H(m, k).

For u,v € Hy(m, k), the condition Au = v holds if and only if w'A’ = v" and as A
varies over GL(m,R), u’ A’ generates the linear subspace L of R*~! spanned by the m
rows of u. The affine shape of u (or of the original k-ad x) can be identified with this
subspace. Thus AX* may be identified with the set of all m dimensional subspaces
of R¥~!  namely, the Grassmannian G,,(k — 1), a result of Sparr (1992) (also see
Boothby (1986)). This identification enables us to give a Riemannian structure to

AYF and carry out an intrinsic analysis. This is discussed in Section 9.2.

To carry out an extrinsic analysis on AYF | we embed it into the space of all k x k

symmetric matrices S(k,R) via an equivariant embedding. Then analytic expressions
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for the extrinsic mean and variation are available. This is the subject of Section 9.3.
To get the asymptotic distribution of the sample extrinsic mean and carry out non-
parametric inference on affine shapes, we need to differentiate the projection map of
Proposition 9.3.1 which requires Perturbation theory arguements for eigenvalues and

eigenvectors. This is carried out in Section 9.4.

Affine shape spaces arise in many problems of bioinformatics, cartography, ma-
chine vision and pattern recognition (see Berthilsson and Heyden (1999), Berthilsson
and Astrom (1999), Sepiashvili et al. (2003), Sparr (1992)). We will see such an
application in Section 9.5. The tools developed in Sections 9.3 and 9.4 are applied to

this example to carry out an extrinsic analysis.

9.2 Geometry of Affine Shape Spaces

Consider a Helmertized k-ad z in R™* =1 Define its special affine shape as the
orbit
so(z) ={Az : A€ GL(m,R), det(A) > 0}. (9.2.1)

Any A € GL(m,R) has a pseudo singular value decomposition A = UAV where
U,V € SO(m) and

A =Diag(Ai, ..., ), A >0 > Al > [\, sign(\,,) = sign(det(A)).

Therefore a linear transformation x — Az consists of a rotation and different amount
of stretching in different directions followed by another rotation or reflection. When
det(A) > 0, that is, when we consider the special affine shape, we look at the affine
shape without any reflections. We can get the affine shape o(x) of x from its special
affine shape so(x) by identifying so(x) with so(Tx) where T € O(m), det(T) = —1.

This T can be chosen to be any reflection matrix. Let the special affine shape
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space SAYF be the collection of all special affine shapes, which is
SAYE = {so(x) : x € R™* =D rank(z) = m}

We restrict to full rank k-ads so that the group action is free and SAYF is a manifold.
From the expression of so(z) in equation (9.2.1), it is clear that it is a function of the
‘oriented’ span of the rows of z, which in turn is a function of an orthogonal m-frame
for the rowspace of x. Infact SAYF can be viewed as the quotient of SO(k — 1) as
follows. Denote by St,,(k) the Steifel manifold of all orthogonal m-frames in R*.
For V € SO(k — 1), write V = < “;1 ) where Vj € St,,,(k—1), Vo € Sty_pm1(k—1).
Then the oriented span of the 1r0vvs2 of V; which is the special affine shape of V; can
be identified with the orbit

ﬂmz{(mé>%ESWmLBE&MHme}zmﬁ’g)ma@2%

This implies that
SAYE = SO(k —1)/SO(m) x SO(k —m —1).

Then AYF = SAYE /G where G is a finite group generated by any T € SO(k — 1)
which looks like

T = ( 7(;1 TO ) , Ty € O(m), Ty € O(k —m — 1), det(T7) = det(Tp) = —1.
2

This means that two elements V, W in SO(k — 1) have the same affine shape iff ei-
ther m(V) = «(W) or n(TV) = «(W). Hence AXF is locally like SAYK . Since
SO(m) x SO(k —m — 1) acts as isometries on SO(k — 1), therefore the map = :
SO(k — 1) — SAYF in equation (9.2.2) is a Riemannian submersion. Then SAYF
and hence AYF inherits the Riemannian metric tensor from SO(k — 1) making it a

Riemannian manifold.

To derive expression for the tangent space of SAYE (or of AXE), we need to

identify the horizontal subspace of the tangent space of SO(k —1). Then dr provides
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an isometry between the horizontal subspace and the tangent space of SAYF . We

saw in Section 6.2 that geodesics in SO(k — 1) starting at V' € SO(k — 1) look like
7(t) = exp(tA)V

where A € Skew(k —1) (A+ A’ =0) and
2

B
exp(B):I—I—B—I-?-I—...

This geodesic is vertical if it lies in the orbit w(V'). That is when

y(t) = ( expém> exp?t B) )V

where A € Skew(m), B € Skew(k —m — 1). Then

=4 p)v

Therefore the vertical subspace of the tangent space Ty SO(k — 1) of SO(k—1) at V'

has the form

Vervz{(g1 g)V:A—FA’:O, B+ B ' =0}.

The horizontal subspace Hy is its orthocomplement in 7y, SO(k — 1) which is given
by

B, 0

Hy ={AV : A€ Skew(k —1), Trace | A
0 B,

)) =0V By € Skew(m),

By € Skew(k —m — 1)}

0 B

={AV: A:(_B, 0

) ’ Bec Rmx(kfmfl)}'

Then
Tr(v)ySASE, = dmy (Hy).
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9.3 Extrinsic Analysis on Affine Shape Spaces

Let u be a centered k-ad in Hy(m, k) and let o(u) denote its affine shape, which is
the orbit
o(u) ={Au: A e GL(m,R)}.

Consider the map
J:ASF — S(k,R), J(o(u))=A=FF (9.3.1)

where F' = (f1, f2,..., fm) is an orthonormal basis for the row space of w. It has
been shown that J is an embedding of AXF into S(k,R), equivariant under the
action of O(k) (see Dimitric (1996)). In (9.3.1), A is the projection (matrix) on
to the subspace spanned by the rows of u. Hence through the embedding J, we
identify a m-dimensional subspace of R*~! with the projection map (matrix) on to

that subspace. Since A is a projection matrix, it is characterized by
A? = A, A= A" and trace(A) = rank(A) = m.

Also since u is a centered k-ad, that is, the rows of u are orthogonal to 1, therefore

Al, = 0. Hence the image of AXF into S(k,R) under the embedding J is given by

J(ASF) ={A € S(k,R): A% = A, trace(A) = m, Al, = 0} (9.3.2)
2

which is a compact Riemannian submanifold of S(k,R) of dimension mk —m —m?.

It is easy to show that A = u/(uu’) " u.

Let Q be a probability distribution on AXF and let Q=QoJ ! beits image in
J(AXF). Let ji be the mean of Q, that is i = fJ(AEk ) 2Q(dz). Then fiis a k x k

positive semi definite matrix satisfying

trace(ft) = m, rank(gz) > m and il = 0.
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k

To carry out an extrinsic analysis on AX}

we need to identify the extrinsic mean
(set) of @ which is the projection (set) of ji on J(AXF ). Denote by P(fi) the set of
projections of i on J(AYF), as defined in equation (4.2.3). Proposition 9.3.1 below
gives an expression for P(fi) and hence finds the extrinsic mean set of Q). It was first
proved in Sughatadasa (2006). The proof below is constructed independently and is

included here for the sake of completeness.

Proposition 9.3.1. (a) The projection of ji into J(AXF) is given by
P(i) = 1) UU) 9.3.3)
j=1

where U = (Uy,...,Ux) € SO(k) is such that i = UAU', A = Diag(\i,..., \g),
A > ... >N = 0. (b) i is nonfocal and Q) has a unique extrinsic mean pup iff
Am > Ama1. Then pug = o(F') where F' = (Uy,...,Up).

Proof. From the definition of P(ji), it follows that for any Ay € P(f),
i— Aol)® = i i— Al
15— Ao %%&Mw |
Here ||.|| denotes the Euclidean norm which is

|A||* = Trace(AA"), A € RF*F,

Then for any A € J(AXF),

k
|2 — Al = Trace(ji — A)* =Y~ A7 +m — 2Trace(jiA) (9.3.4)
i=1
where Ay, ..., A\ are the eigenvalues of i defined in the statement of the Proposition.

Since A is a projection matrix, it can be written as

A= FF where F ¢ R™™ [F'F=1,.
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Also write i = UAU’ as in the proposition. Then

k
I = AlI> = X2 +m — 2Trace(F'UAU'F)

i=1
k

= N +m—2Trace(EAE'), E = F'U. (9.3.5)
i=1

To minimize || — A||?, we need to maximize Trace(EAE') over E € R™* EE' = I,,.

Note that i

m k
Trace(EAE") = Z €N = ij)\j

i=1 j=1 Jj=1
where £ = ((e;)) and w; = 2" e, j = 1,2,...,k. Then 0 < w; < 1 and
Z?Zl w; = m. Therefore the maximum value of Trace(EAE') equals > 7" A; which
is attained iff

Wy =ws =...=w,, =1, w; =0 for 1 > m.

That is when
E = (E1;,0)

for some Ey; € O(m). Then from equation (9.3.5), it follows that /' = UE’ and the

value of A which minimizes (9.3.4) is given by
/ ! ! [m 0 ! - /
Ay=FF' =UE'EU'=U( "  |U = Z ;UL (9.3.6)

This proves part (a) of the proposition.

To prove part (b), note that Z;n:l U;U; is the projection matrix of the subspace
spanned by {Uy,...,U,} which is unique iff \,, > A\,41. Then pp = o(F’) for any
F satisfying Ag = F'F’, Ay being defined in equation (9.3.6). Hence one can choose
F = (Uy,...,U,). This completes the proof. ]

We can use Proposition 9.3.1 and Proposition 4.2.1 to get an expression for the
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extrinsic variation V' of @) as follows:

v=nn—mﬁ+/
J(AY

= 2(m — Z Ai)- (9.3.7)

= o17Q(aa). ue PG

Let Xi,..., X, be an iid sample from ) and let u, 5z be the sample extrinsic mean,
which can be any measurable selection from the sample extrinsic mean set. It follows
from Proposition 2.2.2 that if () has a unique extrinsic mean ug, that is, if g is a

nonfocal point of S(k,R), then u,g is a consistent estimator of pp.

9.4 Asymptotic Distribution of the Sample Extrinsic Mean

In this section, we assume that f is a nonfocal point of S(k,R). Then the map
P(ji) = 7%, U;U is well defined and smooth in a neighborhood N (i) of fi in S(k, R).
That follows from Perturbation theory, because if \,, > A,11, then the subspace
spanned by {Uj,...,U,} is a smooth map from S(k,R) into G,,(k) and P(fi) is the
matrix of projection onto that subspace. Then it follows from the calculations of
Section 4.3 that /n(J(u.e) — J(ug)) is asymptotically normal in the tangent space
of J(AXF) at J(ug) = P(ft). To get the asymptotic coordinates and the dipersion

matrix as in Proposition 4.3.1, we need to find the derivative of P. Define
NF ={A € S(k,R): A% = A, trace(A) = m}. (9.4.1)

Then N¥ = J(AYEF) which is a Riemannian manifold of dimension km — m?. Tt
has been shown in Dimitric (1996) that the tangent and normal spaces to NF are

given by

TANE = {v e S(k,R): vA + Av = v}, (9.4.2)
TANE" = {v e S(k,R): vA = Av}. (9.4.3)
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Consider the map

j=1
where A = 25:1 N (AU;(A)U;(A) is a s.v.d. of A as in Proposition 9.3.1. The
expression for the derivative of P is obtained in Bhattacharya (2008a) which is men-

tioned in Proposition 9.4.1 below.

Proposition 9.4.1. The derivative of P is given by

m k
dP : S(k,R) — TN}, dzP(A) =Y Y (A=) 'a,;UE,;U’ (9.4.5)

i=1 j=m+1
where A =373 cicjc aiUEGU" and {UE;U" 1 < < j < k} is the orthogonal
basis (frame) for S(k,R) obtained in Section 8.3.

Proof. Let v(t) = fi + tv be a curve in N (i) with y(0) = & and 4(0) = v € S(k,R).
Then
y(t) =U(A+ tUvO)U" = UA(t)U’ (9.4.6)

where (t) = A + tU"vU, which is a curve in S(k, R) satisfying 7(0) = A and 7(0) =
0 = U'vU. From equations (9.4.4) and (9.4.6), we get that

Ply(t)] = UPH()]U" (9.4.7)
Differentiate equation (9.4.7) at ¢t = 0 to get
dzP(v) = Udp\P(0)U'. (9.4.8)

To find dy P(0) = S P[5(t)]]t=0, we may assume without loss of generality that A\; >

Ay > ... > Az Then we can choose a s.v.d. for §(t) as J(t) = Z?Zl Aj(t)e;(t)e;(t)
such that {e;(t),\;(t)}s_, are some smooth functions of ¢ satisfying e;(0) = e; and
A;(0) = Aj, where {ej}g‘?:l is the canonical basis for R*. Let 0 = E, 1 < a < b < L.

Then we can get exressions for é;(0) from equation (8.3.7). Since

PH(t)] = Z ej(t)e;(t),

J=1
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therefore N
P = 3 lesé,(0) + &,(0)€] (9.4.9)

j=1
From equations (8.3.7) and (9.4.9), we get that

X —N) By ifa<m<b<k,
dyP(Ey) = {< o) Ew ifasm<b< (9.4.10)
0 0.W.
Then from equation (9.4.8), we get that
Ao — M) TUERU  ifa<m<b<k,
dzP(UELU’) = {( v) e masmsos (9.4.11)
0 0.W.
Hence if A=3"%" ;o ayUE;U’, from (9.4.11), we get that
m k
dﬂP(A) = Z Z (/\z - )\j)_l(lijUEijU/. (9412)
i=1 j=m+1
This completes the proof. m

Corollary 9.4.2. Consider the projection map of equation (9.4.4) restricted to
So(k?,R) = {A S S(k,R) : A].k = 0}

It has the derivative

m k-1
dP : So(k,R) — TJ(AI:R), dﬂP(A) = Z ()\z — )\j)*laijUEijU’.
1=1 j=m+1

Proof. Follows from Proposition 9.4.1 and the fact that

TP(ﬂ)J(Afn) = {U € Tp(g)NT]fl: vl = ()}‘

From Corollary 9.4.2, it follows that

(UE;U :1<i<m<j<k} (9.4.13)
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forms an orthonormal basis for Tp(z)J(A%) and if A € S(k,R) has coordinates {a;; :
1 < i < j < k} with respect to the orthonormal basis {UE;;U’ : 1 < i < j < k}
of S(k,R), then d;P(A) has coordinates {(\; — \;)7la;; : 1 < i < m < j <k}
in Tp)J(AF). Also it is easy to show that the linear projection L(A) of A into
Tp(zJ (AL) has coordinates {a;; : 1 < i < m < j < k}. Therefore we have the
following corollary to Proposition 4.3.1. In the statement of Corollary 9.4.3, X i =
J(X;), j=1,...,n denotes the embedded sample in J(AXF) and

Ti=(T)a: 1<a<m<b<k)

denotes the coordinates of d; P(X; — fi) in RFm=m=m* with respect to the orthonor-
mal basis of Tp(z)J(AF,) obtained in equation (9.4.13). Then T} has the following

expression:

(T)ap = V2(Na — N) WULX;Up, 1<a<m<b<k.
Corollary 9.4.3. If ji = E[X1] is a nonfocal point of S(k,R), then

VAl (ag) — J ()] = Vada P(X — i) + 0p(1)
£, N0, %)

where ¥ denotes the covariance matriz of Ty .

Using Corollary 9.4.3, we may construct confidence regions for pp as in Section
4.3 or perform two sample tests to compare the extrinsic means from two populations

on AYF asin Section 4.6.

The asymptotic distribution of the sample extrinsic variation follows from Theo-
rem 4.4.1 using which we may construct confidence intervals for the extrinsic variation
of ) or compare the extrinsic variations for two populations via two sample tests de-

scribed in Section 4.6.
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9.5 Application to Handwritten Digit Recognition

A random sample of 30 handwritten digit ‘3" were collected so as to devise a scheme to
automatically classify handwritten characters. 13 landmarks were recorded on each
image by Anderson (1997). The landmark data can be found in Dryden and Mardia
(1998).

We analyse the affine shape of the sample points and estimate the mean shape
and variation in shape. This can be used as a prior model for digit recognition from
images of handwritten codes. Our observations lie on the affine shape space AY%,

k = 13. A representative of the sample extrinsic mean shape has coordinates

u=(—0.53,-0.32,—0.26, —0.41, 0.14, —0.43, 0.38, —0.29, 0.29, —0.11, 0.06, 0,

—0.22,0.06,0.02,0.08,0.19,0.13,0.30,0.21,0.18,0.31, —0.13, 0.38, —0.42, 0.38).

The coordinates are in pairs, x coordinate followed by y. Figure 9.1 shows the plot

of wu.

The sample extrinsic variation turns out to be 0.27 which is fairly large. There
seems to be a lot of variability in the data. Following are the extrinsic distances

squared of the sample points from the mean affine shape:

(PP (X;,pp), 5=1,...,n) = (1.64,0.28,1.00,0.14,0.13,0.07,0.20,0.09, 0.17, 0.15,

J

0.26,0.17,0.14,0.20,0.42,0.31,0.14,0.12,0.51, 0.10, 0.06, 0.15, 0.05, 0.31, 0.08,

0.08,0.11,0.18,0.64,0.12).

Here n = 30 is the sample size. From these distances, it is clear that observations 1
and 3 are outliers. We remove them and recompute the sample extrinsic mean and

variation. The sample variation now turns out to be 0.19.
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FIGURE 9.1. Extrinsic mean shape for handwritten digit 3 sample.

An asymptotic 95% confidence region for the extrinsic mean ug as in equation
(4.3.3) is given by

=~ A

{pg : nLIP(ji) — P(X)S7IL[P(j1) — P(X)] < X2(0.95) = 31.4104}.

The dimension 20 of AX13 is quite high compared to the sample size of 28. Tt is
difficult to construct a pivotal bootstrap confidence region as in equation (4.3.4) be-
cause the bootstrap covariance estimates X* tend to be singular or close to singular

in most simulations. Instead, we construct a nonpivotal bootstrap confidence region

by considering the linear projection L[P(X)— P(X*)] into the tangent space of P(X)
and replacing ©* by 3. Then the 95 bootstrap percentile ¢*(0.95) turns out be 1.077
using 10° simulations. Hence bootstrap methods yield much smaller confidence region

for the true mean shape compared to that obtained from chi-squared approximation.

A 95% confidence interval for the extrinsic variation V' by normal approximation
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as described in equation (4.4.9) is given by V' € [0.140,0.243] while a pivotal boot-

strap confidence interval using 10° simulations turns out to be [0.119,0.264].

In Dryden and Mardia (1998), the 2D similarity shapes (planar shapes) of the
sample k-ads are analysed. A multivariate Normal distribution is assumed for the
Procrustes coordinates of the planar shapes of the sample points, using which a F
test is carried out to test if the population mean shape corresponds to that of an
idealized template. The test yields a p-value of 0.0002 (see Example 7.1, Dryden and
Mardia (1998)).
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CHAPTER 10

REAL PROJECTIVE SPACES AND
PROJECTIVE SHAPE SPACES

10.1 Introduction

Consider a k-ad picked on a planar image of an object or scene in 3D. If one thinks
of images or photographs obtained through a central projection (a pinhole camera is
an example of this), a ray is received as a landmark on the image plane (e.g., the film
of the camera). Since axes in 3D comprise the projective space RP?, the k-ad in this
view is valued in RP?. For a k-ad in 3D to represent a k-ad in RP?, the corresponding
axes must all be distinct. To have invariance with regard to camera angles, one may
first look at the original noncollinear 3D k-ad u and achieve affine invariance by its
affine shape (i.e., by the equivalence class Au, A € GL(3,R)), and finally take the
corresponding equivalence class of axes in RP? to define the projective shape of the
k-ad as the equivalence class, or orbit, with respect to projective transformations on
RP2. The projective shape of a k-ad is singular if the k axes lie on the vector plane
RP!. For k > 4, the space of all non-singular shapes is the 2D projective shape

space, denoted as PyX5.

In general, the projective space RP"™ comprises of axes or lines through the

origin in R™*!. Thus elements of RP™ may be represented as equivalence classes
2] =[x'c2? o a™ =D AN A0}, x= (2, 2™ e R {0}

Then a projective transformation o on RP™ is defined in terms of an (m + 1) X

(m 4+ 1) nonsingular matrix A € GL(m + 1,R) by

o[2]) = [Aa].
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The group of all projective transformations on RP™ is denoted by PGL(m). Now
consider a k-ad y = (y1,...,yx) in (RP™)* sayy; = [z;], 1 =1,..., k, z; € R™T\{0}
and k > m + 2. The projective shape of this k-ad is its orbit under PG L(m), i.e.,
aly) = {(ayy,...,ayg): « € PGL(m)}. To exclude singular shapes, define a k-ad
y = (y1,.-.,uyx) = ([x1],..., [xx]) to be in general position if there exists a subset
of m+2 landmarks, say (¥, . - -, ¥i,.,»), such that the linear span of any m+ 1 points
from this set is RP™, i.e., if the linear span of their representative points in R™* is
R™*! The space of shapes of all k-ads in general position is the projective shape

space PyXF .

10.2 Geometry of the Real Projective Space RP™

Since any line through the origin in R™*! is uniquely determined by its points of
intersection with the unit sphere S™, one may identify RP™ with S™/G, with G
comprising the identity map and the antipodal map p — —p. Its structure as a
m-dimensional manifold (with quotient topology) and its Riemannian structure both
derive from this identification. Among applications are observations on galaxies, on
axes of crystals, or on the line of a geological fissure (Watson (1983), Mardia and

Jupp (1999), Fisher et al. (1987), Beran and Fisher (1998), Kendall (1989)).

For u,v € S™ the geodesic distance between the corresponding elements [u], [v] €
RP™ is given by
dg([u]’ [U]) = min{dg&(u7 U)v dgs(ua _U)}

where dgs(u,v) = arccos(u'v) is the geodesic distance on S™. Therefore
dy([u], [v]) = min{arccos(u'v), arccos(—u'v) } = arccos(|u'v]).
The injectivity radius of RP™ is 5. The map

m: 8™ — RP™, uw— [u
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is a Riemannian submersion. The exponential map of RP™ at [u] is Fapp) = 7o

exp, o dr; ! where exp, : T,S™ — S™ is the exponential map of the sphere, which is

: v m
expy(v) = cos(||v||)u + sm(||v||)m, veT,S™.

The cutlocus of [u] is

O(fu)) = {[e] € RP™ : dy([ul. [o]) = 5}
={[v] e RP™: u'v=0}.

The exponential map Expy, is invertible on RP™ \ C'([u]) and its inverse is given by
Eap- (o)) arccos(|u’v|)d u'v o] o £ 0
T V)) = ———=dm, | ——v — [uv|u ], u'v #D0.
p[u} 1 — (UIU)Q |u’v

The projective space has a constant sectional curvature of 4.

10.3 Geometry of the Projective Shape Space PyXf
Recall that the projective shape of a k-ad y € (RP™)* is given by the orbit
o(y) ={ay: a € PGL(m)}.

This orbit has full rank if 3 is in general position. Then we defined the projective shape
space PyXF to be the set of all shapes of k-ads in general position. Define a projective
frame in RP™ to be an ordered system of m + 2 points in general position, that is,
the linear span of any m + 1 points from this set is RP™. Let [ =11 < ... < ty40

be an ordered subset of {1,...,k}. A manifold structure on P;3F

m?

an open dense
subset of PyXF of projective shapes of k-ads (v, ..., y), for which (y;1,...,9;,..,) I8
a projective frame in RP™, is derived in Mardia and Patrangenaru (2005) as follows.
The standard frame is defined to be ([e1], ..., [ems1],[e1 + €2+ ...+ €my1]), where
e; € R™! has 1 in the j-th coordinate and zeros elsewhere. Given two projective

frames (pi1,...,Pme2) and (qi, ..., Gmi2), there exists a unique o« € PGL(m) such
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that a(p;) = ¢; (j = 1,...,m + 2). By ordering the points in a k-ad such that
the first m + 2 points are in general position, one may bring this ordered set, say,
(P1y- -+, Pma2), to the standard form by a unique o € PGL(m). Then the ordered
set of remaining k — m — 2 points is transformed to a point in (RP™)*™=2 This
provides a diffeomorphism between P;¥% and the product of k — m — 2 copies of
the real projective space RP™. Hence by developing corresponding inference tools on
RP™, one can perform statistical inference in a dense open subset of Py%F . In the

subsequent sections, we develop intrinsic and extrinsic analysis tools on RP™.

10.4 Intrinsic Analysis on RP"™

Let @ be a probability distribution on RP™ and let Xi,...,X,, be an iid random
sample from ). The value of r, on RP™ as defined in Chapter 2 turns out to be

the minimum of its injectivity radius of 5 and ﬁ where C' is its constant sectional

curvature of 4. Hence 7, = 7 and therefore if the support of @ is contained in an
open geodesic ball of radius 7, then it has a unique intrinsic mean in that ball. In this
section, we assume that supp(Q) € B(p, 7), p € RP™. Let pu; = [p] (u € S™) be the
intrinsic mean of @) in the ball. Choose an orthonormal basis vy, ..., vs for 7,,S™ so
that {dm,(v;)} forms an orthonormal basis for 7,,, RP™. For [z] € B(p, ) (z € S™),

let ¢([x]) be the coordinates of Exp,!([z]) with respect to this basis, which are

¢([ZE]) = (:Blﬁ ce >$m)7

i @'p arccos(|a'pl)
€T =
[#'ul /1= ()2

Let X; = [Y;] (Y; € S™) and X; = ¢(X;), j = 1,2,...,n. Let y,; be the sample in-

('v;), 7=1,2,...,m.

trinsic mean in B(p, ) and let p, = ¢(ptnr). Then from Theorem 3.3.1 and Corollary
3.3.2, it follows that if supp(Q)) € B(uz, §), then

Vg = N0, A7 SA
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where ¥ = 4E(X, X}) and A = ((A,s))1<r.s<q Where

1 ) arccos (| X{ul) (2| X{ul> — 1)
X ,,2 N - -
(1= |1 X7p?) X/ 1 — (X[ )2
N arccos(| X1 ul) (2| X{pul* — 1)
[ X{uly/1 = (X{p)?

Avs = Ay = 2E] (X{v,)(X{vs)

Osy, 1<r<s<d.

A confidence region for p; of asymptotic confidence level 1 — «v is given by
{pr = i, AS ™ Apry, < X2(1 — )}

where A and ¥ are sample estimates of A and X respectively. We can also construct

a pivotal bootstrap confidence region by methods developed in Section 2.3.

To compare the intrinsic means or variations of two probability distribution on
RP™ and hence distinguish between them, we can use the methods developed in

Section 3.5.

10.5 Extrinsic Analysis on RP™

Another representation of RP™ is via the Veronese-Whitney embedding J of
RP™ into the space of all (m + 1) x (m + 1) symmetric matrices S(m + 1, R) which

(m+1)(m+2)

5 This embedding was introduced by

is a real vector space of dimension

Watson (1983) and is given by
J([u]) = v’ = ((wiu;))1<ijomsts U= (U1, .., umy1) € S™.
It induces the extrinsic distance
P2 ([ul, [v]) = |Jur’ — vv'||* = Trace(uu’ — vv')? = 2(1 — (u'v)?).

If one denotes the the space of all (m + 1) x (m + 1) positive semi definite matrices

as ST(m+ 1,R), then

JRP™) ={Ae St (m+ 1,R) : rank(A) = Trace(A) = 1}
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which is a compact Riemannian submanifold of S(m+1,R) of dimension m. The em-
bedding J is equivariant under the action of the orthogonal group O(m++1) which acts
on RP™ as Alu] = [Au] (see Kent (1992), Bhattacharya and Patrangenaru (2005)).

Let @ be a probability measure on RP™, and let fi be the mean of Q = Qo J !
considered as a probability distribution on S(m + 1,R). To find the extrinsic mean
set of Q, we need to find the projection of fi on M = J(RP™), say Pg(ji), as
in Proposition 4.2.1. The projection set has been obtained in Bhattacharya and
Patrangenaru (2003) but we include the derivation here for the sake of completeness.

Since ji belongs to the convex hull of M, it lies in S*(m + 1, R) and satisfies
rank(ii) > 1, Trace(i) = 1.

There exists an orthogonal (m + 1) x (m + 1) matrix U such that g = UDU’, D =
Diag(A1, ..., Amy1) where the eigen values may be taken to be ordered: 0 < A\ <

oo < Apy1- To find Py (f1), note first that, writing v = U'u, we get that

I — wd|* = Trace| (i — u')?]

= Trace[{U’(ji — uvu\UHU'(fi — uu')U}] = Trace[(D — vv')?].

Write v = (v1, ..., Umy1), SO that
m+1
17— w7 = 30O = o)+ 3 iy
=1 J#£J
m+1 m+1 m—+1 m+1
B SRS SRS SEETE) SET0 DT it
i=1 i=1 i=1 j 5! j=1
m+1 m+1

=) N -2> A+l (10.5.1)
=1 =1

The minimum of equation (10.5.1) is achieved when v = (0,0,...,0,1)" = €,,41. That
is when v = Uv = Ue,,41 is an unit eigenvector of i having the eigenvalue A, ;1.

Hence the minimum distance between fi and M is attained by pp’ where u is a unit
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vector in the eigenspace of the largest eigenvalue of ji. There is a unique minimizer
iff the largest eigenvalue of fi is simple, i.e., if the eigenspace corresponding to the
largest eigenvalue is one dimensional. In that case, one says that i is a nonfocal point
of ST(m + 1,R) and then from Proposition 4.2.1 it follows that the extrinsic mean

pp of @ is [u]. Also the extrinsic variation of @) has the expression
V = E[[|J(X1) = All*] + 12 = ue[* = 2(1 = Ata)
where X7 ~ (). Therefore we have the following corollary to Proposition 4.2.1.

Corollary 10.5.1. Let Q be a probability distribution on RP™ and let Q = Q o J
be its image in S(m + 1,R). Let i = fS(m+17R) 2Q(dz) denote the mean of Q. (a)
Then the extrinsic mean set of Q consists of all [p], where p is a unit eigenvector of
i corresponding to its largest eigen value A\,,41. (b) This set is a singleton and Q) has
a unique extrinsic mean iff fi is nonfocal, that is A\y,y1 1s a simple eigenvalue. (c¢) The

extrinsic variation of Q has the expression V- = 2(1 — A\41).

Consider a random sample Xi,..., X, iid (). Let u, denote a measurable unit
eigenvector of fi, = £ 3" | J(X;) corresponding to its largest eigenvalue Ay,41,. Then
it follows from Proposition 2.2.2 and Corollary 10.5.1 that if f is nonfocal, then the
sample extrinsic mean pu,g = [u,] is a strongly consistent estimator of the extrinsic
mean of (). Proposition 2.2.3 implies that the sample extrinsic variation 2(1—\;,11,,)

is a strongly consistent estimator of the extrinsic variation of ().

10.6 Asymptotic distribution of the Sample Extrinsic Mean

In this section we assume that fi is a nonfocal point of S(m +1,R). Let X; = J(X),
j = 1,...,n be the image of the sample in M (= J(RP™)). Then it follows from
Proposition 4.3.1 that if the projection map P : S(m+1,R) — J(RP™), P(A) = v/,

v being a unit eigen vector from the eigenspace of the largest eigenvalue of A, is



145

continuously differentiable in a neighborhood of fi, then /n[J(png) — J(pg)] has
an asymptotic mean zero Gaussian distribution on TJ(HE)M . It has asymptotic co-
ordinates \/nT where T is the coordinates of dﬁP(Xj — fi) with respect to some
orthonormal basis for TJ(ME)M . To get these coordinates and hence derive analytic
expression for the parameters in the asymptotic distribution, we need to compute the
differential of P at i (if it exists). The computations can be found in Prentice (1984)
and Bhattacharya and Patrangenaru (2005). We mention the derivation below so as
to derive expressions for two-sample test statistics as in Section 4.6 to compare the

extrinsic means from two populations.

Let v(t) = fi + tv be a curve in S(m + 1,R) with v(0) = & and §(0) = v €
S(m+1,R). Let p =UDU", U = (Uy,...,Upns1), D = diag(A1, ..., As1) be as.v.d.
of fi as in Section 10.5. Then

~(t) = U(D + tUvU)U' = UF(t)U’

where 7(t) = D 4+ tU'vU is a curve in S(m + 1,R) starting at D with initial velocity
7(0) = & = U'wU. Since D has largest eigenvalue simple, for ¢ sufficiently small,
A(t) is nonfocal. Choose €,,11(f) be a unit eigen vector corresponding to the largest
(simple) eigenvalue A,,+1(t) of 4(t), such that ¢ — e, 41(t), t — Api1(t) are smooth
(near t = 0) with €,,11(0) = €mi1, Ams1(0) = Apy1. Such a choice is possible by
Perturbation theory of matrices since Ay, 11 > A, (see Dunford and Schwartz (1958)).

Then
F(t)ems1(t) = Amta(t)emsr (2), (10.6.1)
Ep1(t)em+1(t) = L. (10.6.2)

Differentiate equations (10.6.1) and (10.6.2) with respect to ¢ at t = 0 to get

gDt = D)ems1(0) = =M1 (0)emsr + Demat, (10.6.3)

e 1bmsr(0) =0 (10.6.4)
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where é,,11(0) and A,41(0) refer to L1 (t)|i=o and LN, 11 (t)]¢o respectively. Con-

sider the orthonormal basis (frame) {Fy : 1 < a < b < m+ 1} for S(m + 1,R) as

defined in Section 8.3. Choose v = E, for 1 < a < b < m+ 1. From equations

(10.6.3) and (10.6.4), we get that

. 0 fl<a<b<mora=b=m-+1,
em—i-l(())_

271 2(A\ppi1 — Aa)len if1<a<b=m+1.
Since P(3(t)) = emy1(t)el, 1(t), therefore

d
dt
From equations (10.6.5) and (10.6.6), we get that

Difl1<a<b<mora=b=m-+1,
Ami1 — X)) 'Epifl<a<b=m+1.

dpP(Ew) = {

P(3(t))|i=0 = dpP(0) = ems1€,,,1(0) + émy1(0)ey, 41

(10.6.5)

(10.6.6)

(10.6.7)

Since P commutes with isometries A — UAU’, i.e. P(UAU') = UP(A)U’" and

v(t) = UH(t)U’, therefore

PO o = UL Pl

or

dﬂP(U) = UdDP(f))U/
Hence from equation (10.6.7), it follows that

ifl1<a<b< =bh= 1
dﬁP(UEabU,):{Ol <a<b<mora m—+ 1,

Ami1 — Aa) WUERU if 1 <a<b=m+ 1.

(10.6.8)

Note that for all U € SO(m+1), {UE4U’ : 1 < a < b < m+1} is also an orthonormal

frame for S(m + 1,R). Further from equation (10.6.8), it is clear that

{UEHU :1<a<b=m+1}

(10.6.9)
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forms an orthonormal frame for Tp(z M. If A € S(m + 1,R) has coordinates {a,; :
1 <1< j <m-+ 1} with respect to the basis {UE,U’": 1 < a <b<m+ 1}, that is,

A= ZZ al-jUEijU’,

1<i<j<m+1
VUIAU; ifi<j

= (A UEU") =
@ = A UEU) {U{AUi if i =,

then from equation (10.6.8), it follows that

1<i<j<m+1

m

= Z imt1(Amt1 — )\z')_lUEz‘mHU/.

i=1

Hence d; P(A) has coordinates
(V21 — N) UL AU e 0 1 < < m} (10.6.10)

with respect to the orthonormal basis in equation (10.6.9) for Tp(ﬁ)M . This proves

the following Proposition.

Proposition 10.6.1. Let QQ be a probability distribution on RP™ with unique extrinsic
mean pg. Let fi be the mean of Q = Q o J~! regarded as a probability distribution on
S(m+ 1,R). Let u,g be the sample extrinsic mean from an iid sample Xq,..., X,.
Let X; = J(X;), j=1,...,n and X = %Z?:l X;. (a) The projection map P is

twice continuously differentiable in a neighborhood of i and

Vild (pag) — I (1p)] = Vada P(X — i) + op(1)
£, N0, %)

where ¥ is the covariance of the coordinates of d; P(X, — fi).

(b) If Ty = (T},...,T;*) denotes the coordinates of dz P(X; — i) with respect to the

orthonormal basis of Tp(ﬁ)M as in equation (10.6.9), then

T = V21 — Aa) UL XUpi1, a=1,...,m.

J
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Proof. See Proposition 4.3.1. O]

Proposition 10.6.1 can be used to construct an asymptotic or bootstrap confidence

region for pp as in Section 4.3.

Given two random samples on RP™, we can distinguish between the underlying
probability distributions by comparing the sample extrinsic means and variations by

methods developed in Section 4.6.
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